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Self-Diffusion in Solid Sodium. I 


NorMAN H. NAcCHTRIEB, EDWARD CATALANO, AND JOHN A. WEIL 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 


(Received February 25, 1952) 


Measurements are reported for the self-diffusion of solid sodium over the temperature range, 0°-95°C. 
The data fit the empirical equation D=.242 exp(—10,450/RT) with an uncertainty of +300 cal mole™ in 
the heat of activation. The entropy of activation calculated from the temperature coefficient of the elastic 
modulus is in agreement with the value based upon the vacancy mechanism. 





HE diffusion measurements here reported are the 
first to result from a systematic study of diffusion 
phenomena among the alkali metals. Heretofore, no 
experimental attention has been directed to the kinetics 
of atom movement for this group of elements. The 
simplicity of their crystal structure (all are body- 
centered cubic), the accuracy with which their cohesive 
properties are known, and the comparative absence of 
ion-core interactions recommend their study in the 
search for a detailed mechanism of solid state atom 
mobility. It is probable, of course, that different mecha- 
nisms predominate in different solids, and a complete 
understanding of atomic movements in the open body- 
centered metals whose ions have the electron con- 
figurations of rare gases does not imply an equally full 
knowledge of diffusion phenomena in all solids. Hunt- 
ington and Seitz,! in their theoretical appraisal of 
mechanisms of self-diffusion in copper, concluded that 
the vacancy model is energetically preferable to either 
the interstitial or direct interchange mechanisms. In 
sodium, however, Huntington? pointed out that inter- 
stitial atom movements might compete favorably with 
the mechanism based upon the Schottky-Wagner or 
Frenkel theories of equilibrium lattice vacancies. 

More recently, the Bernal direct interchange mecha- 
nism has been extended by Zener* to the cooperative 
rotation of rings of 4 or more atoms with a lowering of 
the activation required in the case of copper. Paneth‘ 
has discussed the possibility that diffusion in sodium 
may arise through the crowding of an adventitious atom 


HL B. Huntington and F. Seitz, Phys. Rev. 61, 315 (1942). 
H. B. Huntington, Phys. Rev. 61, 325 (1942). 

°C. Zener, Acta Cryst. 3, 346 (1950). 

*H. Paneth, Phys. Rev. 80, 708 (1950). 
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into a (111) array. The relaxation of the resulting linear 
dislocation would result in atom movements along the 
(111) directions. Paneth’s estimate of the activation 
energy for self-diffusion in sodium by the “crowdion” 
mechanism is less than 7000 cal mole. 


EXPERIMENTAL 


Metallic radioactive sodium was prepared® from a 
tracer NaCl solution® by means of the exchange 
reaction : 


Naqy?-+ Na”Cl (> Na y+ NaCl). 


The resulting metal had an activity of about 800 dis- 
integrations mg min, and since the isotope has a 
half-life of 2.6 years, no decay corrections were neces- 
sary. Cylinders of ordinary sodium and of radioactive 
sodium 3 in. in diam and 3 in. in length were prepared 
by pipetting an excess of molten metal into stainless 
steel dies* (Fig. 1) under paraffin oil. When the cylin- 
ders had solidified, they were compressed in their re- 
spective dies under 2000 psi in a hydraulic press. The 
adhering paraffin was then washed away with petroleum 
ether and the flashing of excess sodium was removed 


5 Nachtrieb, Weil, and Catalano, J. Am. Chem. Soc. 74, 264 
(1952). 

* Supplied by the Isotopes Division, AEC, Oak Ridge, Ten- 
nessee. 

* The dies were constructed with removable locating pins for 
the purpose of assembling them coaxially. The walls of the holes 
and the end surfaces were lapped to a mirror finish to avoid 
galling by sodium. The compression pin (see Fig. 1) diameter was 
0.0005 in. less than the hole diameter. The screws and pins used 
for holding the dies together were of the same composition to avoid 
dimensional changes during immersion in liquid nitrogen. The 
authors are very much indebted to J. Getzholtz, E. Masny, and 
E. Blume for the construction of these precision dies. 
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with a keen flat blade. In order to prevent oxidation 
of the clean metal surfaces this cutting operation was 
performed under liquid nitrogen. Sodium metal sur- 
faces so prepared remained bright for hours at — 196°C, 
even though no unusual precautions were taken to 
avoid the precipitation of ice in the liquid nitrogen 
from the moisture of the air. Oxide films were occa- 
sionaily encountered, but were easily recognized from 
the abnormal shape of the resulting diffusion profile 
(vide infra). The dies were assembled under liquid 
nitrogen by means of locating pins and screws. They 
were then removed from the Dewar vessel and the 
cylinders pressure-welded together across their basal 
surfaces while still at essentially liquid nitrogen tem- 
perature. Compression at 5000 psi for one minute pro- 
duced welds which would withstand tensile stresses 
high enough to cause visible reduction in area without 
failure. The dies were then transferred to an oil thermo- 
stat for the diffusion period (usually about 3 days). 
The thermostat temperature was controlled to within 
+0.1°C. 

Following the diffusion period the composite cylinder 
was sectioned with a hand microtome. The usual thick- 
ness of the slices was 0.05 mm (0.002 in.). Moisture in 
the xylene used for a protective lubricant, revealed the 
grain size by etching the metal surface. Usually the 
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crystals were of the order of 5 mm in diameter. The 
slices were placed in weighed glass planchets (1 in. in 
diam X{ in. high) and allowed to decompose overnight 
to a mixture of sodium hydroxide and sodium car- 
bonate. Dilute hydrochloric acid was then added and a 
uniform residue of sodium chloride formed by evapora- 
tion of the solutions under an infrared lamp. Thick- 
nesses of the slices were calculated from the weights of 
the sodium chloride residues, and corrected for thermal 
expansion at the temperature of the experiments. The 
Na” activity was determined with a helium-propane 
gas flow counter and a conventional scaler. At least 
10* counts were obtained for the majority of samples. 
Corrections for coincidence counting were not made 
since they lay within the over-all experimental error 
for the counting rates involved. 


CALCULATIONS 


The general one-dimensional differential equation 
which expresses the rate of diffusion is Fick’s Law: 
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For the special case of self-diffusion the coefficient is 
independent of concentration, and the law may be 
more simply expressed as 


Oc 0c 
—= —D—. (2) 
at Ox” 


The particular solution depends upon the geometry of 
the diffusion system. In the present case diffusion oc- 
curred across a plane separating two cylinders which 
were, for practical purposes, of infinite extent. If the 
original specific activity of the radioactive cylinder is 
designated as 2C, and the specific activity at any point 
in the composite cylinder after a time ¢ is represent 
by C, then the boundary conditions are 


x< Xo x> Xo 
for t=0,C=0 C=2Cs, 
for t>0, C=¢(x, t) C=¢(z, 2), 
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SELF-DIFFUSION 


where xo—x is the distance from the interface. For 
these boundary conditions the solution of the differen- 
tial equation is 


Cc 2 
(1) '% 


Co 
Figures 2 and 3 show typical diffusion profiles from 
which, by the use of the time of the experiment and 
tables of the error integral, series of values of D were 
calculated as a function of «)»—«. The average values of 
D so obtained were used to construct the solid lines. 
Table I records the values of the self-diffusion coeffi- 
cient obtained for temperatures ranging from 0°C to 
95°C. Diffusion cylinders in which a barrier of oxide 
separated the two halves gave diffusion profiles for 
which the calculated values of D varied with distance 
from the boundary; in extreme cases the profile was 
almost discontinuous in the neighborhood of the 
boundary. The uncertainties in D given in Table I are 
the mean deviations from the average value of D for 
each profile. 


xo—x/2(Dt)3 


exp[ — 9° ]dy. (3) 


TABLE I. Self-diffusion coefficients of sodium. 











T (°K) D (cm? sec) 

273.5 9.22 10- 42.47 X10" 
274.2 9.66 X 10-+2.15 x 10~" 
312.6 1.31 10~§ +0.02X 10-8 
312.6 1.24X 10~* +0.06X 10° 
342.6 5.26X 10~* +0.46X 10-8 
367.4 





1.43X 10-7 +0.02 1077 





ACTIVATION ENERGY 


The diffusion data given in Table I fit a simple 
Arrhenius rate expression, as Fig. 4 shows. The equation 
of the straight line is 


D=0.242 exp(—10,450/RT). (4) 


The uncertainty associated with the activation energy 
is estimated to be +300 cal mole from lines drawn 
with maximum and minimum possible slope through 
the error ranges of the experimental points. To the 
authors’ knowledge this is the lowest activation energy 
reported to date for solid metal diffusion, and is in 
accord with the qualitative correlation’ between the 
activation energy for diffusion in a metal on the one 
hand and its melting point and hardness on the other. 
Calculation of the heat of activation from the Langmuir- 
Dushman semi-empirical equation :8 


9 


D= 





exp(—AH/RT), (5) 


/ 
4 


_ where N=Avogadro’s number and h=Planck’s con- 
_ Stant, gives the remarkably close value of 10,300 cal 





"R. M. Barrer, Diffusion in and through Solids (Macmillan 


» Company, New York, 1941), p. 302. 


*I. Langmuir and S. Dushman, Phys. Rev. 20, 113 (1922). 
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Fic. 4. Plot of log D versus 1/T. 


mole. The value of D at 312.4°K was used for the 
calculation, and the unit cell parameter (4.28A) was 
taken for a. 


ENTROPY OF ACTIVATION 


Evidence favoring the vacancy mechanism of diffu- 
sion in sodium may be adduced from calculations of 
the entropy of activation. The Arrhenius equation in 
the notation of diffusion, 


D=D, exp(—AH/RT), (6) 


may be rewritten, as Zener has done,® by use of the 
second law of thermodynamics 


AF=AH—TAS. (7) 


Thus, 


D= Dy exp(— AF/RT)exp(— AS/R), (8) 


where AF is the isothermal work required to move one 
gram atom of sodium atoms reversibly from equi- 
librium lattice sites to positions corresponding to the 
saddle configuration in the elementary diffusion act. 
AS is the associated entropy change of the system. 

D may also be written quite generally as a random 
walk expression by 


D=§ DTT 6?, (9) 


where I’; is the mean jump frequency, 6; is the associ- 
ated elementary jump distance, and the summation 
extends over all jump modes 7. For an isotropic solid 


°C. Zener, J. Appl. Phys. 22, 372 (1950). 
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TABLE II. Entropies of activation for self-diffusion in sodium. 








Assumed mechanism AS exp (cal mole~! deg!) 





Vacancy 1 7.31+0.80 
Interstitial 3 10.86-0.80 
Direct interchange 1 7.310.80 
Ring (4 atom) 6 3.75+0.80 
Crowdion i 11.43+0.80 


Elastic modulus AStheor. = 7.70 








I’, has a single value and is related to the characteristic 
lattice vibration frequency v by 


l;=v exp(—AF/RT). (10) 


5; may be evaluated for any given structure by relating 
it to the unit cell parameter by defining 


$ LibZ?=ya’. (11) 


y is a coefficient which depends upon the unit cell 
geometry and the assumed jump mechanism. Combina- 
tion of Eqs. (9), (10), and (11) gives 


D=vya’v exp(—AF/RT), (12) 
and comparison of Eqs. (8) and (12) shows that 
Do=va?v exp(AS/R). (13) 


The values of AS calculated from Eq. (13) are desig- 
nated AS,x, since they depend upon the experimentally 
determined value of Do.t 

Zener has calculated the values of y which are given 
in Table II for diffusion by vacancy, interstitial, and 
ring mechanisms in a b.c.c. lattice. y for the crowdion 
mechanism may be calculated as follows: I’ denotes 
the frequency with which a crowdion advances by its 
minimum jump distance in a particular [111 ] direction. 

According to Paneth a crowdion consists of about 
nine atoms compressed into the distance normally 
occupied by eight atoms in the (111) direction. As a 
crowdion relaxes, it therefore moves a distance 6=av3/ 
16, and each of the eight atoms within the crowdion 
advances by this amount. The result is as though one 
atom had moved a distance av3/2. Thus, from Eq. (11), 


ya?= §(av3/2)? 


and y=}. 


Tt ASexp also depends upon the assumed diffusion mechanism, 
and the seemingly arbitrary designation “Experimental” is used 
to distinguish values so obtained from a “‘Theoretical” entropy to 
be calculated later from elastic moduli. 


CATALANO, AND WEIL 








The values of AS.x,» recorded in Table II were 
calculated from Eq. (13) with the appropriate y’s and 
with v=3.33X10" sec! (calculated from the Debye 
critical temperature for sodium, p= 159°K). The un- 
certainties assigned to the entropies arise from the ex- 
perimental uncertainty in Dy and AH. Each of the 
mechanisms leads to a positive entropy of activation, 
in accordance with Zener’s argument. 

Zener has also shown a correlation between the 
entropy of activation for diffusion and the temperature 
coefficient of the appropriate elastic modulus. Thus if 
all of the free energy of activation in self-diffusion goes 
into the elastic distortion of the lattice, the temperature 
coefficient of the elastic modulus should give the en- 
tropy of activation for diffusion: 


1 dAF 1 dp 
——=—._, (14) 
AF» dT Mo dT 


where AF) and wo are the free energy and elastic 
modulus at the absolute zero, respectively. Since 


(dAF/dT) p= —AS, (15) 
Eq. (14) may be written 


AS= ——-—. (16) 


AH varies only slightly, if at all, with temperature and 
may be used in place of AFy. The quantity 1/mo-du/dT 
was calculated to be 7.229 10~ sec“! from the precise 
data of Quimby and Siegel’® for the Sj; elastic 
modulus. ASthcor. $0 calculated has the value 7.70 cal 
mole deg and is in excellent agreement with ASap 
based upon the vacancy mechanism. AS¢exp for the 
direct interchange mechanism has the same value, but 
diffusion by this process can probably be excluded on 
energetic considerations. 
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10S. L. Quimby and S. Siegel, Phys. Rev. 54, 293 (1938). 
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Self-Diffusion in Solid Sodium. II. The Effect of Pressure 


N. H. NAcutTRiEB, J. A. WEIL, E. CATALANO, AND A. W. LAwson 
Institute for the Study of Metals, University of Chicago, Chicago, Illinois 
(Received February 25, 1952) 


Hydrostatic pressure is found to decrease the rate of self-diffusion in sodium. The free energy of activa- 
tion is a linear function of the melting point, and the enthalpy of activation is proportional to the melting 
point. For sodium and for all cubic metals (except lead and tungsten) for which diffusion data exist the 
enthalpy of activation is related to the latent heat of fusion by the equation AH = 16.5 L,»,. The change in Do 
for sodium with pressure is expressible in terms of the compressibility and the activation entropy change. 





HERE are only a few recorded attempts to de- 
termine the effect of pressure on the rate of diffu- 
sion in metals. Johnston and Adams! made a passing 
reference to a study which indicated that hydrostatic 
pressures increase the mobility of atoms in solid metals. 
Radavich and Smoluchowski,? on the other hand, found 
the diffusion coefficient of Al in an Al—Cu alloy to 
decrease about 30 percent by application of a pressure 
of 7000 kg/cm? at 500°C. The alkalies are the most 
compressible of metals, so that relatively large effects 
of pressure on their rate of diffusion might be 
expected. 

Such experiments are of interest because pressure 
should alter the concentration of crystals defects which 
may play a role in diffusion as well as reduce the mo- 
bility of the diffusing atoms. In diffusion by direct 
interchange or ring rotation mechanisms lattice imper- 
fections are not involved, and the reduction of the 
atomic jump frequency by pressure is the controlling 
factor in the change in diffusion rate. If diffusion were 
to proceed by means of interstitial atoms or by the 
crowdion mechanism,’ the decrease in jump frequency 
by pressure would be partially compensated or might 
possibly be over-compensated by an increase in the 
number of defects. Diffusion rates could conceivably 
increase with pressure if the latter mechanisms were 
operative. If, however, diffusion is controlled by the 
migration of atoms into vacant lattice sites, pressure 
should reduce the equilibrium concentration of vacan- 
cies as well as their volumes, and the diffusion rate 
should be reduced by these effects in addition to the 
reduction in jump frequency. 

Unfortunately, at the present time direct experi- 
mental techniques are not available for separating the 
effect of jumping time from the effect of concentration 
of defects on the self-diffusion rate of metals. Neverthe- 
less, experimental data on the pressure dependence of 
self-diffusion coupled with other evidence permit tenta- 
tive and suggestive conclusions to be drawn concerning 
the mechanism of self-diffusion in sodium. 





aaa and Adams, Z. anorg. u. allgem. Chem. 80, 328 


*F. J. Radavich and R. Smoluchowski, Phys. Rev. 65, 62 (1944). 
*H. Paneth, Phys. Rev. 80, 708 (1950). 


EXPERIMENTAL 


The preparation of diffusion cylinders of sodium 23 
and sodium 22 and the procedure followed in sectioning 
the diffusion couple have been described in the preceding 
paper.’ The 3-in. diam.X1-in. long sodium cylinders 
were subjected to hydrostatic pressures in a hydraulic 
press of established design.® A silicone oil (Dow-Corning 
200) or hexane were used as the hydraulic fluid. The 
high pressure bomb which contained the diffusion 
cylinders was immersed in an oil thermostat for tem- 
peratures up to 90°C. A cylindrical furnace surrounded 
the bomb for the 130° experiments. A continuous record 
of temperature was provided by a recording potentiom- 
eter with a chromel-alumel thermocouple inserted into a 
well in the bomb plug. A continuous record of pressure 
was provided by a manganin coil pressure gauge located 
in the hydraulic fluid in the upper cylinder of the press. 
The resistance of the gauge was measured with a 
Wheatstone bridge, an unbalance current in the bridge 
being used to operate a second recording potentiometer. 
The bomb was preheated before insertion of the diffu- 
sion cylinders in order that the “‘time at temperature” 
might be known to within 0.5 percent. On the average 
experiments were of the order of 2.5X10° seconds (3 
days), but a few experiments at high pressure and low 
temperature were continued for as long as 10° seconds. 

Densities of sodium which are necessary for the calcu- 
lation of the distance of penetration were obtained by 
use of Hagen’s formula’ for the thermal coefficient of 
expansion and Bridgman’s data’ for the compressibility 
of sodium. 


EXPERIMENTAL RESULTS 


Three series of experiments are recorded in Table I. 
The first group comprises the 1 kg/cm? isobar earlier 
reported for the temperature range 0°-95°C. The 
second group provides a 90°C isotherm for pressures 
ranging from 1 kg/cm? to 12,000 kg/cm?. The third 
group comprises an isobar at 8000 kg/cm? for the tem- 


4 Nachtrieb, Catalano, and Weil, J. Chem. Phys. 20, 1185 (1952). 
5P, Bridgman, Physics of Solids (G. Bell and Sons, London, 


1949). 
6 E. Hagen, Wied. Ann. Physik 19, 436 (1883). 
7P. W. Bridgman, Proc. Am. Acad. Arts Sci. 58, 166 (1923). 
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TABLE I. Summary of sodium diffusion data. 











P (kg/cm?) T(°K) Tm(°K) Tm/T — D (cm?sec™) AD 

1 3674 370.7 1.009 143x107 +0.02X1077 

1 363.2 370.7 1.021 1.23X1077 +0.02X10~7 

1 342.6 370.7 1.082 5.26xX10°* +0.46x10~° 

1 312.6 370.7 1.186 1.24xX10-§ +0.06X10-* 

1 312.6 370.7 1.186 1.3110-% +0.02 10~* 
1 274.2 370.7 1.352 9.66107 +2.15x10~ 
1 273.55 370.7 1.355 9.22X10°° +2.47x«10~" 
4030 363.2 402.5 1.111 2.89x10-% +0.04X 10° 
7970 = 363.2, 428.0 «1.178 =: 1.14 10° +0.11X10~* 
8060 363.2 428.0 1.178 1.03X10°§ +0.05X10™° 
8550 363.2 431.2 1.187 696X10°° +0.23x10~° 
12000 363.2 4504 1.240 3.09X10°° +0.11X10™° 
8000 308.2 428.0 1.388 5.02x10°° +0.07x10~° 
8000 329.2 428.0 1.300 1.48x10~° +0.03 X 10~° 
8000 331.2 428.0 1.290 1.79X10~° +0.06X 10~° 
8000 405.1 428.0 1.057 442x10-% +0.06X 107° 
8000 405.1 428.0 1.057 3.93X10°* +0.06X10™° 








perature range 35°-130°C. The two isobars are fitted 
by the empirical equations 


D,=0.242 exp(—10,450/RT)(cm? sec“'), (1) 
Dso00= 0.176 exp(—12,060/RT). (2) 


Table II lists the enthalpy, free energy, and entropy of 
activation of diffusion derived from the 90°C isotherm. 
Table III presents values of the activation volume 
calculated from the Clapeyron relationship and from 
the pressure variation of the isothermal diffusion coeffi- 
cients. Table IV shows a comparison of the enthalpies of 
activation which have been reported for diffusion in 
other cubic metals with values calculated from the 
latent heat of fusion. 


DISCUSSION 
A. Heat and Free Energy of Activation 


As stated in the introduction, no unique conclusions 
can be drawn concerning the mechanism of diffusion in 
metals from the pressure dependence of the diffusion 
rate alone. Such a decision must depend upon direct 
measurement of the mean jump frequency. Variation 
of the pressure does, however, permit the use of certain 
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formal thermodynamic relationships with interesting 
consequences. 

In a completely general way the diffusion coefficient 
for a cubic metal may be expressed by the equation 


D=-ya've4F/ RT, (3) 


where y=a constant whose magnitude is determined by 
the lattice geometry and the assumed jump mechanism, 
a=the unit cell parameter, v=the average vibration 
frequency of atoms in the direction of the elementary 
jump, and AF=the free energy of activation.* With 
equal generality Eq. (3) may be written as 


D= ya2veSH/RTeASIR, (4) 


where AH and AS are the associated enthalpy and 
entropy of activation. At constant pressure AH is given 
as the slope of a plot of —R InD against 1/7. Figure 1 
shows such a plot for diffusion isobars at 1 kg/cm? and 
8000 kg/cm’, and the corresponding heats of activation 
are 10,450 and 12,060 cal mole. The small variation 
of a and » with temperature are neglected in the calcu- 
lations of the heats of activation. 

The free energy of activation may be obtained directly 
from Eq. (3) if aand vare known as functions of pressure. 
The values of a in Table II were calculated from Bridg- 
man’s data’ for the compressibility of sodium. The 
characteristic lattice frequency has been used to 
approximate v,f and numerical values have _ been 
calculated (see Table II) by means of the Lindemann 
relation, 0>=C(Tm/MV*)}, with C=115 for sodium.’ 
Essentially the same numerical results are obtained if 
v is calculated from the Griineisen relation and the com- 
pressibilities. Table II lists the value for AF at atmos- 
pheric pressure and the values of AF calculated from 
the 90°C diffusion isotherm for pressures ranging up to 
12000 kg/cm?. AS is calculated from AF and AH for 
1 kg/cm? and 8000 kg/cm? (the two pressures for which 
AH is known) by means of the second law of thermo- 
dynamics at 90°C (363.2°K). dAS/dP has the average 
value —9.1010-> cal mole deg! atmos over this 
pressure range at 90°C. 


TABLE II. Free energy, enthalpy, and entropy of activation at 90°C. 











P(kg/cm?) a(cm X108) v(sec™! X10712) D/yatv AF (cal mole~) AH (cal mole!) AS(cal mole~! deg™!) 
1 4.310 3.330 1.99 1075 7800 10,450 7.31 
4030 4.240 3.539 4.54X 10- 8935 
7970 (1.78 10-6 9605 
8060 4.146 3.718 1.60 10-6 9685 12,060 6.58 
8550 1.09 10-6 9968 
12000 4.078 3.872 4.80 1077 10,570 








* A more complete discussion of the significance of AF is deferred to Part B. ; 
t Whether it is appropriate to employ the characteristic lattice frequency for » depends upon the actual mechanism of diffusion. 
Presumably, it is satisfactory if diffusion proceeds by direct interchange of neighbors but would be somewhat too high for 4 


Schottky mechanism and too low for an interstitial mechanism. 
8 F. Lindemann, Physik. Z. 11, 609 (1910). 
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SELL-DIFFUSION 


IN SOLID SODIUM. 


TABLE III. Pressure dependence of volume and heat of activation. 


ee. 

















AVm(cm?/g Lm(cal/g AVact AVact® 

P(kg/cm?) Tm atom)* atom)* (cm?/g atom)» AVact® AV AH cale4 AHobs 

1 370.7 0.6410 636.2 12.25 12.36 19.11 10,440 10,450 
1000 379.2 0.5877 633.0 11.55 11.12 19.65 10,685 
2000 ~ 387.2 0.5433 631.4 10.93 10.18 20.12 10,910 
3 394.7 0.5067 629.7 10.42 9.65 20.56 11,120 
4000 402.1 0.4768 630.2 9.98 9.36 20.93 11,330 
5000 409.0 0.4526 633.4 9.59 9.10 21.19 11,530 
6000 415.7 0.4308 641.0 9.17 8.90 21.29 11,720 
7000 422.1 0.4117 650.7 8.76 8.63 21.28 11,895 

8000 428.0 0.3935 658.3 8.39 8.47 21.32 12,055 12,060 
9000 434.2 0.3758 661.5 8.10 8.22 21.55 12,245 
10000 439.9 0.3578 660.9 7.81 8.12 21.83 12,395 
11000 445.4 0.3395 656.7 Y 8.00 22.24 12,545 
12000 450.7 0.3215 650.7 7.31 7.87 22.74 12,710 








* P, W. Bridgman, Phys. Rev. 6 (2), 32 (1915). 
b Calculated from AVact =16.53RTmAVm/Lm. 

2 
¢ Obtained from AVact = —RT9O inD/ya*e 90°C 


4 Obtained from AH =14.2/16.53 -AVact/AVm-Lm. 





B. Relation between AF, AH, and AS and 
the Melting Point 


An interesting relationship is found between AF and 
the melting point (a variable with pressure) if Fig. 1 
is plotted in another way. Equation (3) may bewrittenas 


—R I \nD/ya’v=AF/T. (5) 
Differentiation by 7,,/T for Tn=const gives 
d \InD/ya*v 1 AH 
— | abenuancens, (6) 
aT,,/T Tm 
Figure 2 shows plots of logD/~ya*v against T,,/T for the 
1 kg/cm? and 8000 kg/cm? isobars. The interesting 


observation to be noted is that the two straight lines 
are parallel with slopes equal to 


—AH(P)/RT,=—14.2 independent of T. (7) 


The heat of activation as a function of pressure is there- 
fore proportional to the melting point. It should be re- 
marked that there have been several efforts in the past 
to associate the enthalpy of activation for diffusion in 


TABLE IV. Heats of activation for seli-diffusion of 
various cubic metals at 1 atmosphere. 











Metal Tm Lm AH calc* AH calc” AHobs 
Au 1336 3060 42,800 50,280 51,000 
Ag 1234 2730 39,500 44,850 45,950 
4,000 
Cu 1357 3110 43,500 50,920 (ae oD 
W 3555 11,200 + ~=—«113,400 «184,000 «141, 
Ph 600.6 ~—Ss«1190 19,200 19,550 —«-27,900 
Li 453 690 14,500 11,340 aes 
Na 370.7 636.2 11840 10450 10,450 
K 3368 571 10,800 9380 ie 
Rb 311.7 525 10,000 8625 
Cs 301.7 500 9700 8215 i 
Co 1751 3700 56,000 60,790 —-61,900 
Fe 1808 3630 58,000 59,640 $9,700 








* AH =32 Tm (Van Liempt’s equation). 
> AH =16.5 Lm. 
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Fic. 1. Variation of D with 1/T at 1 kg/cm? and 8000 kg/cm?. 





metals with the melting point. Van Liempt® found that 
the equation AH=32T,, applied to a number of cubic 
metals, but Table IV shows that the calculated values 
are low for most metals but high for sodium. Van 
Liempt’® and Braune™ independently proposed an 
equation of the form AH=30?RT,, on the basis of the 
Lindemann theory of melting; here 6 depends upon the 
polarizability and radius of the atom and has a value 
of approximately 2 for some metals. More recently, 
Dienes™ has found a rough correlation between AH/T,, 


9J. Van Liempt, Z. Physik 96, 534 (1935). 

10 J. Van Liempt, Z. anorg. u. allgem. Chem. 195, 366 (1931). 
1H. Braune, Z. physik. Chem. 110, 147 (1924), 

2G, T. Dienes, J. Appl. Phys. 21, 1189 (1950). 














. «reese 
a ee 


T 






T 
l 





, . eeeres 


> 

=z 

a) 

rs 

nN 
Dcdisdchsh DAS 














x an 
% 4 
= 
iE 13 4 
» 
4 1 OH 
- --—- . 14 wal 
OF R an) . IN 
' P8000 a 
ot ail i i 1 1! i 
00 —+1.05 110 15 1.20 1.25 1.30 1.35 
h/t 


Fic. 2. Diffusion isobars and isotherm. 


and InD)/a’v for a large number of pure metals and 
alloys. 

Differentiation of Eq. (3) by 7,,/T for T=const 
(variable pressure), however, gives 


d \nD/ya*v 1 dAF 
sad neeeend ie 
dT »,/T , 


Thus, the slope of a plot of InD/-ya’v versus T,,/T for the 
90°C isothermal data is equal to —dAF/RdT,,. This 
isotherm is also straight and intersects the isobars at 
the points (T=90°C, P=1 kg/cm?) and (T=90°C, 
P=8000 kg/cm?). Hence, it follows that the free energy 
of activation is also a linear function of the melting 
point for a given temperature. For this 90°C isotherm 
the slope is 

—dAF/RdT »,= — 16.53. (9) 


Integration of this equation and use of the free energy 
values and melting points of Tables I and II to evaluate 
the integration constant gives 


aP] = 16.53RT,,— 4365. (10) 
T =90°C 


Isothermal lines of AF at lower temperatures should | 


cut the isobars with successively increasing slopes, 
since it is to be expected that AF approaches AH in the 
limit of absolute zero. Moreover, with a negative pres- 
sure great enough to make 7,,=0°K, AH should equal 
zero. Figure 3 shows the relation of AH to AF and AS 
at 90°C as a function of the melting point. Substitution 
of AH and AF from Eqs. (7) and (10) into the second law 
gives the following relation for AS at 90°C as a function 
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of the melting point: 


4.625T, 4365 
i 


i ° 
363.2 363.2 


The variation of entropy with pressure at this tempera- 
ture is therefore given by 





as] =— (11) 


90°C 


4.625 dTm 


dAS 
ae 
dP Jr =90°C 363.2 dP 


C. The Activation Volume and the 
Clapeyron Equation 


From Eq. (3) and the general thermodynamic relation 


dAF 
—| =AV, (13) 
dP Jp 
it follows that 
d |InD/ya?v 
- | = AV, (14) 
dP T 


where AV may be called the volume of activation. The 
physical significance of this quantity is the change in 
volume attending the simultaneous movement of 1 
atoms over their associated saddle configurations in an 
infinitely large crystal. No consideration of the detailed 
mechanism is involved in this interpretation. Figure 4 
shows a plot of —RT InD/ya’v for the 90°C isotherm 
versus pressure. Tangents to this curve provide the 
values of the activation volume which are plotted in 
Fig. 5. These values agree within the experimental error 
with those derived by application of the Clausius- 
Clapeyron equation. Differentiation of Eq. (10) by 
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Fic. 3. Free energy, enthalpy, and entropy of activation 
versus melting point at 90°C. 
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pressure gives 





dAF dT. 
—| = AV act = 16.53R—_. (15) 
dP Ir dP 
The Clapeyron equation is 
aT, AVa. TV a 


dP Sn Lm 


where AV», AS», and L,, are, respectively, the molar 
volume change on fusion, the entropy of fusion, and the 
latent heat of fusion. Elimination of d7,,/dP between 
Eqs. (15) and (16) gives the activation volume 


16.53RT mAV m 
‘ 


Table III lists Bridgman’s values for the quantities 
AV,, and L», (derived from compressibilities), together 
with the values of the activation volume obtained by 
the two methods. The agreement serves to show the 
thermodynamic self-consistency of the diffusion data 
within the limits of experimental error. 

Elimination of T,, from Eqs. (7) and (17) gives the 
relation 


(17) 





act 


(18) 
16.53 AVn 


Table III shows that the ratio AV act/AV m varies some- 
what with pressure and in conjunction with Eq. (18) 
gives satisfactory agreement for AH at 1 kg/cm? and 
8000 kg/cm?. 

It might be supposed that Eq. (18) would correlate the 
heats of activation with latent heats of fusion for other 
metals which have the same structure. This is approxi- 
mately true if an initial value of 19.2 is taken for 
AV act/A Fut Then 


AH=16.5L m. (19) 


As Table IV indicates, the agreement is excellent for 
all cubic metals for which diffusion data are available, 
except tungsten and lead. It is not improbable that 
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Fic. 4. Variation of logD/ya*v with pressure at 90°C. 
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Fic. 5. Variation of activation volume with pressure at 90°C. 


either the heat of activation or the latent heat of fusion 
of tungsten may be in error, but no explanation is 
offered for the discrepancy in lead. 


D. Some Further Comments Concerning 
AF, AV, AH, and AS 


No attempt has been made to interpret the results of 
these experiments in terms of a particular mechanism 
of diffusion up to this point. Certain formal thermo- 
dynamic identities have been employed to demonstrate 
the self-consistency of the data, and the question of the 
detailed mechanism of diffusion has had no relevance. 
Some speculations may be permitted, however. 

If the direct interchange model is correct for sodium, 
the quantities AF, AH, AV, and AS are appropriately 
termed “activation” quantities and refer to changes in 
the state of an average atom between its position in a 
normal lattice site to a position midway to a neighboring 
normal site over a route of minimum work. 

If, on the other hand, the correct model requires that 
lattice defects of a thermodynamic nature be formed as 
a necessary prelude to atom jumps, then each of the 
above quantities is comprised of two parts: (1) a free 
energy, enthalpy, volume, or entropy of formation of N 
defects at infinite dilution, and (2) activation quantities 
relating to the movement of N atoms or defects. 

The most promising quantity for further considera- 
tion is probably the activation volume, since it offers the 
possibility of distinguishing the interstitial and vacancy 
cases. The volume of formation of vacancies must be 
positive, while the volume of formation of interstitialcies 
should be negative. In any case the volume change at- 








1194 


tending atom movement should be positive. It is difficult 
to decide whether the volume change associated with 
movement should be numerically larger or smaller than 
the volume of formation, although in ionic crystals where 
it is possible to determine both, AV form> AV movement: If 
this be true in sodium, the observed positive activation 
volume is evidence in favor of the vacancy model for 
that metal. 


E. The Effect of Pressure on D, 


Comparison of the empirical equations for diffusion 
at 1 kg/cm? and 8000 kg/cm? shows that pressure alters 
not merely the enthalpy of activation but the pre- 
exponential term as well. It is interesting to note that 
Dy is decreased by pressure, while AH is increased. (In 
this same connection it may be remarked that metals for 
which AH is large have small Do values and the con- 
verse.) The major part of the decrease in Dy arises from 
the decrease in the entropy of activation, as may be 
seen from the following: 

Differentiation of 


Do= ya?vesS!® (20) 
with respect to pressure at constant temperature gives 
d\InDo 2d |na dinv 1 dAS 

|, 


7 +—-——. 
dP dP dP R dP 








(21) 
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The first and third terms of Eq. (21) are inherently 
negative and lead to a decrease of Do with increasing 
pressure. The second term is positive, but the charac- 
teristic frequency does not increase sufficiently with 
pressure to overcome the other two. It is readily shown 
that the first term is equal to —2/38, where 8 is the 
compressibility of sodium. The second term may be 
evaluated by means of the Griineisen relation and has 
the value of a8, where a= 1.25 is the Griineisen constant 
for sodium. 

Bridgman’s data’ extrapolated to 90°C for the com- 
pressibility of sodium are fitted by the equation, 


B=1.732X 10->— 1.334 10-°P+7.62K10-“P?, (22) 


within 0.3 percent over the range 1 to 8000 kg/cm? and 
permit integration of Eq. (21). The entropy values at 
the two pressures are obtained from the corresponding 
AF and AH values and are listed in Table II. The value 
of the ratio Do*°°°/Do! so calculated is 0.737, in good 
agreement with the observed ratio, 0.176/0.242=0.727. 
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The photochemistry of ferrous ions in aqueous solutions has been investigated, and it has been confirmed 
that irradiation in the quartz ultraviolet, in the absence of oxygen, leads to the formation of ferric salt and 
molecular hydrogen. It has been concluded further that the primary absorption of a light quantum results 
in the formation of excited ions, (Fe?+-H.O)*, a considerable proportion of which undergo processes of de- 
activation, while the remaining (about one-tenth) dissociate according to 


(Fe?*+-H,0)*—> 


Fe*++OH-+H, 


leading to the formation of hydrogen atoms. The latter can undergo back reactions of the type 
Fe*++-H—Fe?*+H". 
Investigation of the pH dependence of the quantum yield has led to the assumption that hydrogen atoms 


can also react according to 


H+H?* (yan He" (yar), 


leading to the formation of hydrated hydrogen molecular ions which intervene in this process according to 


the reaction 


Fe?++H.t—>Fe3t+ Hoe. 


Other experimental evidence and some theoretical considerations which have led to the assumption of 


H2* (hydr) in aqueous solution are referred to. 


CCORDING to Franck and Scheibe! and Franck 
and Haber,” the ultraviolet absorption spectrum 
of simple negative ions in aqueous solution corresponds 


1 J. Franck and G. Scheibe, Z. physik. Chem. A139, 22 (1928). 
2 J. Franck and F. Haber, Sitzber. preuss. Akad. Wiss. 250 (1931). 





to an electron affinity spectrum, i.e., the transfer of an 
electron from the central ion to the water molecules in 
the hydration shell. 

Subsequently, this basic concept was extended to 
simple positive ions, and it was suggested, e.g., in the 
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case of ferrous ions, that the absorption of a light quan- 
tum of suitable energy gives rise to the process® 


Fe*+ HOH+ Av F e**+ OH-+ H. 


In agreement with this view it could be shown that 
irradiation of ferrous salt solutions in the near ultra- 
violet leads to the formation of ferric salt and molecular 
hydrogen.*- 

The mechanism of these photochemical processes 
was taken up later by Farkas and Farkas® who sug- 
gested that in the case of, e.g., iodide ions the photo- 
chemical reaction takes place only if the (negative) 
primary complex (I-H,O~), formed by the absorption 
of a light quantum, reacts with hydrogen ions, and 
that, therefore, the quantum yield should increase with 
decreasing pH, while, on the other hand, these authors 
suggested that in the case of positive ions the quantum 
yield should be independent of the hydrogen ion 
concentration. 

The earlier experimental work on ferrous ions,‘ 
which was confined to solutions containing from 0.2N 
to 0.5N H2SOx,, appeared to confirm this. In the present 
investigation these measurements have been extended 
over a much wider range of pH, and it has been found 
that the quantum yield shows a very marked depend- 
ence on the hydrogen ion concentration. This has led to 
a modification of the mechanism of these reactions, 
which is discussed below. 


EXPERIMENTAL 


The source of radiation was a full wave low pressure 
mercury arc of 550 watts, supplied from a voltage 
stabilizer (Ferranti). Unfiltered radiation was used 
under conditions of complete absorption. The apparatus 
was on conventional lines. A spherical silica flask, filled 
with triply distilled water, was used as a condenser. 
In this way, and with a small centrifugal blower, the 
temperature in the reaction vessel could be kept con- 
stant at 20°+1°C. 


ACTINOMETRY 


The total light output in the ultraviolet region was 
measured actinometrically by means of monochlor- 
acetic acid. This was chosen since its absorption spec- 
trum shows a good overlap with that of ferrous ions in 
aqueous solution and the error involved should not 
amount to more than about 10 percent which was ade- 
quate for the purpose of the present investigation. 

A 0.1M solution of monochloracetic acid was used 
which gave practically complete absorption at \~210 
mu in a 2 cm thickness. The Cl- ions were estimated 
by the Volhard method: the Cl- was precipitated by 
N/50 AgNO, the precipitate separated by centrifuging, 
and back-titration with V/50 KCNS then carried out. 

* J. Weiss, Nature 136, 794 (1935). 

‘ Potterill, Walker, and Weiss, Proc. Roy. Soc. (London) A156, 


S61 (1936) ; J. Weiss, Trans. Faraday Soc. 37, 463 (1941). 
A. Farkas and L. Farkas, Trans. Faraday Soc. 34, 1113 (1938). 
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Fic. 1. Absorption spectrum of ferrous sulfate (0.03M) in sul- 
furic acid (0.1M). Broken line for solution containing sodium flu- 
oride (7.5X10-°M). Optical density determined in a quartz cell 
of 1 cm thickness. 


The output of the light source with the stabilizer was 
found to remain very constant over a period of several 
months. The value of 0.62+0.04 which was used for 
the quantum efficiency of monochloracetic acid pho- 
tolysis is taken from the recent work of Kuechler and 
Pick® who carried out a very careful investigation of 
this reaction. 


PREPARATION OF THE SOLUTIONS 


The water used was triply distilled (ordinary distilled 
water redistilled from permanganate and finally from 
dilute phosphoric acid). It was boiled out in a stream of 
carbon dioxide, and after cooling in the gas stream it was 
siphoned into the reaction vessel which contained the 
required amount of ferrous sulfate and sulfuric acid. 
In this way autoxidation of the ferrous salt was com- 
pletely avoided. 

0.1M FeSO, solutions were employed to ensure com- 
plete absorption. The ferric salt produced in the re- 
action has a much greater absorption coefficient than 
the ferrous ions; thus to avoid any appreciable “inner- 
filter” effect the reaction was carried on only up to 
conversions of generally less than one percent. The fer- 
rous sulfate had also to be initially free from ferric salt. 


DE-AERATION OF THE SOLUTIONS 


All experiments were carried out in evacuated solu- 
tions. The solutions were de-aerated either with oxygen- 
free carbon dioxide or with pure nitrogen followed by 
pumping out with a “Hyvac” oil pump via a liquid air 
trap. This procedure was then repeated, and the evacua- 
tion was finally completed and checked on the gas 
analysis apparatus where the solutions were evacuated 
by means of a Toepler pump. 

The vapor phase in equilibrium with the solutions 
was also tested for oxygen by means of a trypaflavine 
gel, and it was shown that the oxygen pressure did not 
exceed 10-5 mm Hg. 


6 L. Kuechler and H. Pick, Z. physik. Chem. B45, 116 (1939). 
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Fic. 2. pH—dependence of the quantum yield of the photo- 
chemical formation of hydrogen in vacuum. (O)=experiments 
with ferrous sulfate solutions (0.1M). (A) =with added fluoride 
(7.5X10-°M). (())=in the presence of sodium sulfate (0.25). 
For constant time of irradiation (14 min). 


No effects due to residual oxygen could be observed 
in any of the experiments after using the above routine. 


GAS ANALYSIS 


The quantum yields were determined by measuring 
the gas liberated during the irradiation. This was shown 
to be hydrogen by diffusing it through a heated paladium 
tube after no contraction had been observed on passing 
it over a heated platinum spiral. 

The hydrogen was collected by means of a semi- 
automatic Toepler pump and its volume measured. 

Special precautions had to be taken to avoid autoxida- 
tion during the preparation of the experiments which 
were carried out in the presence of fluoride (7.5X 10M). 
For this purpose the solution containing the ferrous 
salt was first of all thoroughly de-aerated and the 
fluoride added afterwards by means of a small silica 
tube which was dropped into the solution from one of 
the side arms of the radiation vessel. 

All chemicals used were Analar except the sodium 
fluoride which was of puriss grade. 


EXPERIMENTAL RESULTS 
(a) Absorption Spectra 


The absorption spectrum of ferrous ions was known 
from the earlier investigations.‘ For the experiments in 
the presence of fluoride it was necessary to establish 
whether the absorption spectrum of ferrous ions was 
changed. For this purpose a solution containing 0.03M 
FeSO,, 0.1M H2SO,, and 7.5X10-°*M NaF was ex- 
amined. Although the ratio of fluoride to ferrous con- 
centration is higher than the one used in the actual 
experiments, the absorption spectrum was found to be 
virtually unchanged (see Fig. 1). 
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(b) Photochemical Experiments 


In view of the “‘inner filter effect”’ of the ferric salt 
formed in the reaction it was only possible to work up 
to very low concentrations of ferric salt, which could 
not be analyzed accurately in the presence of the large 
excess of ferrous salt, and therefore the reaction was 
followed by measuring the amount of hydrogen gas 
produced. 

Figure 2, curve (a), shows the dependence of the 
quantum yield on pH, in vacuum; there is a very 
marked decrease of the quantum yield with increasing 
pH. The addition of fluoride which, as is well known, 
forms a strong complex with ferric ions leads to an 
increase in the quantum yield (Fig. 2, curve (b)) in- 
dicating that the lower quantum yields may be due to 
a back reaction involving ferric ions. 

Figures 3 and 4 show the amount of photochemically 
formed ferric salt which is equivalent to the hydrogen 
gas produced at constant light intensity for different 
times of irradiation. 

Although, in both cases the dependence is in general 
not linear, at the lower pH, the experimental results 
are represented by a straight line for short times of 
irradiation (see Fig. 3). 


MECHANISM 


According to the theory of Farkas and Farkas,‘ the 
quantum yield of the ferrous ion photolysis should be 
independent of the hydrogen ‘on concentration; how- 
ever, this is not in agreement with the experimental 
facts as shown in Fig. 2. 

On the other hand, the assumption of a photoexcited 
complex, as an intermediate, appears to be in general 
agreement with the results. Furthermore, in the case 
of positive ions the existence of an excited state is also 
to be expected on theoretical grounds. 

The reaction can be described by the following 
equations: 


light absorption Fe?+-H,O+hv—(Fe?+-H,0)*, (0) 
excited state 


I,, number of quanta absorbed per unit of time. 
deactivation (Fe?+-H,O)*—Fe?+-H,O+ energy (:), (1) 
(Fe+-H,O)*—Fe*++OH-+H (fk). (2) 


The excited ion could be formulated as (Fe*+-H:,07) 
similar to the suggestion of Farkas and Farkas;> how- 
ever, this point is not important for the present 
discussion. 

As suggested previously, the hydrogen atoms formed 
in reaction (2) can undergo the back reaction 


Fe*+4+ H-Fe*++ Ht (k;) (3) 
and the recombination process 
2H—H; (hi). (4) 





wou 
out 


belo 
ator 
und 


well 


ionit 
assu 


whi 
mol 
cord 


Ir 
Fig. 
yielc 
initi 


Fe*+ 


it fo 
part 
In fe 


tar ml \ 


P.. dn. 


| ee aan 


Fi 
tion < 
acid | 


(1938 
Soc. ¢ 
45, 2: 





C salt 
rk up 
could 
large 
1 was 
1 gas 


f the 
very 
asing 
lown, 
fO an 
)) in- 


ue to 


ically 
rogen 
erent 


neral 
sults 
es of 


5 the 
ld be 
how- 
ental 


cited 
neral 

case 
; also 


wing 


(0) 











On the basis of the above reactions the quantum yield 
would be independent of pH, which, however, as pointed 
out above is not the case. 

This and other experimental facts to be described 
below can be explained by the assumption that hydrogen 
atoms can also act as oxidizing agents, particularly 
under conditions of low pH. 

The dehydrogenating effect of hydrogen atoms is 
well known in homolytic reactions, e.g., RH-+-H— 
R+Hb2, but has only recently been considered in an 
ionic mechanism.’ The latter possibility arises if one 
assumes the equilibrium 

(ks)—> 
H+H* (hydry =H oF nyar) (5) 

(hs')— 
which leads to the formation of hydrated hydrogen 
molecular ions, capable of oxidizing ferrous ions ac- 


cording to 
Fe?++ H,t—Fe##+Ho». (Re) (6) 


In agreement with this, the curves (a) and (b) in 
Fig. 2 converge towards the same limiting quantum 
yield which should be twice that resulting from the 
initiating reaction (2). 

From the well-known equilibrium® 


Fe++H,O=FeOH?+-+H* 
(equilibrium constant, K,~10-* at 25°C) (7) 


it follows that FeOH?+ may also be of some importance, 
particularly at the lower hydrogen ion concentrations. 
In fact, the results indicate that in general the reaction 








FeOH**+ H—Fe**+ H,O (8) 
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_Fic. 3. Dependence of ferrous salt oxidized on time of irradia- 
tion at constant light intensity. Ferrous sulfate (0.1) in sulfuric 
acid (0.5M) in vacuum. 


7 J. Weiss, Nature 165, 728 (1950). 

®A. B. Lamb and A. G. Jacques, J. Am. Chem. Soc. 60, 1215 
(1938); E. Rabinowitsch and W. H. Stockmeyer, J. Am. Chem. 
Soc. 64, 335 (1942); M. G. Evans and N. Uri, Trans. Faraday Soc. 
45, 230 (1949). 
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Fic. 4. Dependence of ferrous salt oxidized on time of irradia- 


tion at constant light intensity. Ferrous sulfate (0.1M) at pH 
= 2.80 in vacuum. 


has to be taken into account. 
For the stationary state one has 


d((Fe?* -H,0)*) 
=0 


dt 
=I.—(kithke *+.H20)*], 
d(H) (kit ke)[(Fe**-H20)*], (9a) 


— 7 = bel (Fe H:0)*]— hol Fe 10H] 
— ks FeOH**][H]—ks[H][H*]+4s'[H:*], (9b) 
d(H;*) 








= ks H ][H*]—ks'[Hs* ]—ke[ Fe* TH: ], (9c) 


with all the above reactions except the recombination 
reaction (4) which can be neglected, as a first approxi- 
mation, unless the ferric and hydrogen ion concentra- 
tions are very low. 

Thus, for the rate of photochemical formation of 
ferric salt one obtains 


d(Fe!!7) 
dt 





= kel (Fe**-H:0)*]—ka[Fe** [1] 
— ks[FeOH*+ ][H]+ho[Fe**][H2*], (10) 


where (Fe///) represents the total (analytical) con- 
centration of the ferric salt in the solution, and from 
the equilibrium (7) it follows that 


[Fe**+]=(Fe7)(H*]/(K,+[H*)), 
[FeOH?+]= (Fe!“)K,/(K,+[H*]). (11) 


Combining Eqs. (9)-(11) one obtains finally 
d(Fe??“) 21,'ACLH* ] 
dt  {ACTH*]+BD(Fe!)}’ 





(12) 
where 
A=keskel Fe?* ], 
C=(K,+[Ht)), 


B= (ks'+ke[ Fe** ]), 
D= (ksKi+ksLH* ]), 
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and 
I,’= Ta{ko/ (Rit ke) } . 


As the ferrous and hydrogen ion concentrations may 
be regarded as practically constant under the condi- 
tions of these experiments, Eq. (12) can be integrated 
easily between the time limits 0 and #, which gives 


(Fe77),=T{(1+ (41.'t/T) }'— 1}, (13) 
where 
T=CK,10-°#/{1+ K,10-?*}. 
K,= A/BKiks, K,= k3/Kyks. 
The quantum yield ¥ is given from Eq. (13) by 
y= (Fe""),/(Iat). (14) 


The whole course of the variation of the quantum 
yield with pH which is given by Fig. 2 can be repre- 
sented satisfactorily by Eq. (13) with the following 
numerical constants: 


K,=120, and K.=1.7X 10, 


which have been used for the calculation of the theo- 
retical curve (fully drawn) in Fig. 2, curve (a). 

In the experiments where fluoride was added to the 
solution the back reaction is obviously suppressed which 
is presumably due to the formation of a less reactive 
ferric complex, which can react according to 


(Fe+-complex)-+ H—Fe?++ Ht-+ - - + (Ris). (45) 
One now obtains by a similar procedure as above, re- 
placing Eqs. (3) and (8) by Eq. (15), for the quantum 
yield (y-)) the expression 


T'(-)10-P# 
“at (41,'t10°2/T,-)) i—1}, (16) 


a 


T@= 


which contains only one arbitrary constant, the value 
of which can be deduced from the second set of experi- 
mental results in Fig. 2 giving 


C@)= A/Bkyy™5X 10“, 


where A and B have the same significance as above: 
the theoretical curve thus calculated and represented 
by curve (b), Fig. 2, is again in satisfactory agreement 
with the experimental results. The broken line (curve 
b’)) has been calculated with T'..S¢710—'. The differ- 
ence is practically within the limits of experimental 
error. 

The numerical values of the constants K;, Ke, and 
I’) allow the estimation of the ratios of the velocity 
constants of the reactions (3), (8), and (15). Thus one 
finds 

(k3/ks)==1.7, (ks/ Ris) ~4.2, 


which means that the rate constant for the reduction 
of ferric ions by hydrogen atoms is approximately 1.7 
times faster than the corresponding reaction with 
FeOH?+ and about 7 times faster than the correspond- 
ing reaction with the ferric fluoride complex. 


T. RIGG AND J. 





WEISS 





For sufficiently low pH, i.e., if (41,’t/T)«1, Eq. (13) 
reduces to 
(Fel!) ~21,'1, (17) 


i.e., under these conditions the amount of ferric salt 
(at constant light intensity) should be a linear function 
of the time of irradiation. This is found to be the case 
as shown by the experiments in Fig. 3 which refers to 
pH~0.3. For larger doses the yield falls off as is to be 
expected also as a result of the “inner filter effect” of 
the strongly absorbing ferric ions produced in the 
reaction. 

The slope of the linear portion in Fig. 3 can be used 
to evaluate I,’ which was found to be 


I,’~3.0X 10 moles/min X 1000 ml. 


This quantity can also be calculated from the experi- 
mentally determined maximum quantum yield. From 
Eqs. (14) and (15) follow under conditions similar to 
those above 

¥ (max) ~ 2(Ta’/Ta). 


The total number of light quanta absorbed per minute 
as determined actinometrically gave 


1,~3.15X 10-4 einstein/minX 1000 ml. 


Thus one obtains from the slope of the linear part of 
the curve shown in Fig. 3 


(Ta’/Ta)—™(3.0X 10*/3.15 X 10-4) 0.95 x 107 


and from the experimentally determined maximum 
quantum yield (0.185) from Fig. 2 


(La’/Ta) = (¥ «maxy/2)2¥0.185/2~0.93 X 10-1. 
It is obvious that physically the ratio 
(Ta’/Ta) — ho/(Rkitk2)~ 1/10 


represents the fraction of the excited ions which dis- 
sociate, contributing towards the photochemical proc- 
ess, i.e., only about one out of ten excited ions dissoci- 
ates while the rest are deactivated. 

Under conditions of higher pH, the formation of H:* 
will be disfavored and the yields should be lower 
because of the increased back reactions (3) and (8). 
This is fully supported by comparing Figs. 3 and 4. 

As stated above the differential Eq. (12) cannot be 
applied at low ferric and hydrogen ion concentrations 
and has been derived on the assumption that in acid 
solution the recombination of the hydrogen atoms (Eq. 
4) can be neglected. In this case the initial slope is 
given by 

d(Fe!!) 
e: W 


dt (Fe!!!) 0 





as follows from Eq. (12). 

However, at sufficiently low hydrogen ion concentra- 
tions the H,* formation can be neglected and initially, 
when there are practically no ferric ions present, the 
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recombination of the hydrogen atoms is predominant. 
For the stationary state one now has the equation 


d(H) 
—~I,’ oe. k3{ Fe** |[H ] 


“ —ks{ FeOH?+ ][H]—2k,[HP=0. (18) 


From this, one obtains for the initial formation of 
ferric salt (or molecular hydrogen) the equation 


d(Fe!!1) 
dt 


d(H) 
=2 


(Fe!!!) ~o dt 


~I’, 


(Fe!!!) ~0 











for relatively high pH. Thus, the initial slope in very 
acid solutions should be theoretically twice the initial 
slope at relatively high pH. This is fully borne out by 
the experimental facts as the initial slope in Fig. 3 
referring to 1N H2SQO,, solutions is about 6X10-* 
equiv/100 ml min, while the initial slope in Fig. 4 (re- 
ferring to pH 2.8) is about 3X 10~® equiv/100 ml min; 
thus, experimentally the ratio is very nearly 2:1, in very 
good agreement with the theory. 

This means that in acid solutions initially prac- 
tically all the H atoms form H,*, which oxidize ferrous 
to ferric, while at high pH, initially, when practically 
no ferric is present, the H atoms recombine to give 
molecular hydrogen. 

Normally, there is a considerable variation of the 
sulfate ion concentration in going from the high to the 
low pH experiments. We suspected that this could be 
one of the reasons for some of the observed deviations 
from the theoretical curve. This was confirmed by ex- 
periments carried out by adding sodium sulfate up to 
about 0.25M. Under these conditions much better 
agreement with the theory is obtained in the experi- 
ments at higher pH where normally only little sulfate 
is present (see Fig. 2). This is probably due to the fact 
that sulfate ions can form ferric ion complexes which 
are somewhat less reactive and inhibit the back reaction 
to some extent. One should take into account also the 
variation of the hydrolysis constant K, with ionic 
strength; although full data regarding this are not 
available in the literature, there is some indication that 
this might also improve the agreement with theory. 

Independent support for the view outlined above 
has been obtained from experiments on the irradiation 
of dilute aqueous solutions of ferrous sulfate by x-rays.° 
It is well known that in this case the primary effect 
occurs in the water and can be represented by the net 
process :!° H,O—H-+OH. After the reaction of the OH 
radicals according to Fe*++OH—Fe*++OH-, one 
should again have conditions in some respects very 
similar to those discussed above. 

A recent study of this reaction? has shown that it 
can be described by a mechanism which is, apart from 





* Rigg, Stein, and Weiss, Proc. Roy. Soc. (London) A211, 
375 (1952). 
J. Weiss, Nature 153, 748 (1944). 
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the primary processes, in every essential point the same 
as the one discussed above for the photochemical 
reaction. 

The extent of this agreement is shown by the fact 
that the constants K,, Ke, and I.) deduced from the 
photochemical experiments are practically identical 
with those obtained from the radiation chemistry. (The 
constants K,, l',’’, and I.) given in this paper, when 
referred again to the proper units, as above, are 
to be multiplied by a factor of 10.) This also lends 
further support to the assumption of the formation of 
free hydrogen atoms in the photochemistry of ferrous 
ions in aqueous solutions. 

In the reaction mechanism outlined above the hy- 
drated hydrogen molecular ion has been assumed to 
play an important part. This assumption rests pri- 
marily on the indirect evidence from the reactions of 
hydrogen atoms in solution in various systems and 
under different pH conditions. The existence of H2*hyar 
in aqueous systems is fully compatible with thermo- 
dynamical and other theoretical considerations as has 
been shown elsewhere.°® 

The heat of hydration (Sut) of the H,* ion can, 
under certain assumptions, be estimated to be within 
the following limits: 


221 kcal < Sue+< 255 kcal. 
The lower limit is obtained from the equation: 
H+ H* fyar.) = Het hyar.y + (D not +S ne*—SH*), 


D n2*=bond energy of H,* (61 kcal) 
Sut+=heat of hydration of the proton (~282 kcal) 
S n»*= heat of hydration of the H;* ion, 


and assuming that this reaction is exothermal or thermo- 
neutral, one obtains 


(D n2++ So+— Su) 20. 
The upper limit is obtained from the reactions: 


Fe*++ Ht = Fe**+ H—69 kcal 
H,+ = H++ H— (Sn2+— 221) kcal 
2H=H,+ 103 kcal, 
leading to 


Fe** yar.) + Het (yar. 
= Fe* (yar. + He— (S He*— 255 kcal), 


and assuming again that this reaction is exothermal or 
thermoneutral one obtains 


(Sue+— 255 kcal) <0. 


A similar previous calculation? was marred by an error 
in one of the signs, which is hereby corrected. 

We wish to thank the Chemical Society (London) 
for a grant to cover the cost of some of the apparatus, 
and one of us (T. R.) expresses his thanks to the 
Cumberland Education Committee for a maintenance 
grant. 
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It has been observed experimentally that polymeric ions generally have associated with them a large 
number of small ions of opposite charge. These smaller ions, which are considered bound to the polymeric 
ions, are capable of exchanging with free ions in solution. The rate of this exchange can be determined by 
certain electrolytic transference experiments involving the use of radioactive tracers. The theory of such 
transference experiments is worked out by formulating and solving appropriate differential equations sub- 
ject to certain boundary conditions. It is then shown how results of these transference studies can be used 


for evaluating ion rate exchange constants. 





INTRODUCTION 


HEN a solution of polyacrylic acid partially neu- 
tralized with sodium hydroxide is electrolyzed 
in a transference cell, it is experimentally observed that 
part of the sodium appears to move toward the anode, 
the rest moving in the normal way toward the cathode.! 
As a matter of fact, under appropriate conditions it is 
found that more sodium moves to the anode than to the 
cathode. This surprising observation can be explained 
by assuming that a portion of the sodium ions are 
either un-ionized or bound in some way to the poly- 
acrylate ions. This binding, or incomplete ionization of 
the salt, presumably occurs because of the very large 
electrostatic forces that arise when a polymer of a high 
degree of polymerization undergoes appreciable ioniza- 
tion. It is evident that any sodium so bound to the anion 
will move to the anode during electrolysis just as any 
metal would move with a complex anion. 

The sodium ions which are attached to the poly- 
acrylate ions are, however, rather loosely bound and are 
readily capable of undergoing exchange with free ions 
in solution. It might be surmised that this exchange 
would be exceedingly rapid, but it actually turns out 
that the rate is measurably finite. - 

It is possible to learn something about the rate of ex- 
change by means of experiments carried out as follows. 
An electrolytic cell divided into anode and cathode 
compartments is originally filled with polyacrylic acid 
partially neutralized with sodium hydroxide with a 
small amount of radioactive sodium ions added to one 
side, let us say to the cathode. As the electrolysis pro- 
ceeds, sodium will tend to move in both directions, the 
direction depending upon whether the sodium is free 
or bound. Let us now consider the bound radioactive 
sodium originally in the cathode side that moves into 
the anode compartment. If the rate of exchange were 
zero, the net amount of radio sodium carried into the 


* This investigation was carried out under the sponsorship of 
the Reconstruction Finance Corporation, Synthetic Rubber 
Division. 

t Present address: The Edison Laboratory, Thomas A. Edison, 
Inc., West Orange, New Jersey. 

( = Grieger, and Wall, J. Am. Chem. Soc. 72, 2636 
1950). 
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sodium compartment would obviously be a maximum 
and could be simply computed from a knowledge of the 
fraction of the sodium which is bound and the trans- 
ference numbers of the different ionic species. Actually 
it is observed that the net amount of radio sodium car- 
ried into the anode compartment is less than one would 
calculate from the appropriate transference data as- 
suming zero exchange rate. Accordingly it can be sur- 
mised that some of the radio sodium, upon entering the 
anode compartment, exchanges with the free nonradio- 
active species and is subsequently carried back toward 
the cathode from whence it came. Qualitatively it can 
be seen that a measure of the rate of exchange should 
be forthcoming from a knowledge of the net flow of radio 
sodium as a function of time for experiments of the type 
described above, providing the necessary transference 
and related data are known. 

A theoretical interpretation of experiments of this 
kind is given in the present paper. In an accompanying 
article,” there are given actual experimental results for 
polyacrylic acid-sodium hydroxide mixtures. Accord- 
ingly, whenever it is helpful to consider a specific ex- 
ample, we shall refer to sodium and polyacrylate ions. 


THE EXCHANGE PROCESS 


In the interest of simplicity we shall consider only 
systems in which exchange takes place between two 
kinds of ions. Specifically, we will assume that in a 
particular solution of polyacrylic acid and sodium hy- 
droxide there exist free sodium ions and a single polymer 
ion species of degree of polymerization s, containing p: 
bound sodium ions. The concentrations of free sodium 
ions and polymer ions will be designated as ; and ms, 
respectively. Since we want to determine the rate of 
exchange of sodium ions between polymer and the un- 
associated species, a radioactive isotope of sodium ion 
is added to part of the system in trace concentration. 
It is assumed throughout that the two isotopes have 
identical properties except that one of them is radio- 
active. 

Let us denote by p; and pe the fraction of free sodium 


2 Wall, Grieger, Huizenga, and Doremus, J. Chem. Phys. 20, 
1206 (1952). 
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ions and the average fraction of bound sodium ions that 
are radioactive. Although all of the polymer ions are 
assumed to contain #2 bound sodium ions, there will 
generally be a nonuniform distribution of radioactive 
sodium ions among them. Let m2(m) be'the concentra- 
tion of the polymer ions containing m radioactive and 
po—m nonradioactive sodium ions. Then to compute 
the rate at which polymer tends to gain or lose radio- 
active ions, we should consider the reactions 


P(m)+ Nat*—P(m+1)+ Nat (1) 
and 
P(m)+Nat—P(m—1)+Na*, (2) 


where P(m) denotes a polymer ion with m radioactive 
sodiums and Na** denotes the free radioactive ion. It 
now appears reasonable to assume that the rates of 
reaction (1) and (2) will be given, respectively, by 


knypin2(m) (po—m) 
kn(1—p1)m[n2(m) ], 


where k is the appropriate specific reaction rate con- 
stant.? The over-all rate at which polymer gains Vat* 
will be 


and 


5 [knypyn2(m)(p2— m) |—kn,(1— pi)m[n2(m) | 


m=0 


pe m 
=kn,> n——~ ) slo) ps 
m=0 


p2 
= kponn2(p1— pa). 


A similar conclusion for the net rate of exchange can 
be obtained with a variable 2, providing certain 
reasonable assumptions are made. 


FORMULATION OF DIFFERENTIAL EQUATIONS 


In the presence of an electric field, the exchange of 
bound with unbound sodium ions will be superimposed 
on electrical transference of the cations and anions. 

The equations of continuity for tracer as free sodium 
ions and as ions bound to polymer are 


a O(n3p;)/dt= div ,*+ kponyno(pi1— po) 
— O(n2pop2)/dt = divJ.*— kponn2(pi— po), 


where J;* and J.* are the tracer currents attributable 
to free ion flow and bound ion flow. If the effect of 
ordinary diffusion is neglected, then for the one-di- 
mensional case the flows are‘ 
J *¥=n403p1 with 01> €\w, 
and 
Jo*=noporop2 with r2= ewok, 
3’ The “k” used in reference 1 differs from that used in the 


Present paper by the factor min2p2. 
*L. Onsager and R. M. Fuoss, J. Phys. Chem. 36, 2689 (1932). 
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CASE A 
F, = A =! 
ANODE CATHODE 
P= P= 0 
x=0 
CASE B 
r = a st 
ANGSS CATHODE 
A= Azo 
x=0 








Fic. 1. Initial conditions of tracer concentration in transference 
cell for two cases described in .text. 


where, for example, e; and w; are the charge and mo- 
bility of free sodium ions and E£ is the electric field 
strength. Then if we assume that ; and m2 are constant 
space and time and that E as well as the w’s are constant 
in space, the equations of continuity .can be written as 


— dp;/dt= 0,0p1/dx+ nop2k(p1—p2) 


3 
Op2/dl= — v20p2/dx+mk(p1— pr). ) 


LIMITING CASES 


As k becomes infinite,! p:—p2=p, and Eqs. (3) be- 
come simply 
—0p/dt=udp/dx, (3’) 


where “= (110;+N2p2r2)/(m1+n2p2). The general solu- 
tion of (3’) is 
p=p(x—ul). 


From this solution, it is evident that if the exchange 
rate is infinite, tracer will appear to move in only one 
direction, with a velocity u. (This conclusion depends, 
of course, on the assumption that ordinary diffusion is 
negligible.) 

Let us now consider the case where initially p; 
=p2=p,o for x<0 (anode), and pi=p2=0 for x«>0 
(cathode). Since 2; and v2 have opposite signs, tracer 
will appear to move past the point of original tracer 
discontinuity either in the direction of the cathode or 
anode, depending upon whether |7,7;| is greater or less 
than | 2fsv2|. For infinitely rapid exchange, with u>0, 
the flow of tracer into the region x>0 is 


p(y + nopo)u= p(m1+N2pov2) =J1*+J2*. 


But this is precisely the flow of tracer that should be 
observed for any rate of exchange, providing p; and p»2 
are initially made uniform throughout the system and 
equal to p. Therefore, if it is desired to obtain the net 
ion flow Jit+J2 (where J;=m 2; and J2=Me2Pov2) by 
means of transference experiments involving tracers, 
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Fic. 2. Tracer concentrations for case A after various times 
of electrolysis assuming 7)= — v2; J, 1¢=0.25 cm, IJ, v:t=0.5 cm, 
ITT, vyt=1.0 cm, and /V, v¢=2.0 cm. 


this can be done regardless of the exchange rate of 
tracer by simply making the tracer concentration uni- 
form throughout.! 

For k=0, Eqs. (3) are independent of each other. If 
7,;>0 and 72<0, and if tracer is initially placed on the 
anode side only, then the flow of tracer towards the 
cathode will be |\v;|. Conversely, if tracer is initially 
placed on the cathode side only, the flow towards the 
anode will be |2272|. For finite values of , tracer 
will appear to move in both directions, but the effect 
of exchange will be to make the magnitude of the flow 
smaller than |,2;! in the first instance and smaller 
than |2P2v2| in the second. It is evident that by using 
a solution of Eqs. (3) it should be possible to evaluate 
k by means of appropriate transference experiments in- 
volving the initially discontinuous distribution of tracer 
defined above. The solution to this problem is given in 
the following sections. 


GENERAL SOLUTION OF DIFFERENTIAL EQUATIONS 


In the following treatment we shall always assume 
v; and 2 to be censtant. By making a change of vari- 
ables to — and n where 


£= knopo(x— vet) /(v1— 02) 
n= —kn,(x—2,t)/(v;— 2), 


Eqs. (3) reduce to 


Op1/0E=p2— pr 
— Op2/dn= p2— pi. 


(4) 


AND P. 
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Elimination of p2 from Eqs. (4) gives 
8p /dndE+ Op1/dE+ dp:/dn=0. 


The variables are readily separable by use of a trial 
solution 

pi=S(E)N(n), 
which yields 


(1/S)dS/dé 
= —(1/N)(dN/dn)/((1/N)(dN/dy)+1]=-1, 


where \—1 has been written as the separation con- 
stant. The solutions of the separate ordinary differential 
equations give 

S(€)=exp(Ar—1)é 


N(q)=exp(A— 1)n, 


and the general solution of (4) can be written as 


pi(é, n) =D g(A)expl(A— 1)E+ (A“!— 1) ] 
‘ (5) 
p(t, )= 2 g(A)d exp[ (A— 1)E+ (A“!— 1) J, 


where g(A) is any function of X. 


INITIAL AND BOUNDARY CONDITIONS 


Both from the standpoint of computation and ex- 
periment, a particularly simple set of conditions in- 
volves the initial type of discontinuity in tracer 
concentration described above, using a long tube of uni- 
form cross section. Except for the negligible effect of 
the addition of tracer, the stoichiometric concentra- 
tions of sodium hydroxide and polyacrylic acid are 
assumed to be uniform throughout. As will be seen 
below, it is advantageous to perform the experiments 
in pairs; for case A, tracer is initially added to the 
anode compartment; for case B, to the cathode side. 
For the sake of clarity, we shall outline the boundary 
conditions for both cases. 

As might be expected, we shall ultimately require 
only relative values of the p’s. Accordingly it is con- 
venient to consider the initial p’s to be unity on one 
side of the cell and zero on the other. The solution so 
obtained is perfectly general, however, because the 
equations of continuity are homogeneous in the p’s. If 
the actual values of the p’s are required, they are com- 
puted simply by multiplying the relative values by the 
true initial value of p in the initially radioactive side. 

Throughout this discussion the electric field is as- 
sumed to point in the positive x direction. The initial 
conditions as shown in Fig. 1 can be written as follows: 


Initia] Conditions, ‘=0 
Case A Case B 
PpiA=pea=l1, x<0 Pis=poxp=0, «<0 
Pip=pes=1, x>0 
pis=0, pos=1, x=0. 


Pa=po,a=0, x>0 


piaA= 1, poa=0, x=0 
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Since polyacrylate ion is negatively charged, 21> >. 
At any time /, there will be a region vo<x<€ v1, for 
which p:~%p2. Outside the region specified above, i.e., 
for x<vel or x>24/, p1=p2= initial value, for both cases 
A and B. Further boundary conditions can be sum- 
marized as follows: 


Boundary Conditions 


Case A 
pa=O at x=, or n=0, E=knopt=é 
pia=l at x= or E=0, n=kn l= 
Case B 
pp=1 at x=2t or n=0, t=knopot=é 
pis=0 at x= or E=0, n=knyl=7. 


If 113<v2, the above conditions are altered simply by 
interchanging £ and and the subscripts 1 and 2. 


SOLUTION FOR SPECIFIED CONDITIONS 


Outside the region of disturbance vf<x<€2j/, the 
required solution is simply 


PiA=pea=1 for x<roel 

piA=poa=0 for «>I, 
with a similar solution for case B. These equations, 
together with relations for p; and pe inside the region 
of disturbance satisfying the boundary conditions and 


the differential equations, constitute the solution to 
the problem. We require a function g(A) such that 


pialé, n=2 g(d) expL(A—1)E+(A"—-1)n] 5’) 


satisfies the boundary conditions; that is, 


pia=1 for &=0, q=7%. 


Hence for all §, 
1= 2X g(A) exp(’*— 1) 
=E E/E yw) (i 
Therefore 
X g(A)=1, 
and 
EOE pa-(’ 


)-0 i=1, 2,3, ++. 
J 


For i=1 


u g(A)(A*+ 1)=0, 


or 
X g(A)A = 1. 


Repeating this for i=2, 3, etc., we find in general, since 


zco(')a 
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that 
DL g(A)Ar=1, p=0, —1, —2, ---. (6) 
oN 


Similarly from the other boundary condition, 
O= 2 eQ)A expQ— 1)é, 
it turns out that 


E gQ)r=0 p= +1, +2, +++. (7) 


Combining (6) and (7) we note that 
DL g(A)(1—A)A?=1, p=O 
r 
=0 p+0. 


pia(&, ») can be written in a number of forms by using 
relations (6) and (7) in connection with (5’). For ex- 
ample, it can be given in terms of Laguerre poly- 
nomials L,(n), as 


pra(é,n)=1—fe7" X (HPL pla)/(P+1)'p!, 


where® 


(8) 


L,(n)= Ec—m(*) ove: 
q=0 q 


For time integration at the point «=0 we shall use 


wo i—] i 1 i—1 
pia(é, n)=1+) = (—e-n(")( : )/* (9) 
w=I1 7=0 J J 


For purposes of illustration pi4 and p24 have been 
computed and are shown graphically in Fig. 2 for four 
values of 2,/, corresponding to the special case of 


= —V. 


GENERAL RELATIONS AMONG THE o0’S 


If pia(é, n) and poa(é, 7) are solutions, then so are 
p2a(n, £)=1—pralE, 0) 
and (10) 
pia(n, f)= 1—poa(é, n). 


Clearly Eqs. (10) satisfy the initial and boundary con- 
ditions and the transformed differential Eqs. (4): 


dpi(n, £)/On=pa(n, £)—pi(n, €) 

—Op2(n, £)/0E=p2(n, &)—pilr, £). 
It should be noted that the exchange term in (3) is 
not the only one that would give rise to Eqs. (10). 
Thus the exchange term could be any function /(;, p2) 


such that 
f (1, p2)=f(1—p2, 1— 1), 


for example, any function of p,:— pz. 


. 5 The notation is that of Courant and Hilbert, Methoden der 
mathematischen Physik (Julius Springer, Berlin, 1931), Vol. I, 
p. 79. 












TABLE I. —H(m, a). 








no 0 0.5 0.75 1 1.5 2 4 


0.1814 0.1733 0.1695 0.1658 0.1588 0.1521 0.1290 
0.3935 0.3578 0.3416 0.3263 0.2985 0.2737 0.1987 
0.6321 0.5475 0.5103 0.4762 0.4164 0.3662 0.2335 
0.8647 0.7324 0.6711 0.6135 0.5152 0.4348 0.2471 
0.9502 0.8197 0.7494 0.6813 0.5596 0.4618 

0.9817 0.8697 0.7969 0.7224 0.5843 

0 0.9933 0.9016 0.8293 0.7509 
o 1 1 1 1 0.6667 0.5000 0.2500 
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Similarly, if p:4(&, 7) and poa(é, 7) are solutions, then 
so are 


pra(&, n)= 1—pia(é, n) 


pop(E, n) =1—pea(E, 0). os 


Again Eqs. (10’) satisfy the initial and boundary con- 
ditions and the differential Eqs. (4). Also the exchange 
term in (3) is not the only one that would give rise to 
(10’). In fact the exchange term could be any function 
F(p1, p2) such that 


F(p,, p2)= —F(i—p, 1—p2), 


for example, any odd function of p:—po. 

Equations (10) and (10’) are important in the subse- 
quent development. As will be shown below the validity 
of (10’) can be tested by direct experiments. 

It is evident from Eqs. (10) and (10’) that if one of 
the p’s is known, then the other three can be found at 
once. 


THE FLOW INTEGRALS 


The observable quantities of interest are the net 
amounts of radioisotope that are transferred from one 
compartment to the other in the course of an elec- 
trolysis experiment. After passage of current for time ¢ 
the solution in the cell is divided into two parts corre- 
sponding to x>0 and x<0. The separate parts are 
mixed and the counting rates of aliquots of side x>0 
in case A and side x<0 in case B are determined. Then 
the amount of tracer that passes the boundary x=0 in 
the two cases will be 








yaVr YA 
ga= ‘Vi=— -rV1, 
yaVir ya° 
(11) 
yeVin YB 
qB= -1V;=— -rV rr, 
yeVi vB° 


where ya=counting rate per unit volume, side x>0, 
time =?; y4°=counting rate per unit volume, side x<0, 
time=0; ys=counting rate per unit volume, side x<0, 
time=/; yz°= counting rate per unit volume, side x>0, 
time=0; V;=volume side x>0; Vzr;=volume side 
x<0; and r=stoichiometric sodium concentration. 

Let us first compute the difference, g1—gs, which 
turns out to be simply related to the results of experi- 
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ments in which tracer is initially made uniform through- 
out the cell. If A is the cross section of the cell, then 


t 
and f [J1pia(0, t)+-Jop24(0, t) ]dt (12) 
and ; 


qB= -4f [J :p1n(0, t)+J2p2n(0, t) Jdt. 
0 


Making use of Eqs. (10’) we see that 
ga—qp=A(Jit-J2)t. (13) 


If Q’ is the rate at which tracer moves in an experiment 
where the initial tracer concentration is uniform, then 
in accordance with the earlier discussion we see that 


Q’=A(Ji+-J2) (14) 
and 
ga—qa=Q't. (15) 


This equation provides us with a direct test of Eqs. 
(10’). In writing the above equations, as well as in the 
discussion that follows, it is assumed that, except for 
the initial tracer concentrations, the experimental con- 
ditions are identical in cases A, B, and that involving 
uniform tracer. 

We can now evaluate g4 and gz. For x=0, 








Rnopovot 
£= knopo(x— vet) /(v1—02) = — = — KJ ot= £0, (16) 
U1— V2 
knyvyt 
n= — kn; (x—2,t)/ (v1; —v2) = =KJJ= 05 (17) 
V1— V2 


where 
K=k/(1,—12). 


On substituting these values for £ and 7 into Eqs. (9) 
and making use of the flow ratio® 


a=—J>/J,, 


we obtain 


wo i-l t\ fi-1 
pia(0, 2)=14+>5 >> (—KIWai( )( ) 
i=1 j7=0 j j 


Using Eqs. (10), we find 


o ¢ 1 1—1 
2400.)=-E E (Ke )() fit 
i=l j=1 J 7 f 


On substituting these relations into (12) we find upon 
integration and simplification that 


wantertad exswvinee(\(! )/: 
i=1 i=0 J j+1 


6 Separate experiments, of course, are required to determine @. 
For polyacrylic acid—sodium hydroxide mixtures we have already 
shown how the information needed to compute a can be obtained 
(see reference 1). 
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For simplicity, we let h;(a) represent the polynomials 
in a, 


way-Eai(')(.°) /: i21, (18) 


and also define 


H (no, «)= 20 (—n0)*hila)/1!, (19) 
i=1 
where mo was defined in Eq. (17). Then 
ga/AJ t=1+aH (no, a), (20) 
and by using Eq. (13), 
gp/AJ t=al1+H (no, a) ]. (21) 


THE LIMITS OF qa and gz 


It follows from purely physical considerations that 
ga and gz will be largest when k=0 and smallest when 
k is infinite. 

For k=0 

H(no, a)=H(0, a)=0 
and 
ga=AJ\t=Q't/(1—a@) 


dp=aqa. 


From the discussion given under Limiting Case above, 
it follows that for & infinite and a< 1, 


H(n, a)=H(»,a)=—1, 


(22) 


so that 
a=Q'l 
qa=Q (23) 
ga=0. 
For k infinite and a $ 1, it follows that 
H(x,a)=—1/a 
and 
qa=0 
24 
gp=OQ'l. ( ) 


Equations (23) and (24) would also apply if & were 
finite and 71;= 12, a situation which could be encountered 
only if the ions had the same sign of charge. It should 
be noted that the present method is best adapted to 
measuring the rate of exchange between ions of opposite 
sign rather than those of like sign. Thus if 2; and 2.2 
had the same sign and were of the same order of magni- 
tude, their difference would be difficult to determine 
With accuracy. 
COMPUTATION OF k 


As it stands, Eq. (19) converges slowly for values of 
no greater than 2 or 3; however, it can be expressed in 
such a way that it is easy to compute. The polynomials 
h(a) are the hypergeometric functions F(—i, —i+1; 
2; a), where F is given by the series 


A-B  A(A+1)B(B+1) | 


F(A, B;C;a)=1+ a afte. es, 
11C 2!C(C+1) 
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The polynomials /; satisfy the recursion formula 


(i+1)h;= (2i—1)(1+e)hi_1— (i—2)(1—@)*hy_2. 


The computation of H(no, a) can be greatly simplified 
by expressing the function in another way, namely, 


1 expl—(1+a)no ] 
hn i+a 


No , 
xX | i— | boi-1 
i=1 L(1++70)? 


Xexpeil (1+e)no ] » (25) 





H (no, a)= aaa 
1 


Ms 





i] 





where 
4n 4A(n—2) 4(n—4) 4 
* at3 n+1 n—1 4 
and 
n—1 
exp,x=e7—)> xi /j!. 
7=0 


The series in (25) converges much more rapidly than 
that in (17). 

To expedite the computation of k, we have prepared 
a short table of H(no, a) [see Table I]. From (20) and 
(14) we see that 


ifga(1—a) 
H (no, =| i} (26) 
al Qt 


Since a, ga, Q’, and / are all experimentally measureable 
quantities, it follows that 9 can be determined by refer- 
ence to Table I. A similar procedure can be followed 
using a, ga, and gg in conjunction with the equation 
obtained by combining (20) and (21), namely, 


1/a—qa/qp 


—H(no, a)= (27) 


1—qa/qz 


The calculation of k might be done more directly by 
solving (20) for 79 as a function of ga and a. Unfor- 
tunately, the resulting series converges slowly so we 
have preferred to compute H(np, a). 


EFFECT OF A FRIT IN THE CELL 


In the above calculations we have assumed that the 
cell is of uniform cross section and that by means of a 
suitable mechanical device we can bring about an initial 
discontinuity in tracer concentration. Such an initial 
discontinuity can also be formed conveniently with the 
aid of a glass frit in the cell. If this is done, it turns out 
that the equations given above for qa, az, and & still 
apply exactly, providing one side and the frit are 
initially filled with the solution containing tracer. 

This can be shown as follows. Let the frit extend over 
the range —L<x<0, and let us denote the cross sec- 
tions of the frit and the tube parts of the cell by A’ 
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and A, respectively. If we still regard the problem as 
one-dimensional, then the field strength in the frit is 


E'=(A/AE, 


where, as before, E is the field strength in the tubular 
parts of the cell. 

Let us designate the three regions of the cell by /, 
IT, ITT, as follows: region J, x«>0; region //, the frit; 
region /J7, «<—L. Consider case A, with initial con- 
ditions p1=p2=1 in regions JJ and J//, and py=p2.=0 
in region J. The differential equations are of the same 
form as Eq. (3) but with the velocities » appropriate 
to each region. 

We make the following change of variables: £7, 17, 
£77, and n11, the same as £ and 7 above but with appro- 
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priate v’s; 
Err =Nopol (x+L)—verrrt’ \/(1111—?er11). 


ni —knif{ (x+L)+(A ‘/A )Z[1— (2111/Ver1) J— tyrrit’}/ 
(vy727—Verrr), Where t’/=f+(L/v277). With the aid of 
this transformation and the fact that the p’s must be 
continuous at x=0 and r=—L, it can be shown that 
in case A, piz and p»; are identical with the py4 and po, 
previously obtained. The details of this proof are 
straightforward but lengthy so we omit them here. 
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Electrolytic Properties of Aqueous Solutions of Polyacrylic Acid and Sodium Hydroxide. 
III. The Rate of Sodium Ion Exchange between Polyacrylate and Free Sodium Ions* 
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The exchange of free sodium ions with sodium ions bound to polyacrylate ion has been investigated by an — 
electrolytic transference method. On the assumption that there is a single exchange process, rate constants 
have been computed and the theory has been found to provide a moderately good representation of the data. 
A much better correlation is obtained, however, if it is assumed that there are two exchange processes, one 
very rapid and the other very slow. Presumably the sodium ions that exchange rapidly belong to the poly- 
acrylate ion atmosphere while those that exchange slowly are located within the coiled polymer ion. The 
distribution of sodium ions between these two groups has been computed. 


INTRODUCTION 


HE immediately preceding article! deals with the 
theory of bound ion exchange accompanying 
electrolytic transference experiments. The present 
paper, on the other hand, is concerned with some ob- 
served results of such experiments together with their 
interpretation. The actual transference-exchange meas- 
urements were made on polyacrylic acid—sodium hy- 
droxide mixtures over a range of 35 percent to 80 
percent neutralization ; in this range, polyacrylate ions 
bind many sodium ions which are capable of exchanging 
with free sodium ions in solution. 

The physical quantity of significance which we seek 
to measure is the specific exchange rate constant k, 
which was defined in the aforementioned article.! The 
actual total exchange rate is presumed to be given by 
knyn2p2, which was derived assuming that all sodium 


* This investigation was carried out under the sponsorship of 
the Reconstruction Finance Corporation, Synthetic Rubber 
Division. 

t Present address: The Edison Laboratory, Thomas A. Edison, 
Inc., West Orange, New Jersey. 

t Present address: Argonne National Laboratory, P. O. Box 
5207, Chicago 80, Illinois. 

1 F, T. Wall and P. F. Grieger, J. Chem. Phys. 20, 1200 (1952). 





ions bound in the sphere of the polyelectrolyte anion 
can exchange with free ions with equal facility. Actually 
it is not unreasonable to suppose that the sodium ions 
bound near the interior of the coiled-up polymeric 
anion would exchange less rapidly than those near the 
surface. Accordingly, any exchange constant which 
might be evaluated assuming the above expression will 
be only an average value, and hence we can expect 
appreciable uncertainty in the magnitude of the 
constant k. 

An alternative model for the polymer and its bound 
ions consists of the following. Let us suppose that the 
central core of the polymeric anion contains bound 
sodium ions which exchange infinitely slowly while 
the outer portion of the polymeric anion holds ions of 
opposite charge so loosely that they exchange at an 
infinite rate. Although this model is arbitrarily extreme, 
it lends itself to easy calculation without recourse to 
solution of any new differential equations. The inter- 
pretation of our experiments will therefore be made in 
each of two ways: first, assuming a uniform exchange 
rate, and second, assuming the extreme alternative 
model just defined. 
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APPARATUS AND PROCEDURE 


The details pertaining to the transference apparatus, 
its operation, the preparation of materials, the methods 
of chemical analysis, the tracer counting technique, 
together with a discussion of sources of error, have 
already been given.? There are, however, a few new 
points in connection with the present experiments that 
should be mentioned. As before, the cell consisted of 
a straight horizontal tube about 22 cm long separated 
into two equal compartments by a sintered glass coarse 
Pyrex frit, 3 mm thick and 2 cm in diameter. The vol- 
umes of the anode and cathode compartments were 
both found to be 49 cm* by weighing their respective 
volumes of water. Platinum electrodes were sealed 
into the cell at both ends. They consisted of disks whose 
areas were about one-half the cross section of the tube. 
The faces of the electrodes, which were 21 cm apart, 
were nearly parallel and normal to the long axis of the 
tube. Directly above and below the electrodes were 
tubes used for filling and emptying the cell. During 
electrolysis the tubes above the electrodes were left 
open to permit the escape of oxygen and hydrogen. 

The experiments were invariably started as follows. 
Both end compartments and the frit were filled with a 
polyacrylic acid solution neutralized to a known extent 
with sodium hydroxide containing tracer.’ The filling 
tube on one side was then closed and the opposite com- 
partment was drained. The empty side was filled with an 
identical polyacrylic acid—sodium hydroxide mixture, 
except that it contained no tracer. This side was again 
drained to remove residual tracer and then refilled. 
The liquid levels in the filling tubes were adjusted 
visually. After opening the filling tube on the first side 
the current was started. In all experiments, one side 
and the frit were initially filled with solution containing 
tracer. 

As might be expected, this simple technique of making 
a sharp boundary is not perfect, and nearly always a 
detectable amount of tracer either gets into, or is left 
in, the compartment that is supposed to be free of 
tracer. To get a measure of this effect, some duplicate 
“blank” experiments were carried out. In these experi- 
ments, the cell was filled as described above, and then 
allowed to stand for various times without passage of 
current. Upon taking radioactive counts of the “non- 
active” side, it was found that the error attributable to 
mixing amounted to about one-fifth of the background 
count. A small correction for this effect was made in 
those instances where it appeared warranted. 

By adjusting an external resistance the current was 
held constant throughout each electrolysis at 4 milli- 
amperes. Not more than one-tenth of the total sodium 


assy Greiger, and Wall, J. Am. Chem. Soc. 72, 2636 

*The mixture of polyacrylic acid and sodium hydroxide con- 
taining tracer was allowed to stand for a few days (at least) before 
it was used in transference experiments. For these solutions then 
it Is safe to assume that p1= po. 





TABLE I. Transference experiments with initial discontinuity in 
tracer concentration for polyacrylic acid partially neutralized with 
sodium hydroxide. 








Time, qa X105, ap X105, (ga —@B) X10, (moles) 
min moles moles obs. calc. 


Series 1, 78.7% Neutralized, C=0.0396N 
Q’ = —6.10X 10-7 moles/min., a= 1.4 





30 0.44 2.09 — 1.65 — 1.83 
60 0.95 4.78 —3.83 —3.65 
90 1.81 7.70 — 5.89 — 5.48 
90 8.13 —6.32 
120 2.15 10.08 —7.93 —7.30 
120 10.45 —8.30 
Series 2, 74.9% Neutralized, C=0.0396N 
Q’= —5.41X1077 moles/min, a=1.4 
40 0.92 3.43 —2.51 —2.16 
60 1.74 4.85 —3.11 —3.25 
80 2.21 6.67 —4.46 —4,33 
120 3.68 11.14 —7.46 —6.50 
Series 3, 64.2% Neutralized, C=0.0263N 
Q’ = —3.23X 1077 moles/min, a= 1.27 
20 1.11 1.54 —0.43 —0.65 
40 1.65 3.02 — 1.37 —1.29 
80 2.63 5.15 —2.52 —2.58 
120 4.53 8.04 —3.51 — 3.88 
Series 4, 54.7% Neutralized, C=0.0396N 
Q’=0.34X 1077 moles/min, a=0.92 
30 0.93 0.56 0.37 0.10 
60 1.79 1.21 0.58 0.21 
90 2.85 2.44 0.41 0.31 
120 3.48 3.33 0.15 0.41 
Series 5, 47.2% Neutralized, C=0.0396N 
Q’=1.39X 1077 moles/min, a=0.74 
40 1.65 0.69 0.96 0.56 
80 Sat 1.78 1.43 1.11 
80 3.34 1.95 1.39 
120 5.50 3.63 1.87 1.67 
Series 6, 39.7% Neutralized, C=0.0263N 
Q’=2.55X 1077 moles/min, a=0.60 
20 137 
40 2.42 0.81 1.61 1.02 
40 2.53 
80 3.75 1.57 2.18 2.04 
120 6.10 2.94 3.16 3.06 
Series 7, 36.5% Neutralized, C=0.0396N 
Q’=4.46X 1077 moles/min, a=0.48 
40 3.15 1.29 1.86 1.78 
60 3.68 1.31 2.37 2.68 
80 5.37 1.53 3.84 3.57 
120 7.69 2.62 5.07 5.35 








was transported across a given boundary in any experi- 
ment, so it is safe to assume that the stoichiometric 
concentrations remained essentially constant in the 
neighborhood of the frit. Na* was used as tracer in all 
the experiments listed in Table I.‘ 


RESULTS 


In Table I are given the results of experiments on 
polyacrylic acid partially neutralized with sodium 
hydroxide over the range 37 percent to 79 percent. 


4 The tracer was obtained from Professor A. L. Hughes, Wash- 
ington University, St. Louis, Missouri. 
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Fic. 1. Plots of ga—qgze vs time for various polyacrylic acid 
solutions. Circles and dots represent experimental points; lines 
are drawn with calculated slope. 


Measurements were made at two polyacrylic acid con- 
centrations, namely, C=0.0396 and 0.0263 equivalents 
per liter. The number of equivalents, of course, is taken 
as the weight of polymer divided by the monomer 
molecular weight. 

For each series of experiments the quantities Q’ and 
a are listed. Q’, as previously defined,' is the rate at 
which radioactive sodium is transported if the tracer 
concentration is initially uniform throughout the ap- 
paratus, the conditions of the experiment being other- 
wise identical to those of cases A and B. a is computed 
by using the equation 


a= -—J2/J\= (cpo/s)Ap/1rf{ Ana, (1) 


where s is the degree of polymerization, A, and Ana 
the equivalent conductances of the ions, r the stoichio- 
metric sodium hydroxide concentration, and f the frac- 
tion of sodium ions that are not bound by polymer. 

The a-values listed in Table I were computed from 
data already reported.” The various quantities appear- 
ing in Eq. (1) and defined earlier? depend upon the 
results of transference, conductance, and pH measure- 
ments; there is probably an uncertainty of 10 percent 
in the a-values listed in Table I. 

As previously defined the g’s equal the total number 
of moles of traced sodium transported across the bound- 


TABLE II. Observed and calculated ga—qz vs time slopes. 











. d(qga —qp)/dt X10? Q’ X10? 
Series moles/min moles/min 
1 —6.7 —6.1 
2 —5.8 —5.4 
3 —3.1 —3.2 
4 — 0.34 
5 1.8 1.4 
6 2.7 2.6 
7 4.3 4.5 
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means of the equation! 


qa—qn=Q't. (2) 


The data in Table I include five pairs of identical 
experiments. In four of these, the g values agree within 
5 percent, in the fifth, by 10 percent. In view of the 
experimental technique, especially the method of form- 
ing the initial discontinuity in tracer concentration, we 
consider this accuracy satisfactory. 

It should also be mentioned that with one exception 
the observed values of the q’s lie between those calcu- 
lated for k=O and k=~, as would be expected. Of 
course, this is not a severe test of the data, especially 
for large times, but at least it indicates qualitatively 
that we are dealing with an exchange phenomenon. 


THE QUANTITY gi—qz AS A FUNCTION OF TIME 


In agreement with Eq. (2), the plots of ga—qz 1s 
time are straight lines with slopes nearly equal to Q’ in 
every case.’ As can be seen from Table I and Fig. 1, 


TABLE III. Numerical values of & in liters/equiv. min 
as computed from the ratio qa/qs. 











Series 1 2 3 5 6 7 

% Neutralization 78.7 74.9 64.2 47.2 39.7 36.5 
Cc 0.0396 0.0396 0.0263 0.0396 0.0263 0.0396 
Time min 

20 5 

30 30 

40 14 12 13 13 2 

60 16 7 2 

80 5 7 2 4 4 

90 9 

120 7 4 6 0.6 1 1 








the differences between the individual observed and 
calculated values of ga*-gz are greater than 10 percent 
in only a few instances. 

The experimental accuracy appears to be consider- 
ably better for the relatively large values of g than for 
the small ones. In view of the nature of the experiment, 
this is not surprising. In Table II the slopes of the best 
straight lines are compared with Q’. 

The agreement between d(ga—qz)/dt and Q’ is 
generally satisfactory. For experiment 4, where a=0.92, 
ga and gz are nearly equal, so their difference is subject 
to a large percentage error. Even in this unfavorable 
case, as can be seen from Fig. 1, the individual values of 
ga— Qs are of the right order of magnitude. 


THE MAGNITUDE OF k 


When the values of ga and gz listed in Table I are 
plotted against /, we find that the points can almost 


5 The fact that ga—qa=Q’t does not of itself prove the general 
validity of our theory of the exchange ‘oor It does, however, 
serve to verify a limited portion thereof. 


ary. For convenience, the observed values of ga—gq, 
are listed in Table I together with those calculated by 
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always be connected fairly well by straight lines through 
the origin. In several cases the short time points (20 to 
40 minutes) fall below the straight lines. 
Now it can be seen from the following equations,' 
Q’ 
qam_— tit aH (no, a) } (3) 
—& 


go [14 Hm a) |, (4) 


—c_ 


and from inspection of the numerical values! of H(mo, a) 
that the curves for g4 and gz plotted against time should 
be concave downward or in the limit, linear. However, 
the observed curves, as mentioned above, usually ap- 
pear to be concave upward. Qualitatively, the k’s com- 
puted from the short-time points should then be too 
large relative to those computed from the long-time 
points. While the short-time points are probably less 
reliable than those corresponding to longer times be- 
cause of background correction, filling error, etc., the 
fact that they are quite consistently low warrants some 
explanation, which will be given later. 

Values of k can be computed from the ratio g4/qz as 
follows. H(no, a) is found from the following equation: 


1/a—qa/qp 


H (no, a) — (5) 


qga/qp—1 


Then mo is found from a plot of H(mo, a) against n for 
the given experimental value of a. This plot can be 
made from data given in Table I of the preceding 
article.’ no and & are related by the following expressions: 


Anarftk 
huvtAy 


Thus & can be found from 7 and the other known values 
discussed in connection with Eq. (1). The results of this 
calculation are shown in Table III. With two exceptions, 
Series 3 and 7, k decreases with increase in time, 
although in most instances & is constant within a factor 
of two over the range 60 to 120 minutes. It should also 
be pointed out that the value of k is quite sensitive 
to errors in the q’s and a. For the larger values of k 
in Table III, H(m0, a) varies weakly with mo; conse- 
quently, a small error in H can give rise to a large error 
in the calculated value for mo. 

By assuming values of k, ga and gz have been calcu- 
lated from Eqs. (3) and (4). The proper value of mo is 
found from Eq. (6); then H (mo, a) is found from the 
plots described above. The data are generally repre- 
sented rather well by this method of computation, 
which is apparently not so sensitive to errors as is 
Eq. (5). By successive trials, the values of & that best 
represent the data are obtained, and these “best” 
average values of k are probably accurate within a 
factor of about two. They are summarized in Table IV. 
In Fig. 2 are given three illustrative examples of 


(6) 


No 


1209 


TABLE IV. Average k values determined graphically. 








Polymer conc. _ k ‘ 
liters/equiv. min 





Series % Neut. equiv./liter 
1 78.7 0.0396 8 
2 74.9 0.0396 4 
3 64.2 : 0.0263 5 
2 47.2 0.0396 1 
6 39.7 0.0263 2 
7 36.5 0.0396 2 








ga and gz plots. For this purpose we have chosen 
Series 1, for which agreement between theory and ex- 
periment is poor, and Series 7, for which the agreement 
is good. These results can also be seen in Table III, 
where the range of & values for Series 1 is found to be 
much larger than for Series 7. 

For Series 1, Fig. 2(A), it is possible to choose k so 
that the calculated curves for g4 and qz closely approxi- 
mate the observed values for 90 and 120 minutes, but 
the short-time points (30 and 60 minutes) fall well 
below these curves. For Series 7, Fig. 2(B) and 2(C), 
the g vs / plots are given for two values of k, to show how 
well & can be determined by the graphical method. 
The curves in Fig. 2(B) correspond to k= 2.0, which we 
have taken as the best value, while the curves in Fig. 
2(C) correspond to k=1.3. It will be seen that the 
curves in Fig. 2(B) fit the data appreciably better 
than do those in Fig. 2(C). 

It appears from Table IV, that & exhibits consider- 
ably variation in value, with possibly some tendency to 





| Lj 








A < 
B 
° 
4 = 
° Ya o—_—4 
° 
a 4 j 
T T 
” 
w 
= 
° 
= 
) 
2 
ra 
uo 




















8r- c 
Y= 
4r- ° — 
8 
oO ° 
j l 
[e) 40 80 120 


TIME IN MINUTES 


Fic. 2. Pots of ga and gz vs time. (A) Series 1; (B) and (C) 
Series 7. Circles represent experimental points; curves are drawn 
from calculated values. 
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Fic. 3. ga and qz vs time. Lines are drawn to fit data as well as 
possible. (A) Series 1; (B) Series 4; (C) Series 2; (D) Series 3. 


increase with increasing neutralization. This trend is not 
conclusive nor will we attempt to offer any detailed 
‘ explanation for it. It is of interest to note, however, that 
the values of k indicate second-order reactions which 
require about 5 minutes for half the exchange to be 
complete for the concentrations employed. This sug- 
gests that the exchange process is actually much slower 
than one might surmise. It is evident that many of the 
sodium ions bound to the polyacrylate anions are held 
fairly tightly and can escape from the sphere of in- 
fluence only with some difficulty. - 


EXTENSION TO THE CASE OF TWO 
EXCHANGE REACTIONS 

The foregoing results show that the assumption of a 
single ion exchange rate is not entirely satisfactory in 
describing the observed results. It was mentioned earlier 
that the initial exchange appears to take place faster 
than that which occurs in the later stages. In an effort 
to account for this behavior, we shall now consider an 
alternative model which is a combination of two 
simpler ones. 

Let us suppose that a significant fraction of the so- 
dium ions bound to the polyacrylate ions are present as 
a cloud surrounding it outside of the central polymer 
ion. The remainder of the sodium ions will be assumed 
to be tied up within the core of the negative ion. We 
can now expect that the outer sodium ions will exchange 
at an exceedingly rapid rate, whereas those in the in- 
terior will exchange very slowly. An artificial, although 
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instructive model, consists of assuming two classes of 
ions, one which exchanges infinitely fast, and the other 
infinitely slowly. 

For such a model, let us suppose that there are pz. 
bound sodium ions that exchange at a rate governed 
by ki, and 22 bound sodium ions that exchange at a 
rate governed by a constant k2. Then the exchange 
equations are as follows: 


— 0 p;/ Ot= N09 p1/ Ox+ NyNopo1k1(pi— par) 
+ 1yN2p22(p1— p22) 
— N2pr9po1/ Ot= Nopo02d po /IOx—NMopoky(p1— pa) 
— N2op220 p22/ Ot = N2p20V2d p22/ Ax— NyNopo2k(pi— pr»). 


~ 


/ 


In the limit as ky, p:—p21, so upon adding the first 
two equations in (7) we obtain 
— (21+ Nopo1)Op1/ OL= (N11 + Nopord2)Op1/ Ox 
+ nNop22ko(pi— p22) 
— N2p220 p22/ Ot= Nop22020 p22/ OX 
— N\Nopo2ko(pi— p22). 
The linear transformations 
f= y(«— vat) /(B— v2) 
n' = —koni(x— Bt)/(B—22), 
where 
B= (2101+ Nopov2)/ (1+ N2epo) 
Y= kopoonn2/ (11+ Nopr1) 
reduce Eqs. (8) to the form 
Op1/0€' = p22— pi 
— Op22/ dn’ = p22— pi. 


On carrying through the computation of g4 and gz as 
before we find that (3) and (4) formally still hold 
providing we replace 


(9) 


Ji by Jit+J a, 
J» by J, 
k by ke. 


The new equations are 


/ 








qa=——[1 +a’ (m’, o')], (10) 
—a 
a’QO't 
qa= (1+H(m0’, a’) ], (11) 
1—a’ 


TABLE V. Comparison of the flow ratio a’ computed from Eqs. 
(12) and (13). The ratio of fast to slow exchanging sodium ions 


poi/ pr. 








, 





% dqa/dt dqp/dt - : 
Series Neut. X<107 x<107 Q’X107 = Eq. (12) Eq. (13) pai/p22 
1 78.7 1.8 8.6 —6.10 4.5 3.4 1.6 
Zz 74.9 3.0 8.5 —5.41 2.8 2.8 1.3 
3 64.2 3.9 6.7 —3.23 1.8 1.9 Ls 
4 54.7 3.0 2.6 0.34 1.1 1.2 —0.23 
5 47.2 4.3 Fe 1.39 0.68 0.66 0.39 
6 39.7 ® | ya 2.55 0.50 0.45 0.63 
7 36.5 6.6 | 4.46 0.32 0.32 0.97 
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where 


a! = — J o0/(Ii:+J21); 
no = ko Ji: +J21)t/(v1— 22), 
Q’= A (Ji +Jo)(A-— a’). 


Up to now we have always considered a to be posi- 
tive since J» and J; have opposite signs. Now, however, 
a’ can be negative even though 2; and v2 have opposite 
signs whenever | J21| > |Ji|. 

The case of k2=0 is of special interest, for then we 


simply have 
qa=Q't/(1—a’), (12) 
qn=a'Q't/(1— a’). (13) 


Qualitatively (12) and (13) are in accord with the ex- 
periments here reported, for as we noted in the previous 
section g4 and gg are approximately linear with ¢ in 
most instances. Quantitatively it turns out that our 
data are in excellent agreement with (12) and (13). 
From plots of the data, such as those in Fig. 3, the 
slopes, dqa/dt and dqz/dt, of the best straight lines, can 
be determined. Using Q’, a’ is then computed separately 
by means of Eqs. (12) and (13). The results of this 
calculation are shown in Table V. As can be seen, the 
separate a’ values agree closely except for Series 1. 
Even for Series 4, where ga and gz are nearly equal, 
and the ga—qz plot was indeterminate, there is good 
agreement for the present calculation. 

We can also calculate 21/22, which is the ratio of 
the number of sodiums that exchange rapidly to the 
number that exchange slowly. Thus from the definition 
of a’, we find, since Jo1:= m2porve, that 


— p2»2= a’ port a’ (401/NoV2). 


We can also write Q’ in two ways, namely, 


Q'/A = nyry+ Ngvoport Novepo2 
= 40;(1— a&) = (1121+ Noor) (1—a’), 
or 


pu=[—1+(1—a)/(1—a’) \(mivi/ng02). 


Combining these expressions for po. and psx we find 
simply that 


po/ p22=[(a/a’)—1]/(1—a). 


The values of this ratio are also included in Table V. 
For Series 4 and 5, a/a’ is approximately unity, so 
the computed values of f21/p22 will be particularly 
sensitive to small errors in the ratio a/a’. For Series 4, 
the calculation fails and a negative value of poi/ py» 
is obtained. Likewise the value 0.39 for Series 5 might 
easily be in substantial error. For example, if we 
arbitrarily use a value of a’ 6 percent smaller than 0.67, 
pa/ p22 is nearly doubled. 

If we disregard the results in the neighborhood of 50 


percent neutralization, it appears that the fraction of 
the bound sodium ions that are in the ionic atmosphere 
increases with increase in degree of neutralization. On 
the basis of the calculations that we made in this and the 
preceding section, there is little doubt that the hypothe- 
sis of two exchange processes, one proceeding infinitely 
fast while the other proceeds infinitely slowly, gives a 
much better interpretation of our results than does the 
assumption of a single exchange process. This appears 
to be a satisfactory outcome because the hypothesis of 
two exchange rates is physically plausible. 

Within the accuracy of our data, the assumption 
that k2=0 is simply a convenient approximation. Of 
course, we have tacitly assumed that k2>0 in part of 
our treatment because initially we let pi=p21=p2 
everywhere, if k2=0, p22 would always be zero. Ac- 
tually the exchange constant k2 must be appreciable. 
To gain some idea of its magnitude we performed the 
following experiments. Tracer as sodium ions was 
added to a given polyacrylic acid—sodium hydroxide 
mixture and in the first instance, the electrolysis was 
carried out as quickly as possible. In the second in- 
stance the tracer—polyacrylic acid—sodium hydroxide 
mixture was allowed to stand for several days before 
an identical electrolysis was carried out. ga and gp 
were found to be the same in the two kinds of experi- 
ments both at 75 percent and 45 percent neutralization. 
If ko were equal to zero, then ga should have been the 
same for both types of experiment, but gz should have 
been less in the first instance than in the second. 
Evidently k» is large enough so that during the time of 
filling and rinsing the cell (15 to 30 minutes) as well 
as during the time of electrolysis (one hour) the rela- 
tively slow exchange proceeds effectively to completion. 

Were our data precise enough, at short times we 
could in principle determine k, by means of Eqs. (10) 
and (11). A k: value not equal to zero will give rise to 
curves for ga and gz that are concave downward, but 
the curvature will be distinctly less marked than is 
evident in Fig. 2, particularly for high degrees of 
neutralization where p2:/P22 is largest. To estimate 
p21/ p22 it is reasonable, in the interest of simplicity, to 
let ko=0 and use the simple Eqs. (12) and (13). What 
we have done then, is to compute the ratio of fast to 
slowly exchanging sodiums that would exist if the 
slow group actually exchanges at zero rate. 

For the complicated system polyacrylic acid—sodium 
hydroxide, it appears that the rate of exchange experi- 
ments do not provide us with single exchange constants. 
Actually we obtain some more interesting information 
concerning the distribution of bound sodium ions be- 
tween rapidly and slowly exchanging groups. It is 
reasonable to identify these as being “outside” the 
polyacrylate ion (i.e., in its atmosphere) on the one 
hand and ‘“‘inside’’ the ion on the other. 
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The addition compounds of aromatic nitro-compounds and hydrocarbons fluoresce appreciably only 
if the hydrocarbon component itself has a possible transition lying in the region where the nitro-complex 
might be expected from its absorption to emit. The resulting emission spectrum is very similar to that 
of the hydrocarbon component but much more strongly allowed. This is attributed to the breaking down 


of the S<T selection rule as the complex dissociates. 





INTRODUCTION 


HIS is the first of a series of papers dealing with 
the emission spectroscopy of systems of two com- 
ponents dissolved or suspended in a nonabsorbing rigid 
medium. It was suggested in a recent letter’ that the 
highly efficient process, in which energy absorbed by 
one component in solution is transferred to and emitted 
by the second component in microcrystalline form, is 
due to one of two processes: (a) long-range transfer of 
the kind suggested by Forster? or (b) short-range 
transfer, the first component being adsorbed on the 
second. Subsequent work® has shown that although in 
some cases (e.g., anthracene) long-range transfer be- 
tween identical molecules in solution occurs, transfer 
between nonidentical molecules is observable only at 
temperatures low enough for definite molecular associa- 
tion to be brought about by dispersion forces. 

Much of this work has been clarified by comparison 
with a more stable kind of molecular compound formed 
by aromatic hydrocarbons, namely, the well crystalline 
nitro-complexes often used for hydrocarbon character- 
ization. Of the complexes examined those with styphnic 
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Fic. 1. Solid lines: emission spectra of complexes of hydro- 
carbons with trinitro benzene. Dotted lines: long-lived triplet 
emission spectra of the corresponding hydrocarbons alone. A: 
chrysene; B: 1,2,5,6 dibenzanthracene; C: pyrene; D: phenan- 
threne; E: 1,2 benzanthracene; F: 9,10 dimethyl 1,2 benzanthra- 
cene. All at — 180°C. 


1M. M. Moodie and C. Reid, J. Chem. Phys. 19, 986 (1951). 
? Th. Forster, Ann. Physik 2, 55 (1948). 
3M. M. Moodie and C. Reid (to be published). 
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acid and picric acid are nonfluorescent. The trinitro- 
benzene complexes, however, almost all emit strongly 
in the 5000 to 7000A region and are the subject of this 
paper. 
EXPERIMENTAL 

Hydrocarbons were purified by chromatography in 
Al,O; columns. Trinitrobenzene (cp) was recrystallized 
several times from ether. Hydrocarbon-T.N.B. com- 
plexes were prepared in ether solutions and recrystal- 
lized. Solutions in one part ether plus 5 parts isopentane, 
which mixture forms a clear rigid glass at the tempera- 
ture of liquid nitrogen, were cooled to —180°C and 
irradiated with the mercury 3600 line from a General 
Electric A.H. 6 high pressure mercury arc with suitable 
filters. Spectra were photographed using a Hilger E2 
spectrograph on Eastman Kodak II F3 or IN plates. 
Traces of some of the spectra obtained are shown in 
Fig. 1. Similar results were obtained with fluorene, 
trans-stilbene, acenaphthene, and with a few hetero- 
cyclics, such as acridine. 

Absorption spectra of the hydrocarbon complexes 
were also examined at low temperatures using the same 
spectrograph. Some of them are given in Fig. 2. 


DISCUSSION 


The emission spectra show obvious similarities to the 
well-known long-lived triplet-singlet emission of the 
pure hydrocarbons, although usually there is a slight 
shift in the position of the bands and considerable 
broadening. The emission spectra show no mirror image 
relationship with the absorption spectra which usually 
exhibit no trace of vibrational structure (pyrene is 
an exception). This suggests that the situation is as 
shown in Fig. 3. 

Absorption is to a repulsive state. This is very 
reasonable since the binding energies of the hydrocarbon 
complexes are only 2 to 4 kcal in the ground state and 
explains the absence of vibrational structure in the 
absorption spectra. The dissociation products are the 
hydrocarbon in its triplet state and presumably an 
unexcited trinitrobenzene molecule. However, during 
the dissociation process the spin selection rule breaks 
down and the ST process occurs rapidly.* The 


considerable broadening of the bands is presumably 4 


* Less than 10~ sec. 
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Fic. 2. Onset of absorption in complexes of hydrocarbons and 
trinitro benzene (a) 1,2,5,6 dibenzanthracene-T.N.B. (b) pyrene- 
T.N.B. (c) chrysene-T.N.B. Curves give approximate log Jo/J 
values. Extinction coefficients cannot be given because complexes 
are partly dissociated in solution. 


result of the fact that the energy is a function of the 
amount of coupling with the trinitrobenzene molecule, 
and this decreases during the dissociation process. That 
the emission is due to the hydrocarbon component is 
consistent with the fact that polynitro compounds 
themselves are well known for their lack of fluorescence. 

A few special cases may be mentioned. The T.N.B.- 
carbazole complex does not emit appreciably. This is 
explained by the fact that the carbazole triplet level 
(4080A) lies at higher energy than that of most of the 
aromatic hydrocarbons we have considered and the 
energy, E, in Fig. 3 is less than is required to excite the 
hydrocarbon triplet level. For the same reason, pre- 
sumably, the fluorescence yield from the phenanthrene 
complex (4600A) is very low compared with that of 
other hydrocarbons. 

The case of the anthracene-T.N.B. complex (Fig. 4) 
requires special mention. It shows a very well-defined 
emission spectrum beginning at about 5200A and ex- 
tending into the infrared. The absorption spectra is 
again a continuum suggesting that the situation should 
be similar to that of other hydrocarbons. However, the 
triplet emission‘ is reported as at 6800A. One explana- 
tion of this fact might be that the hydrocarbon in the 
complex is already in the lowest triplet state and is ex- 


‘G. N. Lewis and M. Kasha, J. Am. Chem. Soc. 66, 2100 (1944). 
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Fic. 3. Ground (H+T.N.B.) and excited (H*+T.N.B.) states 
of hydrocarbon-T.N.B. complexes. E=potential energy. r=in- 
termolecular distance. 


cited to the second triplet level, and the observed emis- 
sion then corresponds to triplet-triplet emission. A trip- 
let-triplet transition has been found in absorption by 
McClure’ and could very well correspond to this emis- 
sion. If this is the case, however, the anthracene com- 
plex is quite different to those formed by most other 
hydrocarbons. The alternative is that the assigned 
triplet level is in error. The possibility of the latter will 
be considered elsewhere. 





650 700 800 


mp 550 600 














Fic. 4. Solid line: emission spectrum of anthracene-T.N.B. 
complex. Dotted line: previously reported anthracene triplet 
emission. 


Investigation of molecular complexes of the kind 
described in this paper promises to provide information 
about energy levels otherwise difficult to observe 
because transitions from them to the ground state are 
highly forbidden. For the dozen or so substances which 
have been examined, the high frequency limit of the 
band found in the complex differs on the average by 
less than 100A from the value found by examination 
of the hydrocarbon itself. 

Note added in proof:—Since the same emission spectrum can be 
obtained from the crystalline complexes, in which relative move- 
ment of the two molecules is largely restricted, such movement is 
not essential to the mechanism. A considerable field change will 
nevertheless accompany the switch from the attractive to the 


repulsive orbital and may be responsible for the breakdown of 
the S<T selection rule. 


5D. S. McClure, J. Chem. Phys. 19, 670 (1951). 
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New data for anthracene and naphthacene suggest that the lowest triplet levels of polyacenes are of 
species *Zy. This makes the 39,000 cm™ singlet band of benzene of symmetry Bz, as was originally proposed 


and not B,, as was later suggested. 





INTRODUCTION 


HERE is some confusion in the literature about 
the symmetry species of the lowest triplet levels 
of aromatic hydrocarbons. In a paper correlating hydro- 
carbon levels Klevens and Platt! decided that the triplet 
levels were probably *Z, on the basis of shifts in position 
parallel to those of the 'Z, bands in polyacenes. Platt’s 
correlation is shown in Fig. 1. However, for the case of 
benzene Shull? and McClure* have pointed out that 
the triplet level must be *Bz,, on the basis of its perturba- 
tion by the adjacent 'B,, level. McClure‘ accepted the 
‘2, assignment for the lowest triplet level and con- 
sequently had to reverse Klevens and Platt’s assign- 
ment of the 'B,, level as 'Za, and 'By, as ‘Ly. This 
assignment had been based on Mayer and Sklar’s® 
M.O. calculations. 
More recently McClure® has assumed all aromatic 
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Fic. 1. Correlation of levels in polyancenes—After Klevens and 
Platt. Triplet level follows 'Z, rather than 'Z, and is therefore 
labeled *Za. 


1H. B. Klevens and J. R. Platt, J. Chem. Phys. 17, 470 (1949). 
2H. Shull, J. Chem. Phys. 17, 295 (1949). 

3D. S. McClure, J. Chem. Phys. 17, 665 (1949). 

4D. S. McClure, J. Chem. Phys. 17, 905 (1949). 

5M. G. Mayer and A. L. Sklar, J. Chem. Phys. 6, 645 (1938). 
6D. S. McClure, J. Chem. Phys. 19, 670 (1951). 


hydrocarbons to have lowest triplet levels of species */,. 

It will be shown on the basis of new experimental 
results that the lowest triplet levels of the polyacenes 
are probably of species */, and that the above reversal 
is therefore unjustified. 


EXPERIMENTAL 
(a) Anthracene 


The low temperature emission spectrum of the molec- 
ular complex of anthracene and trinitrobenzene is 
shown in Fig. 2. Since it is shown elsewhere’ that for 
other hydrocarbon-T.N.B. complexes this emission 
normally corresponds closely to the triplet level of the 
hydrocarbon, this is a strong indication that there is an 
anthracene triplet level in the neighborhood of 19,000 
cm~'. However, Kasha® has reported a weak emission 
from anthracene with short wave limit at 14,700 cm™ 
and has assumed that this is the lowest. triplet level. 
Using very pure anthracene (“scintillation grade” 
material further purified by repeated chromatography) 
the author found in this region only a trace so faint as 
to be very doubtful using exposure times five times as 
long (24 hours) as that of Kasha with the same plates, 
slit width, and the same type of source (G.E. AH 6). 
Neither our faint trace nor Kasha’s, from which it 
differs slightly, looks much like an aromatic hydro- 
carbon triplet in which usually a vibrational spacing of 
1350-1450 cm“ is the most characteristic feature. It is 
felt, therefore, that this emission may be due to an 
impurity and that the emission of our hydrocarbon- 
T.N.B. complex probably does represent that from the 
lowest triplet level. The average vibrational separation 
(1400 cm-) is very close to that found in the triplet 
emission spectra of naphthalene (1416cm™) and 
naphthacene (1430 cm). 

Since the failure to reproduce Kasha’s result could 
have been due to poor geometry or lower source in- 
tensity (AH 6 arcs vary considerably from one to 


mya 450 S00 = $50._—Ss« 00 700 7: 
bites & i cre ala wa eae ian 
Fic. 2. The emission spectrum of the anthracene- 
T.N.B. complex at — 180°C. 


7C. Reid, J. Chem. Phys. 20, 1212 (1952). 
8M. Kasha, J. Am. Chem. Soc. 66, 2100 (1944). 
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Fic. 3. The emission spectrum of naphthacene at — 180°C. 
(a) with phosphoroscope (b) irradiated continuously. 


another), we have considered an alternative possibility. 
This is that the anthracene-T.N.B. complex contains 
in its ground state anthracene in a “triplet” form and 
that this anthracene-T.N.B. complex is excited to the 
second triplet level. The band system observed could 
then be the triplet-triplet emission corresponding to the 
absorption observed by McClure.® Triplet-triplet levels 
have not hitherto been observed in emission, however, 
and no other hydrocarbons for which the first triplet 
levels are known with certainty behave in this way. 
This explanation, therefore, seems unlikely, and it will 
be assumed that the emission of the complex corresponds 
to the lowest triplet level. 


(b) Naphthacene 


Examination of the emission spectrum of naphthacene 
(chromatographed and recrystallized in an atmosphere 
of nitrogen) dissolved in a glassy solvent at —180°C 
shows that there is a long-lived (ca. 2 seconds) state 
lying at 19,650 cm~', the emission from which is nor- 
mally masked by the much brighter emission from the 
singlet state at 21,000 cm~. In Fig. 3 are shown both 
the short-lived emission and the long-lived emission 
photographed using the phosphoroscope with the same 
sample and the same geometry. Although the positions 
of the long-lived bands are almost identical with all 
but one of the short-lived ones, there can be no doubt 


TABLE I. 








Molecule ILa 1Lb 


48,050 38,000 
34,600 32,000 
26,400 28,500 
21,100 27,000 
30,200 27,500 
29,000 26,800 
25,800 27,300 


. 27,500 25,500 
33,000 28,300 
33,100 29,800 


Triplet 


29,000 
22,000 
19,000 
19,600 
20,000 
16,800 
16,500 


18,300 
21,600 
20,800 





Benzene 
Naphthalene 
Anthracene 
Naphthacene 
Chrysene 
Pyrene 
1,2 benzanthracene 
1,2,5,6 dibenz- 
anthracene 
Phenanthrene 
Acenaphthene 
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Fic. 4. Corrected correlation of levels in polyacenes. *L now 
follows 'L, rather than 'Z, and is therefore labeled *L». 


that they belong to a different and much more for- 
bidden transition. It is assumed that this must be the 
lowest S<-T transition for which such a lifetime is to 


be expected. No triplet level for naphthacene has been 
previously reported. 


DISCUSSION 


If we use the new results for anthracene and naphtha- 
cene to make a plot of the polyacene levels, we find the 
situation shown in Fig. 4. It is clear that the triplet 
levels are to be correlated with the 'Z, rather than the 
1, levels and are themselves therefore probably *L». 

The argument for benzene is now as follows. Shull 
has shown that the triplet level is perturbed by a 'Bi, 
level. McClure has proved that the triplet level is 
therefore *B,. We now associate this with a *L» state. 
Accordingly, 'Z, with the same electron configuration 
as *, cannot be the perturbing state which is therefore 
the 'Z, second excited singlet level. Shull’s analysis 
therefore shows that the 'Z, level is 'B,, and the lowest 
1Ly level at 39,000 cm™ is, consequently, of species 
'Bo, as was originally suggested by Mayer and Sklar. 

Whether or not we are justified in carrying over the 
32, assignment to nonlinear aromatics is uncertain, 
but Table I shows that there is at least as much con- 
stancy in the 'Z,-triplet as in the 'Z,-triplet interval. 

The author is indebted to the National Research 
Council of Canada for a grant in support of this work. 

Note added in proof:—Recent work by Mizushima and Koide 
(private communication from D. S. McClure) suggests that the 
perturbing singlet responsible for the S<«-T transition in benzene 


may be of species 'E,,*. If this proves correct, the question of 
whether 'B;,, or ‘Bo, is the lowest singlet level remains unsettled. 
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A theory of nucleation, based on statistical mechanics, is presented. The problem reduces to the computa- 
tion of the multiple occupation, by molecules, of cells, this being accomplished through the evaluation of the 
configuration integral for a supersaturated assembly. The new theory does not consider the first fragments 
of the stable phase formed to be spherical liquid drops. In no place (not even at the nucleus) is it necessary to 
to consider explicitly phase equilibrium between an embryo and the mother phase. The manifold difficulties 
connected with this point (in view of the small dimensions of typical nuclei) are therefore obviated. Further- 
more, it is possible to define an embryo unambiguously, and in such a manner that its energetic properties 
can, in principle, be computed. This is not possible in the classical theory. 

Certain limitations on the application of Einstein fluctuation theory to supersaturated systems are 


demonstrated. 





I. INTRODUCTION 


F a vapor, free of dust and condensation nuclei, is 

enclosed in an expansion chamber, one finds, when 
the expansion is performed, that the vapor does not 
condense when it becomes saturated. Usually condensa- 
tion does not occur until the vapor pressure p exceeds 
the saturation pressure », by a marked amount. It is 
apparently an experimental fact that for a given tem- 
perature T condensation occurs reproducibly when the 
supersaturation ratio p/p. reaches some definite value, 
the so-called critical supersaturation ratio. 

The existence of this critical limit of metastability 
has provided an intriguing target for quantitative 
theoretical considerations. It should be noted that one 
is here confronted with the problem of irreversible con- 
densation, sometimes called nucleation. Unlike reversible 
condensation the problem of irreversible condensation 
has not been investigated extensively with the tools of 
statistical mechanics. A passing acquaintance with the 
most general treatments of reversible condensation of 
which, perhaps, the Mayer cluster theory! is the most 
famous, is sufficient to convey the idea that the irre- 
versible counterpart must be very difficult. Therefore, 
workers in the field have been content to utilize semi- 
phenomenonological models, designed to provide nu- 
merical results when used in certain quasi-thermo- 
dynamic arguments. 

Prominent among these has been the liquid drop 
model employed by Becker and Doring? and Frenkel.’ 
With it, the first fragments of the new phase formed 
are regarded as well-defined spherical liquid drops 
having the thermodynamic features of macroscopic 
drops. The concept becomes extremely vague‘ when it is 
applied to fragments of nuclear dimensions containing 
as few as twenty molecules. It is absolutely meaningless 


* Present address: Bell Telephone Laboratories, Murray Hill, 
New Jersey. 
1 J. E. Mayer, J. Chem. Phys. 5, 67, 74 (1937). 


2 R. Becker and Doring, Ann. phys. 24, 719 (1935). 

3J. Frenkel, J. Chem. Phys. 7, 538 (1939); Kinetic Theory of 
Liquids (Oxford University Press, London, 1946), Chap. VII. 

‘F. P. Buff and J. G. Kirkwood, J. Chem. Phys. 18, 991 (1950). 


when applied to embryos of subnuclear size which are not 
in phase equilibrium with the mother phase; a privilege 
reserved for the nuclear fragment alone. For such 
embryos surface tension (an important parameter in the 
Becker-Doring-Frenkel theory) cannot be defined, even 
when the embryos are large. 

Because of the continuous nature of the transition 
layer>~’ separating a liquid from a vapor phase it is 
impossible to define unambiguously* the number of 
molecules in a small drop. 

In view of these inconsistencies it is desirable to 
develop a more logical theory of nucleation. The 
natural vehicle for this purpose must still be statistical 
mechanics. Ideally, the dynamic analog of the Mayer 
cluster theory is required. However, the former would be 
fraught with the same, if not more formidable, calcula- 
tional difficulties as the latter. We should content our- 
selves with a more middle of the road approach in 
which a truly statistical theory is developed, but where 
some rigor is sacrificed in the interest of calculational 
expediency. The bulk of the following text consists of 
the development of such a theory. 


Il. THE STATISTICAL THEORY 


The statistical theory will be based on a cell method 
evaluation of the configuration integral, 


a= ff foreraa 


for a supersaturated fluid system, enclosed in the vol- 
ume V and constrained to persist in the metastable 
state. In (2.1), V is the number of particles in the sys- 
tem, & is the Boltzmann constant, and W is the con- 
figurational potential energy, a function of the coordi- 
nates of the centers of mass (and, possibly, of the 
rotational coordinates) of all N molecules. For con- 
venience, we shall assume that the rotational coordinates 

5R. C. Tolman, J. Chem. Phys. 16, 758 (1948); 17, 118, 333 
(1949). 


°F. Koenig, J. Chem. Phys. 18, 449 (1950). 
7 J. G. Kirkwood and F. P. Buff, J. Chem. Phys. 17, 338 (1949). 


(2.1) 
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IRREVERSIBLE CONDENSATION 


do not enter W, since the argument can easily be ex- 
tended to the case where they do. Then the symbol dw 
stands for the translational volume element of a single 
molecule in configuration space. In evaluating 2 we 
shall follow the usual practice of regarding the NV 
molecules as distinguishable, canceling this error by 
preceding Q with the factor 1/N!, whenever @ is used 
in a statistical formula. 

There are many schemes for evaluating 2 under the 
most general conditions. One may cite the work of 
Ursell,8 Kirkwood,? Mayer,! and Born and Green.® In 
our case attention will be focused on a supersaturated 
vapor inside the metastable limit. It is assumed, and it 
is almost true experimentally, that the vapor in this 
condition obeys the ideal gas law. Consequently, it will 
not be necessary to evaluate 2 under general conditions 
but only under a condition consistent with this law. 
This statement may seem a bit unsophisticated. It is 
well known that in an ideal gas interactions between 
molecules are neglected so that 


W=0. (2.2) 


When (2.2) is substituted into (2.1) the familiar result 
Q=V*% (2.3) 


is obtained where V is the volume of the gas, and one 
fails to see what else must be done toward evaluating 2 
in this instance. 

The difficulty is obviated when it is considered that 
adherence to the ideal gas law is a necessary but not 
sufficient condition for the absence of molecular inter- 
action. As it will appear later a gas, suitably constrained, 
will follow this law and yet support moderate inter- 
action. Although this interaction is negligible with 
respect to the computation of the various macroscopic 
features of a metastable gas (e.g., p, V, etc.), it is, how- 
ever, all important in connection with computations 
having to do with the collapse of the metastable state. We 
are thus confronted with the rather unique circumstance 
of having an experimental situation requiring a more 
detailed evaluation of 2, for a gas following the ideal 
law, than is contained in (2.3). 

At the outset it is important to remember that the 
evaluation of Q for temperatures and pressures corre- 
sponding to two phase equilibria must lead to an Q 
predicting the existence of two phases, unless some sort 
of internal constraint is applied to the vapor to prevent 
its condensation. 

The following scheme will be adopted in the detailed 
analysis of Q. The volume V containing the gas is 
formally divided into cubical cells, each having the 
volume 


T= gv, (2.4) 


vi. D. Ursell, Proc. Cambridge Phil. Soc. 23, 685 (1927). 
*J.G. Kirkwood, J. Chem. Phys. 3, 300 (1935). 
M. Born and H. S. Green, A General Kinetic Theory of Liquids 
(Cambridge University Press, London, 1949). 
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Fic. 1. A configuration picture. 


where v is the volume per molecule, 


v=V/N, (2.5) 
and g is a positive number which may be greater or less 
than unity. Now 0 as an integral is really a sum of 
terms of the type 

o- Wilt des)”. (2.6) 
We shall call (2.6) a configuration term. 

The three-dimensional array of cubic cells into which 
the volume V is divided can be represented by a two- 
dimensional array as in Fig. 1. If each cell is numbered, 
it will be possible to specify which cells have given 
numbers of molecules. A specification of this kind, 
when it is complete, can be represented by a picture 
such as the one in Fig. 1 in which molecules are scattered 
in some definite manner throughout the array of cells. 
Such a picture will be called a configuration picture. 

Depending upon the values of the coordinates w in 
W, the configuration term (2.6) can be correlated with a 
definite configuration picture. In fact, a large number of 
configuration terms will correspond to a single picture, 
since by a given configuration picture we mean a speci- 
fication of the numbers of molecules in each cell inde- 
pendent of how the molecules are disposed within their 
respective cells or of which molecules (regarded as 
distinguishable) are in what cells. The series of terms 
belonging to a single picture can be generated in two 
ways: (a) by disposing the molecules differently within 
their cells without removing any molecule from any 
cell, and (b) by permuting the NV distinguishable mole- 
cules among the various cells without changing the 
number in each cell. In the usual manner, the con- 
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figuration energy W can be written as the sum of terms 
W=>d. uj;, 
if 


(2.7) 


where the sum extends over all pairs of molecules, 7 and 
j, and u,; is a function of the coordinates of molecules 
i and j alone. Consider the kth cell which for a given 
configuration term contains «x, molecules. Call the sum 
of all the terms u,; between molecules in the Ath cell u,. 
Then, for a given configuration term (2.7) can be re- 
placed by 

W=). Up+ } i ij, (2.8) 

k between 
cells 

where the second sum on the right refers to those 1; 
corresponding to interactions between molecules located 
in different cells. These intercell terms are quite im- 
portant and cannot be ignored. For the moment, how- 
ever, we shall neglect them, writing for W 


W= D pue. 


Similar schemes for evaluating 2 are followed whether 
the intercell terms are neglected or not. By neglecting 
them, at first, it will be possible to outline the scheme 
with maximum simplicity. Eventually, of course, they 
will be included in the development. 

When (2.9) is employed (2.6) can be written in the 


form 
Tele ™*/*? (dw) 7* J. 


All the terms of this kind belonging to a given configura- 
tion picture can be obtained by following procedures 
(a) and (b) described above. The application of pro- 
cedure (a) (disposing the molecules differently within 
their cells) transforms (2.10) into 


nf ff fmreor] 


where the integral is taken over the volume gv of a 
single cell. The integrals for the individual cells are 
independent of one another because the in‘ercell terms 
have been neglected. After the integrations have been 
carried out the contribution to (2.11) of each cell which 
contains the same number of molecules, x, («,=.x) will 
be the same. Therefore, if in the given configuration 
picture there are n(x) cells containing « molecules, the 
factors can be collected and (2.11) rewritten as 


Df ff fevonre] (2.12) 


A quantity (u(x)),, can be defined by the equation 


exp —(ua))a/AT If fof uy 
=f ff expl—miayar day (2.13) 


(2.9) 


(2.10) 


(2.11) 


HOWARD REISS 


By differentiating both sides of (2.13) with respect to 7 
it can be shown that 


SfoJ. u(x)e-™(2)/*T (dyy)# 


(u(x) v= 


[fof e~ M(@IKT (day) 
gv 


so that (u(x))s is the average mutual potential energy 

of x molecules confined ta a cell of volume gz. It is 

obviously (from (2.14)) temperature dependent. 
Substituting (2.13) into (2.12) and using the relation 


fff Gay= (0) 


the latter expression becomes 
[]-{expl—(u(x))a/RT ](gv)7}". 


To get the rest of the terms belonging to a single 
configuration picture procedure (b) (permuting mole- 
cules among the various cells) is employed. The number 
of permutations of NV distinguishable molecules among 
the cells when n(x) of them contain x molecules is 


NYT e(x!)"™. (2.17) 


The product of (2.16) by (2.17) is the sum of all the 
configuration terms belonging to a given configuration 
picture. 

How many different configuration pictures can be 
formed when n(x) is specified? With reference to Fig. 1, 
a different configuration picture is formed, each time 
cells containing unlike numbers of molecules are ex- 
changed. There are 





(2.14) 


(2.15) 


(2.16) 


V/gu=N/g (2.18) 


cells. The number of permutations of these, not count- 
ing exchanges of cells containing equal numbers x of 
molecules, is 

(N’/g)! 


[[.(x) 


The product of (2.16), (2.17), and (2.18) can be written 
(when Stirling’s approximation is used for m(x)!) in the 
following form: 


ea ae (2.29 
g x n(x) 


(2.19) 





z 


It corresponds to that part of the configuration it- 
tegral Q consistent with a given specification of n(x); 
and, according to a well-known theorem" in statistical 
mechanics, measures the probability of that specifica- 
tion. 


1 Fowler and Guggenheim, Statistical Thermodynamics (Catt- 
bridge University Press, Cambridge, 1939), p. 254. 
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IRREVERSIBLE CONDENSATION 


The entire configuration integral is obtained by 
summing (2.20) over all distributions n(x) consistent 
with the conservation conditions 


n(x) = N/g (2.21) 
> an(x)=N. (2.22) 


Making use of (2.21) and (2.22), the factors e and 
(gv) in (2.20) may be collected in front of the product 
sign. When we do this, and sum 


= — (u(x) )m/k =|" 


x!n(x) 





N 
Q= (—) urucnyver d II 


g n(x) = 


(2.23) 


where the sum is for all s(x) consistent with (2.21) and 
(2.22). Now all of the terms in the summand are posi- 
tive, and since V is a very large number, it can be 
shown, by the usual arguments,” that the entire sum is 
adequately approximated by the largest term. Under 
this condition the distribution (x) belonging to largest 
term (i.e., the most probable distribution) will be in- 
distinguishable from the average or the equilibrium 
distribution. It is obtained in a straightforward manner 
by maximizing the typical term in (2.23) with respect 
to the variations of n(x) consistent with (2.21) and 
(2.22). This constrained maximization is easily accom- 
plished through the use of undetermined multipliers.'* 
The result" is 


exp[ —(u(x))a/RT ] 
n(x) = dy" , 


x! 





(2.24) 


where A and y are parameters to be determined by 
substituting (2.24) into (2.21) and (2.22). 

We will pursue the present argument (in which inter- 
cell terms have been ignored) no further. Enough has 
been said to illustrate the manner of evaluation of Q 
s0 that the real case (involving intercell terms) can be 
understood and treated with facility. 

The number n(x) announces that, at any instant, 
on the average, the molecules of the gas will be dis- 
tributed among the cells so that (x) cells will each 
contain x molecules. Nothing is said about the disposi- 
tion of the molecules in each cell. It may and will 
differ from cell to cell so that two cells, both having x 
molecules, will exhibit entirely dissimilar appearances. 


"Mayer and Mayer, Statistical Mechanics (John Wiley and 
Sons, Inc., New York, 1940), p. 282. 

* Sokolnikoff and Sokolnikoff, Higher Mathematics for Engineers 
and Physicists (McGraw-Hill Book Company, Inc., New York, 
1941) , p. 163. 

“Tn a recent paper [Prog. Theor. Phys. 5, 997 (1950) ] Katsura 
and Fujita obtained an equation identical with (2.24) by con- 
‘dering the multiple occupation of cells. These authors were 
interested in reversible condensation, and were able to choose 
their cell size arbitrarily and large enough so that cell interaction 
'erms could be legitimately ignored. As it will appear, in the 
present case of irreversible condensation, the cell size cannot 
€ chosen arbitrarily, and interaction terms cannot be ignored. 

n the other hand, we shall be able to evaluate \ and y, simply, 
Whereas this cannot be done in the reversible case. 
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We now turn to the rigorous statistical theory in which 
the intercell terms are included. 

It is convenient to begin with the introduction of a 
slightly altered notation. Consider the kth cell which 
contains x molecules. The mutual potential energy 
denoted by u(x) in the previous treatment will now be 
denoted by u,(x). Consider all of the intercell terms 
between the x molecules in the &th cell and molecules 
in other cells containing just y molecules. The sum of 
these terms is denoted by ¢x,(x). Among the g;,(x) be- 
longing to a given kth cell we only include those terms 
for which 

ygux. (2.25) 
Terms for which 


you (2.26) 


will appear among the ¢;,(x) of another &th cell having 
a larger value of x. In that case, the symbolic roles of the 
x and y satisfying (2.26) will be reversed, and the condi- 
tion (2.25) will still be satisfied for the new &th cell 
having the larger value of x. With these definitions 


(2.27) 


W=Tln(e)+E gey(x), 


where it is understood that the « may or may not be 
different for different kth cells. 
Using (2.27) the configuration term becomes 


[[Lexp{ —[.(x)+ 4 Gky(x) |/RT}(dw)* }. (2.28) 


k 


In the metastable gas, constrained to follow the ideal 
law, it will appear that the distribution function m(«) 
has the property 


n(x+1)<n(x). (2.29) 


It follows that for the collection of cells having a given 
molecular content «, the number of pairs which can be 
formed between cells of this collection and other cells 
whose y’s satisfy (2.25) is enormously greater than the 
number of pairs possible involving value of y satisfying 
(2.26). Therefore, almost all of the intercell terms 
involving the collection of cells with « molecules, apiece, 
are included in the sums 


y=z 
, m Pky(X) (2.30) 
y=0 
belonging to k’s with the value x in question. The sum of 
sums (2.30) consistent with a given x is almost the 
total intercell interaction energy of cells of size x. 
Referring to (2.28), the u(x) and y;,(x) belonging to 
cells having x values less than a certain value, say a, 
will be almost zero for almost all dispositions of the 
molecules within such cells. In addition, the g,,(«) 
corresponding to x>a, y<a will also represent small 
interactions. It is possible to write (2.28) in slightly 
greater detail collecting into groups all factors belonging 
to the same value of x. Thus, within the approximation 
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just mentioned, (2.28) becomes 


mZ=a— 


II des?” {TT , exp{ —[ue(ae) + Hix) J/kT} (dw)*} 
(TTk exp —[ue(at 1)+yr(a+ 1) V/kT} (dw) et} - {T]. exp{ — [x(t 2)+yi(a+ 2) V/kT} (dw) } +++, (2.31) 


where 
y=a+s 


vilats)= Lo gylats) (2.32) 


and the symbol [], now means the product of all factors belonging to a given value of x, i.e., a, a+1, etc. 

Just as in the previous argument in which intercell terms were neglected, it is possible to generate a number of 
configuration terms consistent with a given configuration picture by moving each group of x molecules about its 
kth cell. Let us do this in stages, first moving the molecules in all cells with x<a, then those in cells with «=a, 
x=a+1, etc. in turn. The result of moving those with «<a transforms (2.32) into 


z=a— 


i | (gv)7™@ {TT exp{ —[a(ae) + ia) /RT}(dw)*} +0. (2.33) 


Doing this for x=a affects u.(a)+yYx(a) as well as certain terms in ¥,(a+1), ¥x(at+2), etc. The sum of these 
latter terms which are affected is small compared with u;(a)+y;(a@), in view of (2.29). The result now is 


r=a— 


I (gv) exp[—(W(a))w/RT ](gv)o" + {TT exp{ —[ax(at 1) pe! (at 1) RT} (dw) } +++, (2.34) 


in which the prime in y;’(a+1) signifies that the terms in ¥;,(a+1) involving the coordinates of molecules in 
a-cells do not appear. These terms have been partially affected by the integration so that they (or rather quantities 
related to them, after integration) appear in (W(a)),, which by the same argument involved in (2.13) is the average 
sum of the mutual and intercell energies of all the molecules in a-cells, for fixed dispositions of all molecules in 
cells with «>a. 

The dispositions of the latter molecules enter (W(a)),, through the terms which have been extracted from the 
various ¥;(a+s) to leave ¥;’(a+s). As we have indicated, because of (2.29), these terms are small beside 1; (a) 
+y(a) so that (W(«))s is only slightly dependent on the dispositions of molecules in cells with x>a. We shall 
nol, however, neglect this slight dependence. 


Set B 
W*(a)=DiiLur(a)+yi(a) ], (2.35) 


where the sum is for all values of k consistent with «=a. Furthermore, denote by W’(a) the sum of all interactions 
between cells with x=a and x>a, i.e., the terms extracted from y;’(a+s). Then, obviously 


fff Cire] exp{ = La) +a) VET) (das) 





(W(a))w= 
Sfof exp{ —[W*(a)+W'(a) |/kT} (dw)2" 


fff Wa) expt —LW*(a)+W"(a) VT} (dam 





SS feo @+ 9 @yerydayor 


fff Wa) exp{ —[W*(a) +W"(a) VAT} (da) 





2 
[fof exp LW (a) 41a) VAT (da) 
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f f sis f W*(a) exp[—W*(a)/RT (dw)2™ 
gv 


ffs : f exp[ —W*(a)/kT ]|(dw)o"™ 


f f vee f W’(a) exp{ —[W*(a)+W'(a) /kT} (deo) 2" 








aa 
Pf fee or @+w@yarydayen 


=(W*(a))wt(W'(a))w. (2.36) 


Because of the smallness of W’(a) relative to W*(a), the approximation leading to (W*(a)), is a good one. The 
errors incurred in eliminating W’(a) from the integral to begin with are small and are made even smaller by the 
lact that the elimination involves both the integral in the numerator and the one in the denominator. The errors, 
therefore, tend to cancel. Under this approximation we see that W*(a) is the average sum of the mutual and inter- 
cell energies of a cells in a gas from which cells with x>«a are absent. 

One can define the quantity 


(wo(a)) w= [(W*(ax))wv/n(ax) J, (2.37) 


the average mutual-intercell energy per a-cell in a gas from which cells with «>a are absent. For such a gas (2.33) 
isa complete expression (the . . . etc. can be eliminated) and to the extent that the ¥,(a@) for two different k are 
independent of each other, the integration leading to the equivalent of (2.34) involves a product of integrals. The 
result is 


z=a— 


IT (g2)"T]efexpl — (wi(a))a/AT ](go)*}, (2.38) 


z=0 


where the product is taken over all k consistent with «=a. Only a negligible number of ¥;(a) are interdependent 
because the frequency with which two a-cells occur in juxtaposition is very low. The product in (2.38) is therefore 
valid. The obvious correspondence to be gleaned from (2.38) is 


(W*(ax)) w= 2(r)(o( ar) v= Do (wu (x) av 
twa) 
n(a) 


or 


(2.39) 





(w(a)) v= 


In other words, (w(a))s is the average mutual-intercell energy per a-cell averaged over the environments of all 
the a-cells in the configuration picture. 

Another interpretation is possible. Imagine a given a-cell to be enclosed by a shell permeable to the molecular 
lorce fields but impermeable to matter. Let this shell be immersed in a gas having the same temperature and 
density as the one for which (w(a)) has been evaluated above. One could then observe the succession, in time, of 
‘nvironments to which this a-cell was subject. The mutual-intercell energy averaged over this succession for a 
very long period of time would be the same as that averaged, instantaneously, over a large number of a-cells in 
different environments. 

Next, we move the molecules in the (a+1) cells about their respective domains. The integration which must be 
performed of course involves (W’(a)),. 

The result of this integration transforms (2.34) into 


=a~—] 


I (gv)2"() exp[ — (W*(a)) mw /RT ](gv)2"™™ a exp[ — (W(a+ 1))a/RT ](gv) (et) not) 


{Te exp{—[ue(a+2)+ yi (a+2) /kT} (dw)2**}---, (2.40) 
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in which the double prime in y;’’(a+2) indicates that 
now interaction terms for both a and a+1 cells have 
been extracted from ¥;,(a+2). 

By the same argument used in connection with 
(W(a))w, it is apparent that (W(a+1))w is virtually 
independent of the dispositions of molecules in cells 
with x>a+1, and that (W(a+1)), can be approxi- 
mated accurately by 


(W(at+1))w=(W*(at+1))wt(W"(at+1))w, (2.41) 


where (W*(a+1))w is the average mutual-intercell 
energy for (a+1) cells in a gas from which cells with 
x>a+1 have been excluded. 

Continuing in this manner, (2.33) can finally be 
written as 


II. exp[ — (W*(x))w/RT ](gv)7"™ 


=[]-Lexpl —(w(x))w/kT }(gv)7 J", (2.42) 
in which (W*(x)), is zero for x<a, and (w(x))s is the 
time average mutual-intercell energy for a  shell- 
enclosed x cell immersed in a gas from which cells con- 
taining numbers of molecules greater than x have been 
excluded. 

Actually, since W’(x) is small compared to W*(x), a 
good approximation to (w(x)) is obtained if the cell 
is immersed in a gas (constrained to follow the ideal 
law and having the same density and temperature as the 
supersaturated gas in question) from which cells greater 
than x have not been excluded. This fact will be im- 
portant in the next section when we want to compare 
the present theory with the more usual approximate 
fluctuation theory. 

It must be remembered that the validity of (2.41) is 
contingent upon (2.29), which implies that the n(x) 
being considered does not vary very much about 
the equilibrium n(x) for a gas constrained to obey the 
ideal law. 

By multiplying (2.42) by (2.17) we obtain the sum 
of the configuration terms corresponding to a given 
configuration picture. A little thought must be exer- 
cised in calculating the number of configuration pictures 
consistent with a given (x). Certain pictures will be 
highly organized, in the sense that all cells with a given 
value of x will be confined to a small region of space. 
In these pictures [consistent with the same (x) ] the 
environments of the various x cells will be far from 
random, and the identification of (w(x))« with a time 
average for a shell-enclosed x cell, immersed in a gas, 
will not be valid. On the other hand, because of the 
large numbers of cells involved, configuration pictures 
with almost the same degree of randomness (the greatest 
possible randomness) will account for the bulk of all 
possible pictures. Hence, one can approximate a typical 
term in Q by taking the product of (2.42) by (2.19) as 
well as by (2.17). 
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The inconsistency introduced by those pictures which 
are highly organized and hence have different values of 
(w(x))a, will be small. & is now given by the counterpart 
of (2.23) in which (w(x))s, replaces (u(x))w. Thus 





= (w(x))a/ RT] \" 


x n(x) 


N 
o= (—) svtenyem > Il 
§ 


n(x) =x 


(2.43) 


In determining the maximum term of (2.23) subject to 
(2.21) and (2.22) no difficulty appeared because u(x) 
was independent of n(«). This is not true of (w(x)), 
since n(x) determines the average environment of an 
x cell. However, (2.29) rescues the situation. (w(x)), 
only includes interactions with cells of smaller +. 
According to (2.29) the number of these far exceeds the 
number of cells of size x. Only a small number of the 
former can fit at one time into the immediate environ- 
ments of the x cells. As a result, a small variation in 
some n(x—s) (where s is a positive number less than or 
equal to x) hardly affects the average environment of 
an x cell, since that environment is saturated with 
(x—s) cells, and by (2.29) there are many such cells 
to spare. Thus, for small variations about the distribu- 
tion n(x) corresponding to the maximum term, (w(x))s 
may be considered independent of #(x). These small 
allowable variations are sufficient for the determination 
of the maximum. In this manner one obtains the more 
rigorous analog of (2.24): 


_expL— (@(2))m/ RT] 


x! 





n(x)=dA¥ (2.44) 


It is necessary to determine \ and y by substituting 
(2.44) into (2.21) and (2.22). Before doing this, we must 
consider how the supersaturated vapor is to be con- 
strained so that when (2.44) (with \ and y determined) 
is substituted into (2.43) the Q obtained leads to the 
ideal gas law, 

pV =NRT. (2.45) 


In the usual manner 


aA f) Q 
p=- ( —) = «| —( in—) | (2.46) 
OV/ 7, OV\ NZ Joy 


so that if 
Q=V4, (2.3) 
(2.46) reduces to (2.45). Therefore, the most natural 
constraint will be that which permits (2.44) to yield 
(2.3) when substituted in (2.43). 
We notice’ that for a truly ideal gas in which 
(w(x))a=0, (2.44) becomes 


n(x) = (y7/x!) 
18 See reference 12, p. 235. 


(2.47) 
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and (2.47) in (2.21) and (2.22) yields the relations 


AE (y27/e)=rev=N/g, (2.48) 


yd Cy /(x-1) J=avev=N. (2.49) 
1 


The simultaneous solution of (2.48) and (2.49) de- 
termines A and y. Thus 


(2.50) 
(2.51) 


7 i 


A=(N/g)e~?, 
and (2.47) is 
n(x) = (N/g)e-9(g7/x!). (2.52) 


The substitution of (2.52) into the maximum term of 
(2.43) [setting (w(x))«=O0 in (2.43) ] produces (2.3), 
when Stirling’s approximation is used to correlate the 
various factorials and (2.21) and (2.22) are applied. 
This provides an internal check on the validity of the 
solution of the combinatorial problem. 

Furthermore, it is to be noted that the substitution 
of (2.44) into the bracketed factor of (2.43) leaves the 
result 


= (w(x) av/RT J 


x!n(x) 





n(x) 
=|]. A> y-7)"™ 


=})-2 n(2)mj—Zen(z) = \-N/o4y-N 


(2.53) 


s0 that the character of 2 is fully determined by \ and y. 
To fulfill (4.3), therefore, the choices (2.50) and (2.51) 
should still be made. When this is done, (2.44) becomes 


N exp[. —(w(x)) a /RT ] 





n(x) =—e~%g* (2.54) 


4 x: 
But now (2.48) demands 


zx 


= 5 —=¥ expl—(w(x))n/ATP-, (2.55) 
x! 


0 x! 0 


where the upper limit / on the right must be prescribed 
80 that (2.55) holds. Obviously, since (w(x))s is negative 
(referred to infinite separation of the molecules), if 
h+, the right member of (2.55) would far exceed the 
left, and the equation would be impossible. Thus, the 
internal constraint consistent with the ideal gas law 
takes the form of a sharp cutoff in the distribution 
lunction, u(x) at x=h. It is obvious that some cutoff 
s required if only for the preservation of the metastable 
state. In addition, a cutoff at # preserves the ideal 
gas law. 

With the aid of Stirling’s approximation, (2.54) can 
be written as 


N 
n(x) = — exp| - [er(«- x+x in-) +(o(0))a|/A7 ; 
§ g 


(2.56) 


n(x) 








x 
Fic. 2. The distribution function, n(x). 


Let us investigate the extremal values of n(x). Thus, we 
apply the condition 


[dn(x)/dx ]=0, 
which leads to the result ' 
—kT \n(x/g) = (d(w(x))a,/dx ]. 


When «x is small, 


(2.57) 


(2.58) 


(w(x) w= 0 (2.59) 


and (2.58) becomes 


—kT \n(x/g)=0 or x=g. (2.60) 


This corresponds to a maximum of n(x). The number 
density of molecules in the cell corresponding to this 
most probable cell is 


(2.61) 


i.e., the average density throughout the gas. One would 
have anticipated this result. It provides another check 
on the validity of our development. 

When «x is large so that (w(x))« is finite, (2.58) de- 
termines a minimum of n(x). The value of x for which 
(2.58) is satisfied, in this case, will be denoted by x*. 


x/gu=g/gv=1/v=N/2, 


III. THE STATISTICAL THEORY CONTINUED 


A plot of n(x) versus x, now, looks like the curve of 
Fig. 2. In the next section it will be demonstrated that 
cells with x>a* have more chance of gaining than 
losing molecules, while the reverse is true for cells with 
x<a*. It will therefore be convenient to define cells of 
size x* as nuclei while defining those of size x<x* as 
embryos. In any circumstance, when the rate of pro- 
duction of nuclei is high, the metastable state will 
collapse. 

Nothing yet has been said about the freedom of 
choice which can be exercised in choosing the magni- 
tude of g. Two important quantities are sensitive to g. 
These are the values of 4 determined by (2.55) and of «* 
determined by (2.58). If h<x*, then we have no basis 
for the consideration of nuclei since the distribution 
formula cuts off before the nuclear size is reached. On 
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the other hand, if 4>«*, the minimum of n(x) will have 
been exceeded, and (2.29), a condition for the validity 
of (2.56), will not hold. As a matter of fact, a rough cal- 
culation of (w(x)) based upon a uniform distribution of 
the x molecules on a lattice in a cell in which the mole- 
cules attract each other according to the Lennard- 
Jones-Devonshire potential,!® shows that the minimum 
at «* is extremely sharp so that (2.29) will be severely 
violated if h>x*. 

In order to retain the validity of (2.56) and, at the 
same time, retain its usefulness it thus becomes neces- 
sary to choose g so that 


x*=h. (3.1) 


It is interesting to determine whether the require- 
ment h<x* imposes an upper or lower limit on the 
magnitude of g. This can only be accomplished rigor- 
ously when (w(x))s, has been evaluated. It can, how- 
ever, be investigated approximately by introducing 
certain not too unreasonable assumptions concerning 
(w(x))a. Thus, denote (w(x))s evaluated for a cell of 
volume gv by (w,(x))a. Then, the first assumption is 





{weg(2x) aw = 2(wo(x) avs (3.2) 
and the second assumption is 
Wy 1)) av Wg Ay 
(w9(x+ 1)) 7 (w4(x)) 3.3) 
(wo(X)) av (wo(x— 1))av 


Assumption (3.2) corresponds to ignoring the effects of 
the cell surface, and hence will be more valid for larger 
values of g. For smaller values of g it is a reasonable 
“order of magnitude approximation.” The relation (3.3) 
is quite accurate as long as x does not become large 
enough for the repulsive term in the intermolecular 
potential to be operative. It certainly is valid up to 
values of x somewhat greater than 2*. 
Using (3.2) in (2.58), one obtains 


(2x) . d(w2[ (2x) * Dav 
T |n = 








2g d(2x) 
d2(wg(x*))m  d{cg(x*)) am x* 
= = = —kT |In— 
d(2x) dx g 
or 
(2x)*/2=x*. (3.4) 


Doubling the volume of the cell doubles the number of 
molecules in the nucleus. The size of the nucleus is 
directly proportional to g. 

Now, write (2.55) for cells of size g and 2g, respec- 
tively. Thus 





hy z 

> = expt —(ea(*))u/AT} (3.5) 
he (2g) 

e= ye of expl — (wog(x))a/RT J, (3.6) 


6 Lennard-Jones and Devonshire, Proc. Roy. Soc. (London) 
A163, 53 (1937); 165, 1 (1938). 
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where /, and hz denote the respective limits. Squaring 
both sides of (3.5) yields 


yi=hi y2o=h g exp[ vit ye | 
ae 


ex > 





yilye! 
Xexp{ —[(wo(v1)) w+ (wo(y2))w J/RT} 
exp{ — [(wo(y1)) w+ (wo(v2)) av |/RT} 


yilye! 


yi =0 ye =0 





x=2hi 
=) 8 


x =0 yity2=x 
(3.7) 


where the'second sum in (3.7) is carried over all values of 
y1 and yo whose sum is x. 
Because of (3.3) the smallest value that 


5s [(wo(¥1) wt (wo (V2))av_] (3.8) 
can have when 
Mty=x (3.9) 
must be 
— 2(w4(x/2))w. (3.10) 


Replacing (3.8) by (3.10) and carrying the substitution 
to (3.7) yields the inequality 


x=2hi 1 
e’9> > gt exp{—2(wy(x/2))w/kT} - DS ——. 
x=0 yitye=x yi lye! 
(3.11) 


From the well-known relation on binomial coefficients 


1 2 
een (3.12) 


yty2=x Vi Myo ! x! 


so that (3.12) becomes 





exp[ — 2(wy(x/2))a/RT | 


x=0 4! 


x=2h (2g) 
- 2, -—— exp — (woy(*))a/RT ], 
x=0 


x! 


(3.13) 


the last step resulting from (3.2). 
Comparison of (3.13) with (3.6) shows (since all 
terms in the’sum are positive) that 


2hi<ho, (3.14) 


which means that, unlike x*, / increases more rapidly 
than linearly with g. Thus, the requirement /<." 
imposes an upper limit on g. 

Returning to (2.56), it is interesting to compare that 
equation with the more usual fluctuation theory” 1 
which the frequency of occurrence of various inhomo- 
geneities in density is described by a formula similar to 
(2.56) where the numerator of the exponent is the 


17 A, Einstein, Ann. Physik 33, 1275 (1910). 
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isothermal reversible work (at constant volume V) re- 
quired in the production of the inhomogeneity. 

It will be shown that the numerator of the exponent 
in (2.56) approximates the isothermal, reversible work 
required in the manufacture of an «x cell in the midst of 
a vapor whose volume is held constant, so that (2.56) 
agrees, within limits, with fluctuation theory. Before 
outlining this proof we remark that (2.56) has not been 
shown to be generally valid, but to be applicable when 
(2.29) holds, i.e., for that range of g, below some maxi- 
mum value, in which «* 2h. This is not at variance with 
fluctuation theory since the latter is recognized as an 
approximation subject to limitations. Our detailed 
analysis merely emphasizes some of the limitations. 

In particular, this type of limitation only arises when 
we apply fluctuation theory to a supersaturated system, 
one for which the minimum .* exists. Therefore, the 
present analysis shows that special care must be exer- 
cised in applying fluctuation theory in this case. 

The upper limit is undoubtedly associated with the 
fact that supersaturation cannot be maintained in a 
system enclosing liquid fragments larger than a certain 
size. 

The present analysis also demonstrates clearly that 
the individual inhomogeneities are not thermodynamic 
entities (as they are sometimes visualized in fluctuation 
theory) each of which have the same appearance. 
Nevertheless, the frequency u(x) is computed using 
average quantities, and, therefore, on some mean 
entity. 

We close this section by identifying the numerator of 
the exponent in (2.56) with the isothermal reversible 
work of formation of an x cell. The cell is formed, 
reversibly, in four steps. 

In the first step x molecules are selected occupying 
the volume xv in the gas, and their force fields are dis- 
charged reversibly so that they become perfectly ideal. 

In the second step these idealized molecules are 
compressed, isothermally and reversibly, to the volume 
gv. The work of this step is 


—xkT \n(gv/xv) = xkT \n(x/g). (3.15) 


In the third step the remaining N—«x molecules, 
occupying the volume V —.v are expanded isothermally 
and reversibly to fill the larger volume V—gv made 
available by the compression of the x discharged mole- 
cules. During this expansion the molecules are ideal in 
the sense of (2.55). Consequently, the work of this step 
can be computed. It is 


—(N—x)kT In(V—go/V —22) 
—(N—x)kT In[1—g2/V ] 
+(N—x)kT In[1—(xv/V)] 


=(N—x)kT[(g—x)/V_]x, (3.16) 


the last transformation resulting from the fact that 


(3.17) 


go/V<1, xv/V<1. 


For all practical purposes 


N-x=N (3.18) 
and it is true that 


V/v=N. (2.5) 


Substituting (3.18) and (2.5) into (3.16) yields for the 
work of the third step 


kT(g—x). 


Finally, in the fourth step, the x molecules are re- 
charged, reversibly, in their time average positions. The 
sum of the work of the first and fourth steps is 


(w(x)) av. (3.20) 


This statement represents an approximation. The 
work of charging would be (w(x))« strictly, only if cells 
with more than x molecules were excluded from the 
surrounding gas. The approximation is again based on 
the supposition that W’(x) is small compared to W*(x). 
The sum of (3.15), (3.19), and (3.20), the work of forma- 
tion, is the numerator of (2.56). 

Since n(x) has a maximum at x=g, (2.29) is violated 
when «<g. The difficulty is removed when it is realized 
that a, defined in (2.31), can be identified conveniently 
with g. 


(3.19) 


IV. THE RATE OF NUCLEATION 


In Sec. II and III the equilibrium distribution of 
embryos, (x), has been computed. The theory for the 
rate of growth of these embryos can now be developed 
along lines similar to those proposed by Zeldovich'* in 
connection with classical nucleation theory. Like most 
tractable rate theories it suffers the disadvantage of 
being an equilibrium’® theory of rate. 

In setting up the rate problem, the number of em- 
bryos of size x present during some process of change 
at the time ¢/ will be denoted by f(x, #). This function 
reduces to n(x) when equilibrium is induced by erecting 
a formal barrier at x=h, preventing the formation of 
embryos of size x«>h. The net rate J(x, 4) with which 
embryos of size x become embryos of size x+1 is 
given by 


I(x, t)=6(gr) LB f(x, )—y(x+1)f(w+1, t)]. (4.1) 


Here 6(gv)! is the surface area of an embryo (the surface 
of a cell), 6 is the rate at which single molecules bom- 
bard unit area of embryo surface, and y(x+1) is the 
rate at which single molecules escape unit area of surface 
for an embryo of size, x+1. As an approximation, 6 
may be taken as the familiar quantity 


B= p/(24mkT)}, (4.2) 


where m is the mass of a single molecule and is the 
pressure of the supersaturated vapor. 
At equilibrium, (4.1) becomes 


O= 6(gv)§| B(x) — y(x+1)n(x+1) ], (4.3) 


18 J. Zeldovich, J. Exp. Theoret. Phys. 12, 525 (1942). 


19 See reference 11, Chap. XII. 
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the zero arising through application of the principle of 
detailed balance.” It is possible to solve for y(x+1) in 
this equation. Thus 


v(x+1)=[Bn(x)/n(x+1)]. (4.4) 


When this result is substituted into (4.1) the following 
expression is obtained : 


fle) fle-+4,0) 
n(x) n(x+1) 


On regarding x as continuous (4.5) is approximated by 





I(x, = 6a(o)'n(s)| (4.5) 


I(x, t)=68(gv)*n(9/dx)(f/n). (4.6) 
Returning to (4.4) and writing it in the following form, 
[8/y(x) ]=[n(x)/n(x—1)], (4.7) 


we see that when x<.2* the right member is less than 
unity while for x>.«* that member is greater than unity 
(since n(x) has a minimum at x*). Consequently, when 
x<x*, 8 which measures the probability of growth is 
less than y(x) which measures the probability of decay, 
while the reverse is true for «><x*. Cells of size x* are 
therefore defined conveniently as nuclei, a fact men- 
tioned in Sec. ITI. 

Now as soon as the transition begins to take place at 
an appreciable rate (when J(x, t) becomes large), (4.6) 
becomes meaningless since u(x) is a function of tempera- 
ture and pressure and these are indefinable for a system 
undergoing violent change. It is therefore sensible to 
study the transition rate at values of p/p. inside the 
metastable limit. In this manner an expression for 
I(x*, t)=I* (the rate at which nuclei are formed) can be 
obtained, depending upon p/p. and T. As in the classical 
theory of nucleation, when J* so calculated is plotted 
versus p/p». for some value of T, a point will be reached 
at which it suddenly increases from an almost zero to an 
almost infinite magnitude. It can be assumed that this 
abrupt change in the magnitude of /* signalizes the 
collapse of the metastable state and that the value of 
p/p». to which it corresponds is the critical supersatura- 
tion ratio. The procedure leading to the evaluation of 
I* is as follows. 

Until p/p. reaches the critical value (inside the 
metastable limit) the transition occurs so slowly that, 
relatively, the number of embryos of size g, f(g, /) 
(i.e., the most probable embryos, at equilibrium, having 
the gas density) represents an inexhaustible supply. 
As a result a quasi-steady state is set up in which f for 
each value of x is independent of time, and J is inde- 
pendent of both « and time. Thus 


I*= I = —6B(gv)in(d/dx)(f/n). (4.8) 


Since the transition has not yet occurred in any con- 
siderable amount, 
(f/n)—1, x. (4.9) 
— The Principles of Statistical Mechanics (Oxford, 1938), 
p. 165. 


If the distribution function n(x) is formally extended 
to values of x far greater than x* it will pass through a 
second maximum because of repulsion between mole- 
cules. Call the value of x corresponding to this second 
maximum G. Certainly, inside the metastable limit, 
there are no embryos of size G present. Thus, as another 
condition, there arises 


(f/n)—0, 


Now (4.8) can be integrated subject to the boundary 
conditions (4.9) and (4.10). The result is 


1+=[s0te' / f° I 


The integrand 1/n(x) has an extremely sharp maximum 
at x* so that 


1 g 
Pe LA RTE e—x*#+-x* In— w(x*)) 
wz) exp|| (s v4 x we ye (x*)) |/*7| 


Ip 1 1 dX w(x*))wy 
exp{ {4+ Jo-=} 
as” $F dé 


=(g/N) explW (x*)/kT] exp[—T'(x—x*)?] (4.12) 


x—G. (4.10) 


(4.11) 





in which the reversible work, W(x) in the numerator of 
(2.56), has been replaced by its quadratic approximation 
about «*. 

Because of the sharpness of the maximum the limits 
of integration in (4.11) may be extended to (— », + ~) 
without loss of rigor, provided that (4.12) is used as the 
integrand. The final result, then, is 


yt 





6NB 
[*= (I'/2)} expl — W(x*)/kT ] 
g 


= K exp[—W(x*)/kT]. (4.13) 
The approximation (4.2) for 6 is not serious since it 
appears in (4.13) in the coefficient K, a rather insensi- 
tive place. 


V. DISCUSSION 


In the preceding sections a theory of nucleation, 
based on statistical mechanics, has been presented. 
This theory does not consider the first fragments of the 
new phase formed to be spherical liquid drops. In no 
place (not even at the nucleus) has it been necessary to 
consider explicity, phase equilibrium between an em- 
bryo and the mother phase. The manifold difficulties 
connected with this point (in view of the small dimen- 
sions of typical nuclei) are therefore obviated. 

Furthermore, in the preceding development, it has 
been possible to define an embryo unambiguously, and 
in such a manner that its energetic properties can, in 
principle, be computed. This was not possible in the 
classical theory. 

The question of obtaining numerical values for /* now 
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IRREVERSIBLE CONDENSATION 


arises. The main obstacle to be overcome in this en- 
deavor is the evaluation of (w(x)). As a first step in this 
direction one might assume that the average distribu- 
tion of matter in a cell of size x is uniform and that the 
density of matter changes abruptly at the cell wall to 
N/V, the uniform density of the surrounding gas. 
The mutual energy within the cell could then be evalu- 
ated in the Lennard-Jones, Devonshire’ fashion, and 
the surface effect could be treated by the method of 
Fowler” or Hill.” As a next step, the variation of density 
through the cell wall might be computed using the 
procedure of Hill” or the more elegant, though more 
21 See reference 11, p. 445. 


2 T. L. Hill, J. Am. Chem. Soc. 72, 3923 (1950). 
*%T. L. Hill, J. Chem. Phys. 20, 141 (1952). 
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difficult, technique of Kirkwood and Buff.’ The con- 
tinuous average distribution of matter so obtained 
could then be used in evaluating the average mutual- 
intercell energy. 

In the succeeding papers of this series we shall at- 
tempt some of these calculations beginning with simple 
molecules such as nitrogen where the molecular inter- 
ation is chiefly of the dispersion type. 
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Trans-ethylene-dz was brominated by two methods, which involved different stereochemical paths, to 
give 95 percent meso-BrDHC-CHDBr as one product and a mixture of meso- and racemic-BrDHC-CHDBr as 
the other. Liquid phase Raman spectra and liquid and solid phase infrared spectra of these materials have 
been obtained and a tentative assignment of the vibrational frequencies of BrDHC-CHDBr to the trans 
and skew configurations of the meso and racemic compounds has been made. 


HE bromation of /rans-ethylene-d2 may be carried 

out to obtain products having different propor- 
tions of the meso and racemic diastereoisomers of sym- 
dideuterodibromoethane. This would facilitate the 
assignment of the vibrational frequencies in the spec- 
trum of sym-dideuterodibromoethane to its diastereo- 
isomers and would simplify the further assignment 
of frequencies to the rotational isomers of each 
diastereoisomer. 

The heterolytic addition of Br to ethylenic double 
bonds in polar solvents has been found to yield trans 
addition products preponderantly.! Roberts and Kim- 
ball? have explained this behavior in terms of an initial 
attack of a bromonium ion on the z-bond of the ethy- 
lenic linkage to give a cyclic intermediate (see Fig. 1). 


C— a —_— \ al 


Fic. 1. Schematic representation of the heterolytic bromine 


. ee: addition to a double bond. 


* National Research Laboratories Postdoctorate Fellow, 1950. 
| Postdoctorate Research Fellow, 1950. 
P. B. D. De la Mare, Quart. Rev. 3, 127 (1949). 


«tos and G. E. Kimball, J. Am. Chem. Soc. 59, 947 


The second step is the attraction of a negative Br ion 
resulting in addition above and below the plane of the 
C—C bond. With trans-dideuteroethylene this would 
give rise to a centrosymmetrical dibromoethane of 
point group, C;=S». 

In nonpolar solvents in the presence of light, how- 
ever, a mixture of cis and /rans addition products is 
usually obtained.** This can be explained by a free 
radical, homolytic mechanism. A radical is formed 
when a Br atom forms a bond with one z-orbital as 
in (a) (see Fig. 2). But there is just as much of the con- 
figuration (b) present as of (a). Thus, the next Br 
(which adds on the /rans side from steric considerations) 


Br Br 


(a). (b). 
Fic. 2. Schematic representation of the homolytic bromine 
addition to a double bond. 


3S. Winstein and D. Seymour, J. Am. Chem. Soc. 68, 119 (1946). 
*G. W. Wheland, Advanced Organic Chemistry (John Wiley 


and Sons, Inc., New York, New York 1949), p. 298. 
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gives a meso form with the radical of (a) and an active 
form with the radical of (b), and the result is a 1:1 
mixture of these forms. A similar conclusion would be 
reached if the mechanism were presented in terms of 
inversion of configuration of a pyramidal free radical 
resulting from addition of the first Br atom to the 
double bond. 

Trans-ethylene-dz has been brominated in the two 
different ways just discussed and the Raman and 
infrared spectra of the resulting products examined. 


EXPERIMENTAL 


Trans-ethylene-d, was prepared by the reduction of 
acetylene-d, with chromous chloride.’ Mass-spectro- 
graphic analysis showed that the product was 98.8 
percent ethylene-d, and that the infrared spectra of the 
cis and asymmetric isomers were completely absent. 

Two samples of BrDHC-CHDBr were prepared as 
follows: For the first, the bromination was carried out 
in 25 cm® of an aqueous solution saturated with Br 
and KBr. The solution was first subjected to several 
alternate freezings, evacuations, and meltings to remove 
any dissolved O2. Then 1.51. (S.T.P.) of trans-ethyl- 
ene-d, was allowed to come in contact with the stirred 
aqueous solution, which was protected from light and 
maintained at 0°C. These conditions correspond to the 
heterolytic mechanism discussed above. The second 









=p 


= W. I. Patterson and V. 
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du Vigneaud, J. Biol. Chem. 123, 327 (1938). 


4 


Fic. 3. 
spectrum of liquid 
(CHDBr)» “dark.” 


preparation was performed by carrying out the bromi- 
nation in CCl, solution in the presence of light at room 
temperature; 1.51. (S.T.P.) of trans-ethylene-d, was 
brought into contact with 25 cm?* of solvent which 
contained a small stoichiometric excess of Br. The 
solution was irradiated during addition with a 500-w 
tungsten projection lamp. This corresponds to the 
homolytic reaction. 

Both preparations were washed free of Br with 
0.5N NaOH and dried with CaCls. Further purification 
of the two compounds was accomplished by distillation 
at l-atmos pressure on a small column having 15 
theoretical plates. The materials accepted were center 
fractions which boiled over a range of 0.2°C. 

The Raman spectra of the two liquid samples, here- 
after referred to as “dark” and “‘light,” were obtained 
on Eastman Kodak 103a-J plates after an exposure of 
approximately 12 hr. The Raman spectrograph used 
contained 2 EDF3 flint glass, 60° prisms, and was 
equipped with f/3.5 and f/7.7 camera lenses. Pen- 
recorded charts of the spectra are shown in Figs. 3 and 
4, taken on a Leeds and Northrup microphotometer 
with a Speedomax Recorder. 

The infrared spectra of the liquid samples were ob- 
tained with a Perkin-Elmer Infrared Spectrometer 
(model 12c), used in conjunction with a Brown Recorder. 
Infrared spectra of the solids also were obtained using 








Fic. 4. Raman 
spectrum of liquid 
(CHDBr): “light.’ 
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Fic. 5. The infrared spectrum of liquid and solid (CHDBr)2 “‘dark.” 
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the technique and cell described elsewhere.* The in- 
frared spectra of the products of the “dark” and ‘light” 
brominations are shown in Figs. 5 and 6. 


*E. L. 
(1950). 






Wagner and D. F. Hornig, J. Chem. Phys. 18, 296 
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Fic. 6. The infrared spectrum of liquid and solid (CHDBr), “light.” 


RESULTS 


1000 


1100 


It is immediately evident that the spectra of the 
“light” and ‘dark’ compounds are different. The 
Raman spectrum of the “light” compound seems to 
be identical with that obtained for BDHC-CHDBr by 
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Symmetry C, 


Fic. 7. The rotational isomers of meso (CHDBr)e. 


de Hemptinne,’ both as to lines and intensities. Since 
the compound studied by de Hemptinne was obtained 
by the addition of DBr to acetylene it is evident® that 
it will consist of a 1:1 mixture of the meso and racemic 
forms, corresponding to our “light”? compound. Com- 
parison of the spectra allows one immediately to classify 
the bands and lines belonging to the meso (m) and 
racemic (r) form. 

In Fig. 7 the meso form with its rotational isomer is 
shown and in Fig. 8 an active form with its isomers are 
shown. It is well known® that the solid modification of 
1,2-dibromoethylene is made up entirely of the ‘rans 
form. Thus the solid spectrum of the pure meso form 
should be that of configuration I in Fig. 7, whereas the 





Fic. 8. The rotational isomers of racemic (CHDBr). III, IV, 
and V have C2 symmetry. III and IV have the same energy. 


solid spectrum of the pure active form should be that 
of configuration V. Form I has a center of symmetry, 
so the vibrations active in Raman effect are inactive in 
infrared, and vice versa. Form V, however, has the 
proper symmetry C2, so all modes should be both 
Raman and infrared active. However, since the decrease 
in symmetry from C;, for form I, to C2, for form V, is 
due to the asymmetry of mass in the arrangement of 
the D and H atoms, the electrical symmetry remaining 
unchanged, it is expected that those lines allowed for 
form V under C, symmetry, but forbidden under C; 
symmetry, will be weak in intensity. On this basis, 
and guided by the assignments" for BrH,C-CH2Br and 
BrD,C-CD.Br, we have made assignments for the 
trans and skew forms of meso and racemic BrDHC- 


4 M. de Hemptinne, Vol. Comm. V. Henri (Desoer, Liege, 1947), 
p. 150. 

8G. J. Szasz, J. Chem. Phys. 18, 393 (1950). 

9S. Mizushima and Y. Morino, Proc. Indian Acad. Sci. 8, 315 
(1938). 

10 J. T. Neu and W. D. Gwinn, J. Chem. Phys. 18, 1642 (1950). 
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TABLE I. Spectrum of meso-BrDHC-CHDBr. 








Raman 
Liq. Int. 


Infrared spectrum 
Assign.* Solid 


85 1b ®10 527 Ws 

187 8 % 556 ) 

334 1b W18 570 570 
526 4 Ws 621 

553 2 on17 721 

623 10 Vs 756 

7 19 W113 833 

792 934 

931 W12 1040 

984 


1068 


1084 
1202 
1285 
1332 
2154 


Assign.* Liq. Int. 





1150 
ni anes \1156 
V3 1207 y W16 
ve 1287 V5 1284 
We 1331 rid W115 
WI5 1474 vet Vi5 
Wi 1509 2w9, and wetar 
1550 wtnz 
Wi4 2177 Wi4 
We +wy 2235 Vi4 
Vil 3020 V7 


Vi, W1 


RENE UDO —& KE wuUcoe 


2195 
2212 
2230 
2992 


aneoe 








* y, w are used for the trans and skew forms, respectively (see Fig. 7). 


CHDBr. The hotation is that used in the previously 
mentioned work.° 

The high ratio of m to r in the dark compounds (see 
below) makes possible a rigorous division of the ob- 
served frequencies into those belonging to the meso 
and racemic compounds. 

The present Raman and infrared data do not enable 
more than a very tentative assignment to be made, 
except for the trans form of the meso compound, for 
which the center of symmetry ensures the strict 
applicability of the mutual exclusion rule for Raman 
and infrared frequencies. The assignment of the re- 
mainder of the frequencies observed for the m com- 





TABLE II. Frequency assignments meso-BrDHC-CHDBr. 





Trans (Ci) Skew 


Assign. Raman Infrared Assign. Raman Infrared 





"1 2992 on 2992 
D 1202 2 1285 
V3 1084 
V4 984 
623 526 
187 
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TABLE III. Spectrum of BrDHC-CHDBr (racemic). 








Raman spectrum : 
de Hemptinne* Infrared spectrum 


Int. Assign.> Solid Liq. Int. Assign. Solid 


3 10 517 W5 
10 % 572 572 
w18 612 « V5 605, 619 
@W5 698 ¢ @13 
17 776 Vy 780 
V5 813 Wg 
V13 860 860 
Vi2 927 
V3 970 
V2 1075 

1180 


1215 wie 
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2990 
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* See reference 7. 

by, w are used for the trans and skew forms, respectively. 
pound to the skew form is less certain, since this form 
does not possess a center of symmetry, but there is still 
little choice if the assignment is to be consistent 
with those for the skew forms of BrH2,C-CH.Br and 
BrDoC-CD.Br. 

For the /rans and skew forms of the racemic molecule, 
the position is much less satisfactory. In the r ‘rans form, 
there are strictly only two symmetry types, and al- 
though the skeletal frequencies may be expected largely 
to preserve the same character as in BrH,»C-CH2Br and 
BrD,C-CD.Br, it is not obvious how far the methylene 
modes will mix under the lesser symmetry of racemic- 
BrDHC-CHDBr. 


TaBLE IV. Frequency assignments BrDHC-CHDBr (racemic). 








Skew* 
Assign. Raman Infrared 


Trans 
Raman 


2992 or 2214 1 
1191 we 1224 


1045 W3 1075 


Assign. Infrared 





610 612 5 520 517 
188 


2990 or 2225 
970 
776 


2214 or 2992 
1035 
855 860 


2225 or 2990 wy 3001 
1314 ws 1299 
1180 wie 
572 wi7 543 
Vig @18 344 








. There are two skew forms corresponding to III and IV of Fig. 8. The 
fequencies given here are probably single for the skeletal vib rations, 
Whereas one would expect the H vibrations to be double. The numbers 
Siven indicate the spectral region in which these frequencies are to be found. 


SPECTRA 





—0.5M SOLUTION IN CS, 
==0,1 M SOLUTION IN CS, 


> 


Fic. 9. Esti- 
mation of the ra- 
cemic content of 
the “dark”? com- 
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It is interesting that while the frequency of the C—C 
stretching vibration” is relatively strong in both érans- 
BrH.C-CH,2Br (at 1052 cm) and trans-BrD,C-CD.Br 
(at 907 cm) there is no Raman frequency in this range 
for racemic-BrDHC-CHDBr, and only a weak one at 
984 cm“ for the meso compound. Since the large shift 
from 1052 in the dp compound to 907 in the d, compound 
indicates that considerable H motion is to be associated 
with this vibration, one does not expect the intensity 
of this band to remain unaffected by D substitution. 
The results of the experimental work and assignments 
are given in Tables I-IV. 

Since it has been reasonably well established that the 
“light” compound is 50 percent m and 50 percent r, it 
is apparent from the infrared spectra that the bands 
at 777 cm™ and 970 cm“ can be used to estimate the 
quantity of the r form in the “dark” compound. In 
Fig. 9 these bands are shown for a 0.5M solution of 
“dark,” and an 0.1M solution of “light,” in carbon 
disulfide. 

It is readily seen that the “dark” compound con- 
tains 95 percent of the m form and 5 percent of the r 
form. This correlates with the fact that the (trans) 
reduction of the meso form of the dibromide with zinc 
and water yields 95 percent /rans-ethylene-d». 
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Interdiffusion of Polyvinyl Acetate with a Series of Solvents* 
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The Lamm scale method has been used to follow the interdiffusion of polyviny] acetate with ethyl acetate, 
propyl acetate, isopropyl] acetate, butyl acetate, and triacetin at 30°C, and with acetone at 20°, 30°, and 
40°C. For all these systems the mutual diffusion coefficient attains a maximum value at intermediate poly- 
mer concentrations. At a given concentration and temperature the D(c) values are largest with acetone and 
much the smallest with triacetin, although the relative variation in D(c) over the concentration range is 
actually largest with the latter. The general variation of D(c) with concentration can be plausibly inter- 
preted in terms of the mass flow-intrinsic diffusion concept introduced by Hartley. For the system acetone— 
polyvinyl acetate the calculated energy of activation for the diffusion is nearly constant at 1 kcal in the 
concentration range 0 to 40 grams polymer per 100 cc of solution but then rises rapidly to 10 kcal at 90 
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INTRODUCTION 


EVERAL studies dealing with the interdiffusion of 

high polymer and small molecule solvents have 
been reported,'** but until very recently almost all 
quantitative examinations have been conducted in the 
regions of either high or low polymer concentrations. 
The diffusion coefficient, which is usually concentration 
dependent, has been evaluated in the dilute region by 
optical methods employing “‘schlieren” techniques,’ in- 
terferometry,° and the scale method of Lamm.! For 
pure or slightly swollen polymers the diffusion coeffi- 
cient can be calculated from either the permeability 
of the polymer to the solvent vapor® or the rate of 
sorption of the vapor by polymer films.’ 

Diffusion studies at intermediate concentrations have 
been reported recently by Hartley” * and Robinson®® 
and co-workers. Both groups of investigators agree 
that since the polymer and small molecule species differ 
so greatly in size, the rate of true diffusion, i.e., the 
net rate of transfer resulting from random molecular 
motion, should be much smaller for polymer than for 
solvent. However, as the solvent molecules diffuse into 
the polymer phase its volume must increase, thus pro- 
ducing an apparent diffusion of the polymer species 
into the solvent phase. The resultant transfer can be 
regarded as a mass flow of polymer and leads to the 
concept of an intrinsic diffusion coefficient which may 
differ greatly from the experimentally determined co- 
efficient for interdiffusion. 

This paper presents data for diffusion in the inter- 


* This work was carried out as part of a research project spon- 
sored by Army Ordnance. 

Tt Present address: Department of Chemistry, McMaster Uni- 
versity, Hamilton, Ontario, Canada. 

1C. O. Beckmann and J. L. Rosenberg, Ann. N. Y. Acad. Sci. 
46, 329 (1945). 

2 J. Crank and G. S. Park, Trans. Faraday Soc. 45, 240 (1949). 

3S. Prager and F. A. Long, J. Am. Chem. Soc. 73, 4072 (1951). 

4J. 5. L. Philpot, Nature 141, 283 (1938). 

5 J. Crank and C. Robinson, Proc. Roy. Soc. (London) A204, 
549 (1951). 

6 P. E. Rouse, J. Am. Chem. Soc. 69, 1068 (1947). 
aoe S. Hartley and J. Crank, Trans. Faraday Soc. 45, 801 

8G. S. Hartley, Trans. Faraday Soc. 45, 821 (1949). 

°C. Robinson, Proc. Roy. Soc. (London) A204, (1951). 





1232 





mediate concentration regions and tests the applica- 
bility of some existing theories for the process. The 
Lamm scale method has been used to determine con- 
centration as a function of the position in the diffusion 
cell. By subsequent mathematical analysis the diffusion 
coefficient was evaluated as a function of concentration 
for the interdiffusion of polyvinyl acetate with ethyl, 
propyl, isopropyl, and butyl acetates, and with tri- 
acetin and acetone. To minimize mechanical strains all 
experiments except one series with acetone were con- 
ducted above the second-order transition temperature 
of the polymer (28°C).'° 


EXPERIMENTAL PROCEDURE 


In the Lamm scale method" a uniformly ruled scale 
is photographed through a diffusion cell. If a refractive 
index gradient exists within the cell, the rulings appear 
on the photographic record to be unequally spaced. 
The magnitude of the apparent shift of a scale line is 
proportional to the refractive index gradient at the 
corresponding level in the diffusion medium. From the 
relation between refractive index and concentration the 
latter can be evaluated as a function of the cell co- 
ordinate. 

Monochromatic light, 5461A, from a Mercury A-H 
lamp equipped with suitable filters was employed. The 
transparent scale was a photograph of a precision scale 
ruled in millimeters. The diffusion cell was formed by 4 
U-shaped, steel spacer-plate (0.5 mm thick) clamped 
between two flats of optically polished glass to make a 
rectangular parallelopiped 0.5X10X50 mm. The cell 
and scale were mounted on a machined slide so that the 
distance between them could be varied between 1 and 
15 cm. These were placed in an air bath thermostatted 
to +0.3°C. A 1-diopter, meniscus lens was “stopped! 
by a 1.5-cm aperture to give an F number of 67. The 
distances from scale to lens and lens to photographic 
plate were both approximately 200 cm. 

In order to obtain an initially sharp horizontal 
boundary between the diffusing species and generally 

10 R. H. Wiley and G. M. Brauer, J. Polymer Sci. 4, 351 (1949). 


4 T. Svedburg and K. O. Pederson, The Ultracentrifuge (Clarer- 
don Press, Oxford, England, 1940), p. 254. 
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to minimize mechanical strains within the polymer when 
clamped in the cell, the following procedure was adopted. 
A strip of film slightly thicker than 0.5 mm was cut 
to fit the bottom third of the cell. The loosely assembled 
cell was held at 45°C until the film began to flow, at 
which time all clamps were tightened. After one hour, 
the cell was cooled and taken apart. The top edge of the 
film was trimmed to give a straight squared edge, the 
cell reassembled, held at 45°C in a vacuum oven for 
several hours, and then stored overnight in an oven at 
35°C until the start of the experiment. 

For a diffusion run the cell was mounted in the air 
bath, solvent introduced, the cell closed and sealed with 
paraffin to prevent evaporation. At definite time in- 
tervals, ranging from 5 to 600 hours, photographs were 
taken of the scale through the diffusion cell. Positions 
of the scale lines on the photograph were measured with 
a traveling microscope (carefully set to move along 
the central axis of the photograph since there was 
usually an indication of seepage of solvent where the 
polymer touched the steel) and the scale line displace- 
ments recorded. 

To determine the concentration cell coordinate re- 
lations by the scale method, refractive index and solu- 
tion density as functions of concentration must be 
known. A Pulfrich refractometer and specific gravity 
bottles were used to obtain these data; typical results 
for the system ethyl acetate—polyvinyl acetate are 
shown in Fig. 1. Since the refractive index varies almost 
linearly with concentration only four or five points 
were determined for solutions in other solvents. 

Polyvinyl acetate of commercial grade, AYAT, was 
obtained from the Carbide and Carbon Chemicals 
Corporation. The unfractionated material had a vis- 
cosity average molecular weight, using the formula of 
Wagner,” of 170,000. The films were prepared by 
casting from acetone solutions on a mercury surface 





_ Fis. 1. Refractive 
index as a function 
of concentration for 
ethyl acetate—poly- 
vinyl acetate. 
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Fic. 2. Concentration gradient as a function of the cell 
coordinate for acetone—polyviny] acetate. 


in a vacuum desiccator with subsequent slow removal 
of solvent and drying in a vacuum oven at 45°C. All 
solvents were reagent grade, distilled and dried. 


TREATMENT OF DATA 


The refractive index N can be evaluated as a func- 
tion of height x in the cell by means of the formula," 


Z=GabdN/dx. G=magnification factor (1) 
a= cell thickness 
b=cell to scale distance 


Z=scale line displacement 


Upon integration (1) becomes 


N(x)—N (a) =1/Gab f “Zax. (2) 


eat) 
The relation between cell and film coordinates is 


dx= Fdz, z= film coordinate (3) 


x= cell coordinate 


F=|—6/Gl. 


l= optical distance from camera 
objective to scale 


This treatment includes approximations which are 
justifiable only if both {adN/dx} and {d?.V/dx*} are 
sufficiently small. These conditions are met satis- 
factorily by the apparatus as described except for 
measurements near the polymer-solution boundary. In 
this region, as is made evident from inspection of a 
typical plot (Fig. 2) of concentration gradient against 
cell coordinate, both dc/dx and d*c/dx? (which are 
proportional to dN/dx and d’*N/dx*) are increasing 
rapidly at the point nearest the polymer-solution 
boundary where it is still feasible to measure the con 
centration gradient. Since dc/dx must be zero at the 
boundary, the qualitative behavior of the dc/dx vs x 
curve can be sketched in as shown. It seems, moreover, 
that both the height and breadth of the resulting peak 
in concentration gradient must be fairly substantial 
since otherwise the area under the dc/dx vs x curve 
over the whole of the diffusion domain will be appreci- 
ably smaller than the theoretical value. If the ex- 
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Fic. 3. Concentration-cell coordinate relation for 
acetone—polyviny] acetate. 


trapolation assumes a peak of minimum area, the dis- 
crepancy may be as much as 10 percent. 

Graphical integration of the concentration gradient 
vs distance curve gives the concentration as a function 
of cell coordinate. Figure 3 shows a typical c—«x curve. 

The infinite solid approximation applies in this case 
to the evaluation of the diffusion coefficient, D(c) 
appearing in Fick’s Law 


dc/dt=0/dx{ D(c)dc/dx}. (4) 


The Boltzman"™ substitution (y=./f), which requires 
x to be linear in /, was shown experimentally to be 
valid for these systems. This substitution leads to 


c 


D(o)dc/ax=¥ f xdc. (5) 


0 


Since both the above integral and the value of dc/dx 
may be calculated from curves of the sort illustrated 
in Fig. 3, D(c) may be evaluated immediately once the 
origin of x is determined. To fix this origin it is noted 
that dc/dx is zero at both boundaries, and therefore 
JSo°xdc, taken over the whole diffusion domain, is zero. 
It may be demonstrated that the origin of x for the 
polymer species should not change with time, whereas 
the origin for the solvent species should move by an 
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Fic. 4. D(c) as a function of concentration for polyvinyl 
acetate in several acetate esters. 


3 L. Boltzman, Wied. Ann. 53, 959 (1894). 
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amount directly calculable from the volume change 
occurring upon mixing. In most experiments a small 
movement of the polymer mathematical boundary was 
observed, most probably as a consequence of relaxation 
of mechanical strains within the polymer not entirely 
removed by the earlier annealing treatment. The effect 
of this apparent movement appears to be inconsequen- 
tial in comparison with other sources of experimental 
error. 

The volume change on mixing is so small that mutual 
diffusion coefficients calculated from solvent and poly- 
mer c—x curves obtained in a single experiment agree 
within the experimental error which, on the basis of 
repeat runs, appears to be 5 to 10 percent. In subse- 
quent analysis the volume changes on mixing will be 
neglected (see Hartley and Crank’). 
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Fic. 5. D(c) for 
acetone—poly- 
vinyl acetate as a 
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perature and con- 
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RESULTS 


For all the systems studied D(c) shows a broad but 
definite maximum at an intermediate composition lying 
in the range 30-50 percent of polymer. Considerably 
lower values are found at both extremes of composition, 
especially so at the high polymer limit. The values of 
D(c) for polyvinyl acetate and some acetate esters are 
shown graphically in Fig. 4; Fig. 5 shows the results 
for polyviny] acetate and acetone at three temperatures. 

In these figures one observes generally the expected 
variation in diffusion coefficient with increasing mo- 
lecular size of the small molecule. In fact, it may be 
seen from Table I which lists D(c) at several concentra- 
tions that Dmax decreases approximately 100-fold from 
acetone to triacetin and the values of D for the homolo- 
gous series of esters decrease as expected from ethyl 
to butyl acetate. 

The difference between the diffusion coefficients of 
the polyvinyl acetate—isopropyl acetate and polyvinyl 
acetate m-propylacetate systems, Fig. 4, is much smaller 
than might have been anticipated from studies of 
sorption of hydrocarbon vapors by polyisobutylene.’ 





studi 
panie 
creas 
tativ 
lose ; 


TABLI 


Acetor 
Ethyl 
Propy 
Isopro 
Butyl 
Triace 


mech 
flects 
seen 
going 
conce 
tone. 
shifts 
in siz 
To 
polyn 
avera 
studi 
efficie 
repor 
conce 
tions 
small 
Fre 
active 
polyn 


___ 
14 5. 


1 A. 
34, 102 


DIFFUSION OF SOLVENTS 


For the latter systems D(c) at high polymer concentra- 
tions was found to decrease much more with branching 
than with a corresponding increase in chain length of 
the small molecule. It may be that the effect of the 
relatively large carboxyl groups in the acetate esters 
partially masks the effect of branching in the alkyl 
group. 

The solution process of polyvinyl acetate in triacetin 
is significantly different from that for the smaller esters. 
Figure 6 shows c vs x curves for several different esters 
when the lengths of the diffusion domain are roughly 
comparable. The concentration gradient of triacetin is 
by far the steepest of the three in the region of large 
polymer concentration. Consequently, the fraction of 
the diffusion domain which consists of swollen polymer 
(arbitrarily defining swollen polymer as solutions of 
concentration greater than 50 g of polymer/100 cc 
solution) is least for triacetin. For the homologous series 
studied a progressively thinner swollen region accom- 
panies solution as the size of the solvent molecule in- 
creases. This same result has been observed quali- 
tatively for the dissolution of nitrocellulose and cellu- 
lose acetate in a homologous series of solvents." The 


TaBLeE I. D(c) at 30°C as function of solvent and concentration. 








104 D(c), cm?/hr for polymer conc. in g/100 cc 


Solvent 20 g/100 cc 40 g/100 ec 70 g/100 cc 90 g/100 cc 


Acetone 110 70 22 
Ethyl acetate 68 26 
Propyl acetate 41 12 
Isopropyl acetate 36 12 
Butyl acetate 28 6 
Triacetin 1.4 0.14 











mechanism of the dissolution process presumably re- 
flects the variation of D(c) with concentration. As is 
seen from Table I, the fractional decrease of D(c) in 
going from the maximum to solutions of large polymer 
concentration is largest for triacetin, smallest for ace- 
tone. It is significant also that the maximum in D(c) 
shifts to lower polymer concentrations with an increase 
in size of the solvent molecule. 

To investigate the influence of molecular weight of 
polymer, two fractions of polyvinyl acetate, viscosity 
average molecular weight 170,000 and 360,000, were 
studied with n-propyl acetate and their diffusion co- 
efficients were calculated. As opposed to the results 
reported for dilute solutions,'* it was found that in the 
concentration range covered in our experiments varia- 
tions in polymer molecular weight produce a negligibly 
small change in D(c). 

From the data of Fig. 5 one can calculate energies of 
activation for the interdiffusion of acetone and the 
polymer using the equation 


D(c)= Do exp — E*/RT]. 


7 . DeHaan, doctoral thesis (Cornell University, 1949). 
A. F. Schreck and S. J. Singer, J. Phys. and Colloid Chem. 
34, 1028 (1950). 
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Fic. 6. Concentration-cell coordinate relation for 
several acetate esters. 


Figure 7 gives the results. For the lower polymer con- 
centrations, E* is practically constant at only about 1 
kcal. At a polymer concentration of about 35 g per 100 
cc, E* starts to increase and reaches a value of 10 kcal 
at a concentration of 90 g/100 cc. 


DISCUSSION 


Hartley and Crank’ have analyzed the over-all dif- 
fusion process for polymer—small molecule systems in 
terms of a combination of mass flow and intrinsic 
diffusion. They have related the mutual diffusion co- 
efficient D(c) to intrinsic diffusion coefficients, D, and 
D>, of the solvent and polymer species, respectively, 


D(c)=D;+V;(Dp—D,), (6) 


where V, is the volume fraction of solvent. Since D, is 
assumed to be much larger than D, the second term 
will be negative; this term represents what Hartley 
and Crank call the mass flow. It can be interpreted as 
a flow of the swollen polymer in the direction opposite 
to the flow of the small molecules, resulting from the 
expansion of the polymer matrix. In the form above, 





Fic. 7. Activation 
energy for interdiffu- 
sion as a function of 
concentration for ace- 
tone—polyviny] ace- 
tate. 
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Fic. 8. The intrinsic diffusion coefficient as a function of 
concentration for several systems. 


Eq. (6) cannot easily be applied. However, it is reason- 
able to assume that at moderate concentrations of 
polymer the intrinsic diffusion coefficient D, is negli- 
gibly small. Then the equation becomes 


D(c)=(1—Vs) Dy. (7) 


®, would be expected to be virtually independent of 
size of polymer molecule; in contrast one would expect 
D, to be strongly dependent on polymer molecular 
weight. The experimental observation that D(c) is 
independent of polymer molecular weight in the con- 
centration ranges studied thus supports the assumption 


involved in Eq. (7). 

Several typical plots of D,, calculated from Eq. (7) 
are shown in Fig. 8. For all the systems studied D, 
increases with increasing volume fraction of small 
molecule and, in contrast to D(c), no maximum is ob- 
served. As one varies the small molecule from acetone 
to triacetin, the values of D,, for a given volume frac- 
tion of polymer, decrease strongly just as does D(c) 
itself. In fact for all the solvents studied, logD, (at a 
given volume fraction) decreases almost linearly with 
molecular weight of the solvent. 

It follows from Eq. (7) that energies of activation for 
the intrinsic diffusion coefficient 9, will be identical 
with those for D(c), assuming only that volume frac- 
tions are temperature independent. Hence Fig. 7 may 
be interpreted as giving values of E* for the diffusion 
of acetone molecules into the swollen polymer matrix. 
On this basis the large variation of E* with polymer 
concentration is reasonable. At low polymer concen- 
trations a “hole” for diffusion of an acetone molecule 
can be formed by movement primarily of small mole- 
cules so that E* is low and constant; for larger polymer 
concentrations, movement of polymer segments be- 
comes increasingly important and consequently E* in- 
creases. We conclude that the mass flow concept for 
solvent-polymer interdiffusion is consistent with the 
experimental observations and permits a fairly specific 
and satisfactory interpretation. 
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TABLE II. Viscosities and calculated friction factors for 
polyvinyl acetate—acetone at 30°C. 








logn logf, calc 


—0.57 14.56 
0.45 14.82 
1.30 15.04 
2.23 15.23 
3.18 15.46 
4.21 15.76 
3.50 16.15 











As is well known, a successful quantitative explana- 
tion of the diffusion of binary small molecule systems 
has been developed by expressing the diffusion coeffi- 
cient as a product of thermodynamic and hydrodynamic 
factors.'®!7 The resulting equation is 


D(c)=RT/f[9 Ina,/d InV,J, 


where 4, is the activity of the solvent and f is the fric- 
tion factor. For small molecule systems f is assumed to 
be proportional to viscosity. However, for the system 
acetone—polyvinyl acetate the viscosity variation in 
going from V,=0.30 to V.=0.90 is so large (e.g., 
m/n2= 10° whereas D(c),/D(c)2=4) that a theory of 
this sort will fit only if there is a large and quite un 
likely compensating variation in the thermodynamic 
factor. Actually, in terms of the intrinsic diffusion 
coefficient and mass flow it is not surprising that there 
is so little correlation between viscosity and diffusion 
coefficient for these concentrated solutions. For diffu- 
sion of the small molecules into the polymer matrix, 
only motions of the polymer segments are involved 
whereas for viscous flow there must be an actual dis- 
placement of polymer molecules. 

Because of uncertainties in the friction factor f one 
cannot calculate D(c) directly. One can, however, do the 
inverse, that is, evaluate f as a function of concentra- 
tion from the experimental D(c). For the system poly- 
vinyl acetate—acetone the thermodynamic factor 
(0 Ina,/d nV,) was evaluated from the Flory-Hug- 
gins!®!° equation, 


Ina,=In(V,)+(1—V.)+u(1-—V,)?, 


assuming an average value of 0.35 for the parameter 
u.2° The calculated values of f and the experimentally 
determined values of » for the concentration range 
studied are tabulated in Table II. The variation of / 
with concentration is very marked, although much less 
so than the variation of the viscosity. A point of some 
interest is that logf/n is accurately linear with volume 
fraction, even though logy itself is not. 


16 Glasstone, Laidler, and Eyring, The Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York and London, 
1941), p. 533. 

17 L. Onsager and R. M. Fuoss, J. Phys. Chem. 36, 2689 (1932). 

18 Pp. J. Flory, J. Chem. Phys. 10, 51 (1942). 

19M. L. Huggins, J. Chem. Phys. 9, 440 (1941). 

20 R. J. Kokes, doctoral thesis (Cornell University, 1951). 
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The infrared absorption spectra of allene and allene-d, vapor have been measured over the spectral range 


250-5000 cm with a prism spectrometer. The infrared data, together with previously obtained Raman 
spectra, enable a complete vibrational analysis that satisfies the product rule well for all vibrational species. 
The torsional vibration is located at 865 cm™ in allene and 615 cm™ in allene-d,. Fine structure was resolved 
for all perpendicular fundamental bands except that of the lowest frequency in both compounds. With help 
of the zeta-sum rule, a modified equation of H. H. Nielsen and the statistical weights of the rotational 
levels, the fine structure is analyzed to yield a complete set of zeta-values for both molecules and a moder- 
ately accurate value for the moment of inertia about the figure axis. The latter gives for the HCH angle 


the figure 113°+1° if one assumes a C—H distance of 1.071A. 





INTRODUCTION 


R many reasons the rotation-vibration spectra of 

the allene molecule — H.C=C=CH: — are of 
special interest. It is the smallest molecule with cumu- 
lative double bonds, and therefore knowledge of its 
structure is important. The frequency of its torsional 
mode of vibration and the size of the H—-C—H bond 
angle are relevant data in the theory of its electronic 
structure and chemical binding. The unusual possi- 
bilities for rotation-vibration interaction in the Dea 
structure of the molecule make it a nice example for 
spectroscopic study. 

The infrared absorption spectrum of allene vapor 
has been investigated by Linnett and Avery,' Thompson 
and Harris,? and Miller and Thompson.’ The spectrum 
of allene in the photographic infrared region was also 
examined by Eyster.* Three of the perpendicular funda- 
mentals were well resolved by Thompson and co- 
workers,”* but the band centers were not definitely 
established. The low frequency perpendicular funda- 
mental which was placed at 353 cm by earlier work in 
the Raman effect! lies outside the region investigated 
by previous infrared workers. No data have been pub- 
lished on the infrared spectrum of allene-d. Investiga- 
tion of the infrared and Raman spectra both of allene 
and allene-d, was thought to be desirable to establish 
the vibrational assignment and the structure without 
ambiguity. The Raman spectra of these molecules 
were studied by Lord and Ocampo in this Laboratory,° 
and in the present paper the infrared spectra of allene 
and allene-d, are reported. Together the infrared and 
Raman data lead to a complete vibrational analysis 
and a moderately accurate determination of the 
H—C—H angle. 





‘J. W. Linnett and W. H. Avery, J. Chem. Phys. 6, 686 (1938). 

*H. W. Thompson and G. P. Harris, Trans. Faraday Soc. 40, 
295 (1944). 

*C. H. Miller and H. W. Thompson, Proc. Roy. Soc. (London) 
200, 1 (1949). 

*E. H. Eyster, J. Chem. Phys. 6, 580 (1938). 

*R. C. Lord and J. Ocampo, J. Chem. Phys. 19, 260 (1951). 
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EXPERIMENTAL DETAILS 
Preparation of Allene and Allene-d, 


The preparation of allene was carried out as usual 
by the dehalogenation of 2,3-dibromopropene with 
zinc dust in alcoholic solution.* This method will pro- 
duce allene contaminated with propene if the 2,3- 
dibromopropene contains a slight amount of 2,3- 
dibromopropane.” * In the sample of allene for which 
a Raman spectrum was reported earlier,’ this con- 
tamination resulted in the presence of three weak lines 
at the points where propene has its most intense Raman 
lines (920, 1296, and 1646 cm“). In subsequent prepara- 
tion of allene by this method, contamination by propene 
was absent, as shown by the absence from the infrared 
spectrum of the strong propene bands at 580, 920, and 
1646 cm. Presumably this means that the 2,3- 
dibromopropene used in the preparation of the allene 
on which the infrared studies were made was of higher 
purity than that from which the Raman sample was 
prepared. 

Allene-d, was obtained as a by-product in the prepara- 
tion of methyl acetylene-d,, with which it is isomeric. 
The latter was synthesized in large quantity from the 
tricarbide of magnesium (Mg.2C;) by passing deuterium 
oxide vapor over the carbide at elevated temperatures 
(>150°C).7 The presence of allene bands in the spec- 


TABLE I. Equilibrium between methyl acetylene and allene. 











T°K —A(F° —Eo°) /T Keg (calc) “Kobs’ 
300 —0.78 0.040 
400 —0.86 0.078 <0.01 
523 —0.93 0.123 0.01 
623 —0.97 0.157 0.05 
800 — 1.00 0.209 

1000 — 1.00 0.258 


Keq= p(allene) /p(methyl acetylene) 
AE,’ = +1689 cal (reference 10) 








6 See, for example, Kistiakowsky, Ruhoff, Smith, and Vaughn, 
J. Am. Chem. Soc. 58, 146 (1936). 

7See A. W. Baker, doctoral thesis, “The Preparation of Cyclo- 
propane-dg, etc.,” Massachusetts Institute of Technology, Sep- 
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trum of methyl acetylene prepared in this way was 
noted, as was an increase in the relative amount of 
allene when the preparation was carried out at higher 
temperature (ca 350°C). Investigation of the thermo- 
dynamics of the isomerization of methyl acetylene to 
allene shows that increased temperature does indeed 
favor the conversion. 

In Table I are listed the equilibrium constants for 
the isomerization as calculated from the thermodynamic 
functions for methyl acetylene® and allene,! and the 
heats of hydrogenation of the two compounds.*® It is 


TABLE II. Infrared data for allene vapor (300-6100 cm). 








Obs. fre- 
quency 

(cm7 Band 
in vac.) type* 


354 Not Res. 202 = wre) 
2vn 

842 Res. 326 ~— wvi0(e) 
v4(b1) 


64 ~—v9(e) 
v3(a1) 10 pol 
va t+vu1(E) 1 


votvu 
1384 b 
1398 s ) 5 v7(be) 
1408 b 


Raman data 


Inten- Cale. Freq. Est'd. 
sity> Assignment freq.° (cm~) int. 





I 


Imp. 
(1369) 


v2(a1) 


1675 b 
1698 b 
1942.2 b 
1950.2 s vetru—vin 
1956.5 s ve(be) 

1970 b 

1996.7.7 

2015 Part. Res. 


2v10( Be) 


2v9( Be) 
2v9(A1)? 
v7 +v9(E) 
v2+v9(E) 


vo +v7( Be) 
2v2(A1) 


x 
oe 
w 


2428.5 


2814.5 b 
2826.7 s 
2840 b 

2869.5 s 


2884.7 b va +2v9( Bo) 
2920 b 


2932.6 s v3 +9 +v10( Bo) 
2955 ve+vo(E) 


v1(a1) 


v5(b2) 


OVRBORBO'V 
—_—_———— 


2995.4 b 
3005.4 s 
2018.5 b 
3085 
4065 
4086 
4156 
4229 b 


vs(e) 
vs+v9( Be) 
v3+vs(E) 
4255 b 2v2+v7(B)2 


4480 b Part. Res. v7 +vs(E) 
4766 b a vs-+2v10(E) 
4988 b veto E) 


vitve( Be) 
5963 b vitvs( Be) 
6030 
6141 b 


DUT DUA WO'Y 


vitve( 


2vs( Be) 








a Abbreviations: s=sharp, )=broad, m=no distinct maximum. P, Q, 
and R refer to peaks that are P, Q, and R branches, respectively. ‘‘Res’’ 
means the band is a perpendicular band whose constituent sub-bands 
have been resolved. The wave-number value given corresponds to the band 
origin. 

b The intensity of the strongest band is assumed to be 1000 and the in- 
tensities of the other bands are calculated with the assumption that the 
intensity is proportional to (1/pl)log(Jo/I) where » and / are pressure and 
path lengths and where Jo and J are the incident and transmitted intensi- 
ties, respectively. Since the width of the bands is not taken into considera- 
tion, and the dependence of peak height and slit width used and the effect 
of pressure broadening on peak heights are neglected, the relative intensities 
given are quite rough. 

¢ Based on harmonic oscillator approximation. 


tember, 1950. The synthesis of methyl acetylene-d, will be de- 
scribed in some detail as a part of the publication of this thesis. 
8 B. L. Crawford, Jr., J. Chem. Phys. 8, 526 (1940) ; 9, 69 (1941). 
won Kistiakowsky, and Smith, J. Am. Chem. Soc. 61, 1868 
9). 
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necessary to change the free energy values tabulated 
for allene in reference 1 because they were calculated 
with a symmetry number of 12. This value of the sym- 
metry number is not explicitly mentioned anywhere in 
reference 1 but is apparent from the equation for the 
translational and rotational parts of the entropy as 
well as from the tabulated entropy values. The sym- 
metry number for a Dog structure is 4, and hence the 
entropy and — (F°— E,°)/T values need to be increased 
by Rln 3, as was pointed out by Frank-Kamenetzki 
and Markovich.!° These authors also computed the 
value of AE," from which the results of Table I were 
obtained. 


TABLE III. Infrared data for allene-d, vapor (250-5000 cm~). 








Obs. fre- 
quency Raman data 


(cm~! in Band Inten- Cale. Freq. Est'd. 
vac.) type* sity Assignment  freq.¢ (cm™!) int. 


306 b Not Res. 413 vile) 315 26 
? 436 0 





498 s 59 ? 

pa(bs)| 615 

2vu 

667 Res. vio(e) 667 

(830) Part. Res. vg(e) 847 
v3(a1) 874 
3 
“4 - 933 
viotvu 987 

1021.9 b 

1034.2 s v7(be2) 1053 


1046.7 b 

1138 b vetvii 1151 
v3tviu(E) 
2v4(A1) 1203 
v2(a1) 1228 


2v10( Be) 


vi +vu(E) 
v9 +2v11( Bo) 


1325.3 b 
1337.6 s 
1347 b 
1360 n 
1386 b 
1395 b M 
1905.2 b v3+v7(Be) 
1912.6 

1914.8 s 

1917.2 s vetru—vu 
1921.1 s 1000 = ve(b2) 


1930 b 2 ; 
2ve+vu(E£) 2070 2 

2069 b {2yat rt 

2v7(A1) 2120 3b 

v9 +2v10(E) 2152 3 

v1(a1) 2195 10 pol 

2204 ve+vi1(E) 

2224 

2229.6 v5(b2) 


2236.8 
2267.4 v2 | ea 
vs(e) 


vs+vi1( Be) 2636 


2130 b Part. Res. 


v3+ve( Be) 2795 


vs +vi0(£) 2890 
vatvs(E£) 2945 


vs+vi0( Be) 2996 
vitve(E) 3000 


vs+vo( Be) 3135 
31516 
3329 b v7 +vs(E) 3364 
4360 s 2v7+vs(E) 4398 
is vitvs(B:) 4421 
4489 b vitvs(£) 4499 
2vs( Be) 4660 


2800.0 b 
2870.2 b 
2947 b 
2981.0 
2984.9 
2989.6 
3129 b 
3140 


ROVAO'V 
ih Ah 


ay 


4610 b 
4631.5 b 


ay 








a,b.e See corresponding notes in Table II. 


10D. A. Frank-Kamenetzki and V. G. Markovich, Acta Physico 
chim. U.R.S.S. 17, 308 (1942). 
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Fic. 1. Infrared absorption of allene vapor, 300-6100 cm™. 


In the formation of methy] acetylene and allene from 
Mg.C;, there is no assurance that the two are formed in 
equilibrium amounts, and the experimental evidence is 
indeed against this." Although the calculated equi- 
librium at 150°C calls for roughly 10 percent allene, 
indications are that decidedly less than 1 percent 
allene is formed. As the temperature is increased, the 
percentage of allene goes up, the observed rate of in- 
crease being much larger than the calculated. However, 
it may simply be that the higher temperature facilitates 
isomerization and that the observed increase is at- 
tributable entirely to more rapid approach to equi- 


See J. Ocampo, bachelor’s thesis, Massachusetts Institute of 
Technology, September, 1950. 


librium. At the highest temperature where measure- 
ment was made, the observed allene concentration was 
still smaller than calculated by a factor three. Higher 
temperature studies were ruled out, so far as the 
purposes of the present investigation were concerned, 
by the considerable pyrolysis observed for the hydro- 
carbon products. 

In Table I are also given values for the observed 
ratio “‘K.»,”’ of allene to methyl] acetylene produced by 
hydrolysis of Mg2C; at the indicated temperatures. 
The amount of allene was determined by difference in 
a gas-volumetric procedure in which the methyl acety- 
lene was removed from a fixed volume of vapor mixture 
by precipitation as the silver complex, and then re- 
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Fic. 2. Infrared absorption of allene-d, vapor, 250-5000 cm™. 


generated and measured volumetrically. It is impossible 
to reconcile the temperature dependence of “Kos” 
with that of the calculated K,.,. In view of the lack of 
evidence for equilibrium, the ‘‘K.,,’’ values merely can 
be taken as qualitative indication of the preferential 
formation of methyl acetylene. 

Allene-d, was separated from methy] acetylene-d, by 
slowly passing a mixture of the two gases formed at 
350°C from heavy water and Mg.C; through an am- 
monical silver nitrate solution." Ammonia was scrubbed 
from the allene-d, by dilute aqueous HCl and then water 
removed by passage through a drying train. From ap- 
proximately 40 cc of liquid methyl acetylene-d,, 2 cc 
of liquid allene-d; were recovered. The Raman spec- 
trum of this material was taken before the ammonia 
was removed," but the amount of ammonia present 
was too small to detect in the Raman effect. The in- 
frared studies here reported were carried out after the 
removal of ammonia and the fact that this removal was 
incomplete is indicated in Fig. 2. 

In the course of the synthesis of cyclopropane-dg, 


propene-d, was prepared.’ Comparison of the infrared 
spectrum of the latter with that of our sample of 
allene-d, showed no contamination of allene-d, by pro- 
pene-ds. The infrared spectrum also showed that the 
removal of methyl acetylene-d, was complete. 


Spectroscopic Procedures 


The infrared spectra of gaseous allene and allene-d; 
were recorded with a Perkin-Elmer 12B Spectrometer. 
This instrument was modified” to enable the elimina- 
tion of water vapor absorption from the spectrum. 
Spectra were taken with prisms of LiF, CaF2, NaCl, 
KBr, and TIBr-TII (“KRS-5’’), each prism being used 
in its region of optimum dispersion. Achieved resolu- 
tion is very close to 3 cm~! throughout the region 250- 
3500 cm™, and the frequency precision is seldom worse 
than 1 cm™ except possibly above 3200 cm~. The 
absorption cell had a path length of 6 cm and windows 
of potassium iodide. Various gas pressures were used, 
as indicated in the figures. The spectra are shown I 


2 Lord, McDonald, and Miller, J. Opt. Soc. Am. 42, 149 (1952): 
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SPECTRA OF ALLENE 


Figs. 1 and 2, and the frequencies in cm~ tabulated in 
Tables II and III. 

The Raman frequencies, also listed in Tables II and 
III, are essentially those reported earlier. The low 
temperature Raman technique and the method of 
determining the state of depolarization of the Raman 
lines were those of Lord and Nielsen.'* Apart from the 
previously mentioned identification of the Raman lines 
at 920, 1296, and 1646 cm~ as those of propene and not 
allene, no serious corrections are required by the re- 
sults of the present paper in the data of reference 5. 
There are several lines reported there that have not 
been found earlier. These lie at 865, 991, 1351, 1421, 
and 2043 cm™, and failure of Linnett and Avery’ to 
report them is readily understandable from the pub- 
lished microphotometer record of their Raman spec- 
trum. The line at 865 is quite weak and lies rather close 
to the somewhat broad line at 848, while the line at 
1351 is weak and unresolved from the strong 3067 line 
excited by Hg-4047, which was not filtered out in their 
work. The 1421 line is not easy to separate from the 
intense line at 1440, and the 2043 line is extremely 
weak, though comparable to the 1959 line reported 
both in reference 1 and 5. The 991 line requires special 
comment. As excited by Hg-4358, it was obscured on 
their microphotometer trace by the 1076 line from 
Hg-4339. It is strong enough, however, to have been 
found as excited by Hg-4047, but at the precise position 
on the trace where it should occur, there is a clear-cut 
line contour labeled, unfortunately but no doubt cor- 
rectly, ‘‘scratch.” This point is brought out because 
the 991 line is later identified as a fundamental. 


Discussion of Spectra 


The most probable structures for the allene molecule 
are of symmetry D24 and D.,. The former, which is 
favored by valence theory, is a symmetrical-top rotator 
and the latter, an asymmetrical-top rotator. A Ds, 
structure has a center of symmetry, while the Dog 
structure does not. The infrared evidence is clear-cut 
that the allene molecule is a prolate symmetrical top, 
and the considerable number of coincidences between 
infrared and Raman frequencies rule out a symmetry 
center. On these general grounds, the D2, structure is 
rejected, and, as will be shown below, the detailed 
features of both infrared and Raman spectra are in 
agreement with Dea symmetry. 

An allene molecule of D2 symmetry has three totally 
symmetrical vibrations (A;) which are Raman-active 
and polarized, one torsional vibration of species By, 
which is Raman-active and depolarized, three vibra- 
tions of species By, which is both infrared and Raman 
active (depolarized), and four doubly-degenerate vibra- 
tions of species E, also infrared and Raman-active 


Siitneincanniicsishinn 


*R. C. Lord and E. Nielsen, J. Opt. Soc. Am. 40, 655 (1950) ; 
J. Chem. Phys. 19, 1 (1951). 
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(depolarized). Thus all vibrations are Raman-active. 
The A, species can be recognized by its polarized lines, 
the B, species because it is inactive in the infrared, 
the Bs, species by its parallel infrared bands, and the E 
species by the perpendicular bands. There is thus a 
clear-cut means of assigning each observed Raman line 
and infrared band to its species. When this is done as 
indicated in Table IV, the resultant frequency values 
for allene and allene-d, satisfy the Teller-Redlich 
product rule!® very well. 

The fundamental assignment of Table IV is virtually 
identical with that of reference 1, but in view of the 
considerably firmer basis provided for it by improved 
spectroscopic techniques and the data for allene-d,, 
some comment is required. 


Species Ay 


The assignment is definite in view of the polarization 
measurements on both allene and allene-d;. The fre- 
quency values in allene-ds;, however, indicate that 
qualitative descriptions such as those in column 3 of 
Table IV are only approximate. If the:1440 frequency 
in allene were a pure CH, bending, it should shift by 
1/v2 in allene-d,, or to about 1020 cm~. Actually the 
shift is only half this large. The symmetrical C=C=C 
stretching frequency at 1076, which should be expected 
to change only slightly in allene-d,, moves a relatively 
larger amount. This means that both in allene and in 
allene-ds, especially the latter, the actual vibration 
forms are imprecisely described by the simple labels in 
column 3. 

Species By 


In reference 1, the torsional frequency was placed in 
the neighborhood of 820 cm from the results of heat 
capacity measurements, since it was not observed 
directly. This figure is still approximately valid in view 
of the unchanged frequency assignment, but receives 
additional support from the weak but quite definite 


TABLE IV. Assignment of fundamental frequencies in allene 
and allene-d, (Dza structure). 








Frequencies incm™~! Product rule 





Vib'l. Freq. : 

species no. Type of vibration Allene Allene-di = tops Toale 
Ai 1 C —H stretching 2996 2195 1.97 2.000 

2 CHe bending 1440 1288 

3 C=C =C stretching 1076 874 
Bi 4 CH: torsion 865 615 1.407 1.414 
Be 5 C —H stretching 3005 2230 1.86 1.907 

6 C=C =C stretching 1957 1921 

7 CHe bending 1398 1034 
E 8 C —H stretching 3085 2330 2.43 2.391 

9 s 1015 830 

3} CHe rocking { 842 667 

11 354 306 


C=C =C bending 








4See G. Herzberg, Infrared and Raman Spectra (D. Van 
Nostrand Company, Inc., New York, 1945), p. 339; see also 
reference 1 and R. C. Herman and W. H. Shaffer, J. Chem. Phys. 
17, 30 (1949). 

16 See Herzberg, reference 14, p. 231 ff; also F. Halverson, 
Revs. Modern Phys. 19, 87 (1947). 
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line at 865 cm™ observed by Lord and Ocampo? in the 
Raman effect. The corresponding line in allene-d, 
should lie at 615 cm™, and should be weaker by v2. 
A very weak line is observed at this point but un- 
fortunately can be interpreted also as the first overtone 
of the fundamental at 306 cm. In any event, the 
combined evidence of thermal and spectroscopic data 
is entirely consistent with the identification of the 865 
cm line in allene with the torsional vibration. 


Species Bz 


The values for the Bz frequencies in Table IV are 
those observed in the infrared. Corresponding lines 
have been observed in the Raman effect for vg and v7 
at 1960 and 1421 in allene and for v7 in allene-d,. The 
vs fundamentals are obscured in the Raman effect by 
vi, and ve for allene-d, was not observed. The vapor- 
liquid shift for v7 is rather considerable, but the ratio 
of the allene:allene-d, values is the same in both 
phases. Hence the product rule agreement shown in 
Table IV would be unaffected by the shift. The product 
rule is useful in deciding between the assignment of the 
infrared band at 1034 and that at 1138 to v7 in allene-d,. 


Species E 


The degenerate vibrations are readily located in the 
infrared by their perpendicular bands. Analysis of these 
bands, by means of which the vibrational frequencies 
are obtained, is described below. It leads to the satis- 
factory location shown in Table IV for the centers of 
all except the band of 9 in allene-d,. The product rule 
is reasonably well satisfied for both the infrared and 
the Raman assignments. However, the sign and mag- 
nitude of the discrepancy observed for the Raman- 
effect values indicate that probably 315 cm™ for vi 
in allene-d, is in error and should agree more closely 
with the infrared value of 306. The location of the 
band origin of v9 in allene-d, is difficult because of the 
proximity of the broad band due to vo. The trace of 
ammonia previously mentioned also gives some inter- 
ference. However, the 830 estimate agrees reasonably 
well with the Raman value of 847. 
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Fic. 3. Rotational structure of perpendicular band vs 
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Analysis of the Rotational Structure 


The infrared bands of allene and allene-d, are of 
three kinds: (1) those that show fine structure with 
alternation of intensity “strong, weak, strong, weak: - .” 
for the successive sub-bands. This feature is expected 
for the perpendicular bands of the symmetrical-top 
structure, and all such bands are therefore assigned as 
perpendicular bands; (2) those that show a weak but 
sharp Q branch with more intense, broad P and R 
branches. Such bands are of the parallel type, and 
under lower dispersion show only P and R branches, 
the weaker Q branch being usually unobservable; 
(3) those that show an unresolved broad envelope with 
maximum intensity at the center. These bands are of 
the perpendicular type, but their constituent sub- 
bands are too closely spaced for resolution with our 
instrumental setup. 

















Parallel Bands 


The fine structure of the parallel bands is determined 
by the large (double) moment of inertia and cannot be 
resolved with our instrument. However, from a study 
of the structure of the parallel band 3y; in the photo- 
graphic infrared, Eyster* obtained a set of values for 
the quantities!® A,F’’(J)/2(27+1) that had an average 
value 0.2847 cm™, which is therefore the value of the 
rotational constant B” for allene. From this, J»=98.3 
xX 10-" g cm?. If one uses an estimated value of 120° 
for the HCH angle and 1.071A for the C—H distance 
(the value in ethylene), one finds the C=C distance as 
1.344A. From these approximate values, rough working 
values of Zz and B for allene-d, of 125 10-” g cm? and 
0.22 cm™, respectively, are obtained. It will be seen 
later that these estimates agree closely with the values 
obtained using a bond angle of 113° determined from 
the perpendicular-band analysis. 

The moment of inertia about the figure axis is simi- 
larly estimated to be roughly 5.7X10-° g cm?, with 
the result that J4/Ipz is 0.06. So small a ratio means 
that the integrated intensity of the Q branch is of the 
order of one-fifth that of the P or R branch.!” Hence 
rather good resolution on the part of the prism spec- 
trometer is required to separate the weak Q branch 
from the P and R components of the parallel bands. 

















































Perpendicular Bands 


As was first shown by Teller,!’ the rotational struc- 
ture of degenerate (i.e., perpendicular) vibrational 
bands in the infrared is complicated by the existence 
of angular momentum of vibration. Interaction of this 
angular momentum with that of molecular rotation 
about the figure axis introduces a linear term into the 
rotational energy which contains the interaction con- 
stant ¢, the rotational quantum number K, and the 

16 See Herzberg, reference 14, p. 434. 


17 E. Teller, Hand- und Jahrbuch der chem. Physik, 9II, 28 
(1934). See also reference 14, p. 421. 
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SPECTRA OF ALLENE AND ALLENE-d, 


TABLE V. Wave numbers of the sub-bands in vg(e) of allene at 3085 cm™. 











si vac i POx-"OK Assign. —rvae in "Ox —POK 
oy py I ROx —POK Av 2K meat cm. 4 I ROx —POK Av 2K 

ROn 3194.2 RO, 3107.0 s 36.5 8.7 9.13 
FOr 3184.0 10.2 FO, 3098.5 w 18.2 8.5 9.10 
RO, 3174.7 9.3 RO 3089.5 s 9.0 

ROs 3164.2 10.5 PO, 3080.3 w 9.2 

RO, 3152.0 12.2 PO. 3070.5 s 9.8 

ROs 3142.5 s 105.9 9.5 8.83 PO; 3062.2 w 8.3 

ROs 3133.6 w 89.8 8.9 8.98 PO. 3052.8 s 9.4 

RO, 3124.6 s 71.8 9.0 8.98 POs 3043.8 w 9.0 

RQ; 3115.7 w 53.5 8.9 8.92 POs 3036.6 7.2 








rotational constant A. ¢ can lie between —1 and +1 
for the first vibrational state. A zero value for ¢ 
means that there is no vibrational angular momentum, 
and hence that the vibrating electric dipole moment 
rotates about the symmetry axis at the same rate as 
the molecule itself. The minus sign corresponds to a 
speeding-up of the rotation of the vibrating moment 
about the symmetry axis, and hence to an increase in 
the rotational spacing in the spectrum. A plus sign 
gives a retardation of the rotation of the vibrating 
moment, and a decrease in the rotational spacing. 

As a result of this interaction, the equation for the 
Q branches of the constituent sub-bands of a per- 
pendicular band (AJ =0, AK= +1) takes the form :® 


v=v+[A,'(1—2¢,)— By J42[4A./(1-¢,) — BK 
+[(A 7” B,')— (A s— B,”’) )R°’, (1) 


where as usual A and B are the rotational constants for 
I, and Ip, ’ and ” refer to the upper and lower vibra- 
tional states of the band, and v is the vibrational 
quantum number for each state. The subscript 7 desig- 
nates which doubly-degenerate vibration is concerned, 
since of course the ¢-values differ for different vibra- 
tions. In Eq. (1), the + sign indicates the two branches 
of sub-bands, the + sign giving the R branch (AK=-+1) 
and the minus sign the P branch (AK=—1). 

The form of a perpendicular band given by Eq. (1) 
and the appropriate Boltzmann factors is that of a 
broad spread of Q branches with no clear-cut maxi- 
mum to the band as a whole (see Fig. 4). Hence the 
numbering of the different Q branches [i.e., assignment 
of the correct K values of Eq. (1) ] and the correspond- 
ing location of vp are not immediately obvious. Con- 
siderable assistance is offered, however, if there is an 
alternation of intensity in the Q branches. 

Alternation of intensity results from alternation in 
the statistical weights of the rotational energy levels, 
which in turn results from molecular symmetry and 
nuclear spin. Wilson!® has discussed the group-theo- 
tetical procedures for evaluation of statistical weights, 
and has applied the procedure to various molecules, 
none, however, of Dea symmetry. By straightforward 





See reference 14, p. 429 and Eq. IV, 60. 
*E. B. Wilson, Jr., J. Chem. Phys. 3, 276 (1935). 


application of his methods to the Dzq model of allene” 
and allene-d,, for both of which the rotational sub- 
group is De, it can be shown that, apart from the 
Boltzmann factor, the intensity alternation 10:6 should 
be observed for sub-bands of even:odd K in allene 
and 45:36 in allene-d,. 

This alternation is of great help in assigning numbers 
to the constituent sub-bands and the determination of 
the band centers. The sub-band with the strongest Q 
branch is the first in the R branch side (i.e., “Qo), and 
the first weak Q branch on the low frequency side of 
RQ, is the first in the P branch (?Q,). The band center 
lies between “Qo and ”Q,, and the frequencies listed on 
Tables II-IV for infrared-active vibrations have been 
determined in this way for all resolved perpendicular 
bands. As indicated above, the bands at 354 in allene 
and 306 cm™ in allene-d, are not resolved, and hence 
their centers have been determined from the band 
maxima, which are to be taken to be the band centers. 

The best way to obtain the coefficient of K in Eq. 
(1) is to plot "Qx—’Qx against K. This plot is a 
straight line of slope 4[A,/(1—¢;)—B,’]. Another 
method is to average the quantity ("Qx—’Qx)/2K. 
The practical way to obtain the coefficient of K? is to 
plot “"Qx+’Qx against K*. This plot should be a 
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Fic. 4. Rotational structure of perpendicular bands vy 
and v4» in allene. 


20 After the present work was completed, the authors learned 
that Dr. J. de Heer [J. Chem. Phys. 20, 637 (1952) ] had also 
worked out the statistical weights as well as an equation corre- 
sponding to Eq. (5) below. As de Heer points out, there is a dif- 
ference in appearance of Eq. (5) if one uses the convention K = K’ 
rather than the convention of Herzberg, K = K”’, as is done here. 
After correction for this, the two equations are in agreement. 
However, there are differences in the exact locations of the band 
centers and in the ¢ values. The additional information provided 
by the allene-d, spectrum and the ¢ sum rule accounts for these 
differences. The authors are much indebted to Dr. de Heer for 
the privilege of seeing his manuscript before it appeared in print. 
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TABLE VI. Wave numbers of the sub-bands of v9(e) 
in allene at 1015 cm™. 








Yyac in —Rox 

cm! I —POK Av 
1037.8 35.1 10.3 
1028.3 17.6 

1019.2 
1010.7 
1002.7 
994.7 
987.6 
981.0 
974.5 
967.7 
961.0 


Ox 


v in 
vac 
—POx Av 


cm~! 
1161.7 
1149.6 
1136.9 
1124.2 
1112.6 
1101.2 
1090.4 
1079.9 
1069.5 
1059.2 
1048.1 


~ 





12.1 
12.7 
12.7 
11.6 
11.4 
10.8 
10.5 
10.4 
10.3 
11.1 


Ree“ oe 


140.2 
122.7 
105.4 
88.5 
71.6 
53.4 
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straight line whose slope is 2[ (A »’— B,’)—(A»””— B,”) ]. 

The wave numbers and the assignment of the sub- 
bands of the perpendicular band vg at 3085 cm™ are 
given in Table V and the band is shown in Fig. 3. It 
will be seen that the spacing is somewhat irregular, 
for reasons not clear at present. This feature was also 
pointed out by Miller and Thompson.* Nevertheless, 
the sub-bands can be presented approximately by the 


formula 
v= 3089.0+9.0K+0.03R°. (2) 


It follows from Eqs. (1) and (2) that 
2CA ,’(1—f£s) — B,” ]=9.0. (3) 


The case of the bands for vy and 49 at 1015 and 842 
cm~!, shown in Fig. 4, is more complicated. Here there 
is a Coriolis interaction, first described by Nielsen,”! 
between the two fundamentals, in addition to that 
interaction between the degenerate components of 
each vibration which leads to Eq. (1). If the individual 
degeneracy of vy and 4 is neglected, the sub-bands of 
vg and v9 can be represented by 


v= (v9+v39)/2+(A— B)+2(A—B)K 
+3{(v9— 10)? +4(K41)7f"0, 190A? (v9/r10)? 
+ (v10/v9) PY cm 


TABLE VII. Wave numbers of the sub-bands of v0(e) 
in allene at 842.2 cm™. 








"Ox Assign- “vac in 
=f OK Av cm~! 
167.0 809.5 
151.2 799.7 
134.2 789.3 
117.1 779.3 
100.5 768.1 
83.7 756.8 
67.4 745.9 
50.1 734.3 
33.9 (pew: 
16.9 710.8 
699.3 


Yyac in 
cm~! I 

913.0 
908.0 
902.3 
896.4 
889.8 
883.4 
876.9 
869.5 
862.1 

854.7 

846.5 
837.8 
828.3 

819.4 


Assign- 
ment 





G0 90D MINIMA AA Ninn 
Cuno PP RENRO ONO 








21H. H. Nielsen, J. Opt. Soc. Am. 34, 521 (1944). 
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Here fo, 19 is the constant for the interaction of vg and 
vio. The positive sign before the coefficient of the term 
corresponds to the R branches and the negative sign 
to the P branches. The positive sign before the final 
term corresponds to the sub-bands for v9, and the nega- 
tive, to those for v;9. The factor (K-+1)? in the final 
term goes with the R branches and (K—1)? with the 
P branches. As it was in Eq. (1), the parameter K jis 
K"’, that is, the value of K in the lower vibrational 
state. If K is set equal to K’, its value in the upper 
vibrational state, Eq. (4) is changed by replacement of 
the first positive sign with a negative one, and the 
(K+1)? term by K?. It then is identical, apart from 
symbolism, with Eq. (11) of reference 21. The sub- 
scripts and superscripts on A and B have disappeared 
because the effect of the vibrational state on A and B 
has been assumed negligibly small. 

Nielsen”! first suggested that the unusual fine struc- 
ture observed for the 842 and 1015 cm™ bands in 
allene by Thompson and Harris’ could be accounted 
for on the basis of Eq. (4), and Miller and Thompson’ 
applied the suggestion to their later and much improved 
spectra of these bands. However, Eq. (4) does not 
apply as it stands because each of the vibrations con- 
cerned is doubly degenerate. If one takes the Coriolis 
interaction due to the degeneracy into account, one 
obtains, instead of Eq. (4), 


— (vg+ v9) /2+ (A = B)—A (Sot 10) 
+20 (1— {fo+610}/2)A — BJK41/2[ { 9— v10 
F2A (K+ 1) (&>— £10) }P?+4¢?o, w(K+ 1)?A? 
X {(v9/r10)?+ (v10/r9)*}? }?. (5) 


Here {9 and {jo are the interaction constants for v» and 
vio, the first + sign gives the P branches (—) and R 
branches (+), the second + sign gives the bands for 
vg (+) and 19 (—), and the + and F signs within the 
square brackets enclosing the last term go with the P 
branches (lower sign) and R branches (upper sign).” 


* The derivation of Eq. (5) is as follows: Eq. (9) of reference 
21, corrected for obvious typographical errors and translated into 
the notation of the present paper, gives, for E(+)/hc, the inter- 
acting rotational-vibrational levels of vy and v9 in cm, the 
expression 


E(+)/he= 3 {CA o/hc+ Eo, i/he Ja (CA, o/he— Eo, i/he¥ 
+47, 10K AL (v9/r10)*+ (v10/r9)? P)4}, (a) 


where E,,o/hc and Eo,:/he are the unperturbed energy terms for 
the first excited vibrational levels of vg and v9, K’ is the rota- 
tional quantum number, and zero-point energy is omitted. If 
the double degeneracy of vg and vo is taken into consideration, 
the unperturbed energy terms can be represented by 


Ej, 0/he= vg + BI (J+1)+(A—B)K"—2A Kgl (b) 
and 
Eo,1/he=vip+ BJ(J +1) +(A —B)K”"—2A Kf). (c) 


The quantum number / has only the values +1, depending on 
whether the vibrational angular momentum ¢//2z is parallel or 
antiparallel to the rotational angular momentum. Teller'’ has 
shown that in perpendicular transitions where the upper level is 
degenerate, only +/ levels combine with the lower (ground) 
levels for AK =+1, and only —1 levels for AK =—1. The levels 
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From Eq. (5) it can be seen that for the band due to 
yy, the Av between the individual sub-bands of the R 
branch increases as K increases, but decreases as K 
increases for the sub-bands of the P branch. The re- 
verse is true of v19. The constant in Eq. (5) 


[(vot+ v30)/2+ (A pases B) = (Sotf10) | 


(denoted C below) is given by the average value of the 
combinations 


[®OK(v9) + 2Ox(v10) + ?OK(¥9) + ?Ox(r10) |/4 
for different K’s. This value is 933.2 cm~!. The follow- 


ing relations also can be seen to hold: 


[2OK«(v9) +#Ox(r10) | 
= 2C+4A (1 = {€9+610} /2) faa B), (6a) 


and 


[?Ox(v9) + ?Ox(r10) ] 


The slope of the straight lines which we get by plotting 
the left-hand sides of Eqs. (6) versus K will thus give 


TABLE VIII. Wave numbers of the sub-bands in vs(e) 
of allene-d, at 2330 cm“. 











Assign- ¥vac in ROx —? 0K Assign- "vac in 

ment cm7! I Av 2K ment cem~! I Av 
FO, 2365.7 3.6 4.31 PO; 2319.5 w 4.2 
RO, 2362.1 w 3.6 4.37 POs 2314.8 5s 4.7 
FO, 2358.1 Ss 40 4.37 PO; 2310.2 w 4.6 
RO, 23539 w 4.2 4.37 POs. 2305.6 s 4.6 
RO, 2349.4 5s 45 4.33 PO, 2300.9 w 4.6 
RO, 23450 w 44 4.25 POs 2296.7 Ss 4.2 
RO, 2340.9 s 4.1 4.3 POx 2292.2 w 4.5 
RO, 2336.3 w 46 4.15 PO 2288.0 = s 4.2 
RQ, 2332.1 Ss 4.2 PO 2283.5 w 45 
PO, 2328.0 w 4.1 

PO. 2323.7 = s 4.3 








the coefficient of K in Eq. (5), apart from a factor two. 
From the lines given in Tables VI and VII, this pro- 
cedure gives 


2LA (1— {fo+610}/2)— B]=8.55. (7) 


Finally, from analogous combination relations and the 
above results, there follows the numerical formula 


v=933.24+8.55K+3[{172.80.4(K+1)}? 
+135(K+1)}}. (8) 


Equation (8) represents well the sub-bands of vy and 





of the ground term Eo, are given by 

Eo,o/hc=BJ (J +1)+(A—B)K”™. (d) 
When Eqs. (b) and (c) are substituted in Eq. (a) the correct set 
of levels for the interacting degenerate vibrations is obtained. 


The frequencies for allowed transitions from the ground levels 
(d) to this set of levels are then given by Eq. (5). 
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Fic. 5. Rotational structure of bands in allene-dy. Upper: 
Perpendicular vs and parallel v;. Lower: Perpendicular v0. 


vio. A comparison of Eqs. (5) and (8) shows 


2A (So- $10) =0.4 (9) 
4A%> 10°L (v9/¥10)?+ (v10/ 9) P= 135, (10) 
2Af9, 10=5.78. (11) 


It can also be seen from Eggs. (5) and (8) that when K 
is very large (i.e., when {172.8-F0.4(K+1)}°<135(K 
+1)*), Av approaches limiting values in both the P and 
R branches of vg and v9. The limiting value for the R 
branch of vg and the P branch of vy is 2LA(1—{f» 
+£10}/2)— B]+2A fo, 10. The same expression with the 


TABLE IX. Wave numbers of the sub-bands in v;0(e) 
of allene-d, at 667 cm 











Assign- Yyac in Assign- Yyac in 
ment em! I Av ment cm”! I Ap 
FOi4 726.8 PO, 664.1 w 4.9 
RO,;, 723.3 3.5 PO, 6594s AT 
ROi2 719.8 3.5 PO; 654.9 w 4.5 
FO 716.3 35 PO, 650.7 Ss 4.2 
RO» 712.7 3.6 PO, «645.5 lw SCS 
RQ, —-709.0 3.7 PO, «—s«640-.7— i ss 48 
R 705.3 3.7 P 5.8 w 4.9 
nO 701.1 4.2 O, 630.6 s | 52 
RO. 697.0 Ss 4.1 PO, 625.6 w 5.0 
RO; 692.6 w 4.4 POw 620.4 Ss 5.2 
RO, 688.1 s 45 PO, 615.1 5.3 
RO, 683.3 w 4.8 POto 609.6 5.5 
a 6784s 49 7p” 604.0 5.6 
RO, 673.7 w 4.7 POs 597.5 6.5 
RO 669.0 AY 4.7 PO, 5 592.2 5.3 
POt6 586.6 5.6 
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last sign negative holds for the P branch of vg and the 
R branch of v;9. From Egs. (8) and (11) these values of 
Av are, respectively, 14.3 and 2.77 cm. However, 
they would only be approached experimentally if sub- 
bands were observed for K values beyond about 35. 

The band due to 71; at 354 cm™ is not resolved. Since 
the achieved resolution of the instrument is 3.5 cm™ 
or better in this region, we may write 


2A (1-11) —BJ= Any (0< Avi; <3.5). (12) 


The wave numbers and the assignment of the sub- 
bands of the perpendicular band vg of allene-d, are 
given in Table VIII (see Fig. 5). For this band 


2, A*(1—¢5*) — B*¥ ]=4.35, 
and the sub-bands can be represented by the equation 
v= 2332.144.35K. (14) 


(13) 


The asterisks denote the deuterium compound. 

The wave numbers and the assignment of the sub- 
bands of v19* at 667 cm™ in allene-d, are given in 
Table IX (see Fig. 5). One can expect a mutual inter- 
action between y9* and 79* in allene-d, similar to that 
of allene. The band v9* at 830 cm™ in allene-d, is weak 
and only partially resolved. Further, it is overlapped 
to some extent by the spectrum of ammonia which is 
present as a minor impurity. However, as for vo in 
allene, the Av of the sub-bands of v,9* in allene-d, 
appears to be approaching ‘‘asymptotic” values in 
both the P branch and R branch at sufficiently large 
K values. If this is taken as evidence of interaction be- 
tween y* and v4" in allene-d,, then Eq. (5) can be 
applied to the sub-bands of 710°. 

As the sub-bands of vs* could not be measured well, 
the constants in Eq. (5) cannot be obtained very ac- 
curately. However, the sub-bands of v:9* (Table IX) 
can be fairly well represented by the equation 


vio*= 750.744.6434 {163.0-0.2(K+1)}? 
+20(K+1)?}!. (15) 


Equation (15) implies that v9* = 830 cm", v19* = 667 cm", 
and 
2, A*(1 = {50*+610"} /2) is B* =4 4, 


2A *(¢4*— C107) = 0.2, 


(16) 
(17) 


TABLE X. Rotational constants and related quantities 
for allene and allene-d,. 








Allene-ds 


2.64 cm™! 
0.224 cm7! 
0.09 
0.07 
0.03 
0.86 
0.42 


(Assuming r(C—H) 
= 1.071A) 


Quantity Allene 


A 5.28 cm™ 
B 0.285 cm7! 
fs 0.09 

v9 0.16 

$10 0.12 

fu 0.66 

$9, 10 0.55 


ZHCH 113° 
r(C=C) 1.335A 
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and 


{ 269, 10*A*L(v9/v10)!+ (v10/9)* ]}?= 20. (18) 


The band for »;* at 306 cm~ was not resolved. 
Therefore, as before, 


2, A*(1—f11*) — B¥ J =Any:* (0<Av;*<3.5). (19) 


Determination of A and the ¢-Values 


Use of the foregoing numerical relations among the 
rotational spacings to determine the constant A and 
the ¢-values can be made with the help of the ¢-sum 
rule of Teller.” As Teller and also Dennison” have 
pointed out, the ¢-sum for the vibrations of a given 
symmetry species in a molecule is independent of the 
nature of the molecular potential system provided it 
is harmonic. Hence the ¢-sum can be determined by 
assuming special force fields for the molecule (Denni- 
son’s “limiting force fields,” for example) that yield 
individual ¢-values easily, and then summing. 

By application of the limiting-force-field type of 
reasoning to the Dog model for allene,™ it can be shown 
that 


Lti= 1+ B/2A, 


where the sum is taken over the four vibrations of 
species E. From Eq. (20) and the various equations 
relating the ¢-values and the rotational constants A 
and B to the fine-structure spacings Av;, simple addi- 
tion leads to the results 


6A —9B= 26.1+Ar11, 
6A*— Q9BF= 13.55+Ap*. 


(20) 


(21a) 
(21b) 


The asterisk denotes allene-d,, and the symbols Avy 
and Av,;* appear on the right-hand side because, as 
was stated above, these quantities could not be meas- 
ured experimentally with the prism instrument. Since 
A=2A*, B has been evaluated‘ as 0.285 cm, and B* 
can be reasonably estimated as 0.22 cm™, it follows 
that 


Avy,— 2Av1;*=2.4 cm7!, (22) 


The error in Eq. (22) is hard to estimate, but is 
probably not larger than 0.5 cm~!. From the achieved 
resolution of the prism instrument on the water-vapor 
bands near 350 cm~ it can safely be concluded that 
Avy, experimentally is smaller than 3.5 cm—!. There- 
fore, from Eq. (22), Avi.=3.0+0.6 and Avy,*=0.3 
+0.3 cm—. From this value of Av,; and the value of B, 


%3 See, for example D. M. Dennison and M. Johnston, Phys. 
Rev. 47, 93 (1935) ; 48, 868 (1935). 

* Tt has not been plainly stated heretofore, so far as the writers 
can find, that the ¢-sums need not be computed on an ad hoc basis 
for each molecule by the limiting-force-field method, but can be 
determined as readily on genera] grounds as can the number of 
vibrations of a given symmetry species. Tables for determination 
of the latter quantities (such as Tables 34-36 of reference 14) have 
been in the literature for some time. The preparation of analogous 
tables for the ¢-sums of axially symmetrical molecules is entirely 
feasible. 
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SPECTRA OF ALLENE AND ALLENE-d, 


TABLE XI. Wave numbers of resolved sub-bands of the combination band in allene at 2420.9 cm. 








Assign- Yyac in 


ment cm! ROK —POrK 


(20x —?Or) 


Assign- ¥’vac In 
2K ment cm”! 





(2495.0) 120.4 
(2484.4) 104.8 
2474.9 88.9 
2465.6 
2456.1 
2447.0 
2439.3 
2431.3 
2424.3 
2417.4 


57.9 
42.2 
28.4 
13.9 


ArIW~AWO COS 
COON RKHUNWAD 


PO» 2410.9 
PO; 2404.8 
PO, 2398.2 


POs 2386.0" 
PO; 2379.6* 
PO, 2375.3" 








a Beginning with PQs, the sub-bands are overlapped by CO:-absorption (present in the sample). There appear to be several more sub-bands below 2375 


em“!, 


A is found to be 5.28+0.1 cm, whence A*=2.64 
+0.05. If these values of A and A* are now substituted 
back into Eqs. (7)-(13), (16)—(19) for the Av;, along with 
Band B*, the ¢-values listed in Table X are obtained. 

Most of the overtone and combination bands can be 
satisfactorily assigned, as shown in Tables II and III. 
Some of these have been resolved and, in conjunction 
with the constants A and B, can also yield information 
about the ¢-values. In Table XI are listed the wave 
numbers of the sub-bands of the perpendicular band 
at 2420.9 cm™', which is well resolved. They can be 
represented by the formula 


v= 2424.347.3K+40.17K?. (23) 


This band could be v7+ 9(E) or ve+v9(£). In either 
event, Av and ¢ would be the same as for the funda- 
mental band of vg apart from anharmonicity and the 
dependence of A and B on the vibrational state. Equa- 
tion (23) gives {y=0.26, whereas from the fundamental 
it is 0.16. Most of the discrepancy has to be ascribed to 
a combination of experimental error and anharmonicity, 
because the difference between A’ and A’’, as shown by 
the coefficient of K? in Eq. (23), is too small and in the 
wrong direction to explain it. Another possibility is 
that the band is 3v:9(Z). In this case the ¢-value is not 
necessarily the same as that of the fundamenta! (¢10 
=0.12), but the anharmonicity would have to be 
rather large. 2v:9(B2) is found with considerable in- 
tensity in both allene and allene-ds, and 3y,9 in the 
latter would probably be obscured by 7. 

The combination band 2719+ 71;(£) at 2015 cm™ in 
allene is partially resolved. The spacing is irregular 
and the average Av is 3.4 cm™. This value is consistent 
with that estimated from the sum rule and other rela- 
tions to be 3.00.6 cm— for Avi. 

The equilibrium value of A in allene depends on two 
parameters, the C—H distance and the HCH angle, 


and since neither of these changes in allene-d,, of 
course A*, as indicated above, is the same as A except 
for the factor two from the D:H mass ratio. Hence to 
find either parameter from A, the other must be known. 
The safest procedure appears to be to assume the value 
of the C—H distance to be the same as that in ethylene, 
since small changes in the C—H distance are accom- 
panied by large changes in the C—H stretching fre- 
quency, and in ethylene and allene the C—H frequen- 
cies are very nearly the same. If r(C—H) is assumed 
equal to 1.071A, the HCH angle is found to be 113°+1° 
from A=5.28+0.1 cm~. From this angle and the B 
value, r(C=C) is 1.335A. Finally Jz and B for allene-d, 
turn out to be 124.9X10-* g cm? and 0.224 cm~, re- 
spectively, in good consistency with the rough working 
values used for these constants. 

It is perhaps worth noting that the large number of 
¢-values (six independent values, in principle) and 
vibrational frequencies of the E species would be more 
than enough for a calculation of the complete set of 
potential constants, ten in all, for this species. The 
¢’s are not too accurately known, however, from the 
present work, and hence the constants would perhaps 
suffer somewhat in accuracy also. A similar calculation 
for ethane using the frequencies and ¢{-values from 
ethane and ethane-d, has recently been made by Han- 
sen and Dennison.™ 
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The vapor absorption spectra of meta- and ortho-xylene were obtained with a 3-meter grating spectro- 
graph. The m-xylene spectrum has the least number of bands and the most diffuse appearance. Its 0, 0 band 
is located at 36955 cm™. The o-xylene spectrum consists of many very sharp bands, several of which must 
be assigned to v—v transitions. Its 0,0 band is found at 37308 cm™. Vibrational frequencies of 965, 675 and 
470 cm~ are found in the upper level of the meta-spectrum and are correlated with the ground-state fre- 
quencies of 995, 725, and 510 cm™. In the ortho spectrum ground-state vibrational frequencies of 1233, 
1054, and 736 cm are correlated with the excited state values 1195, 939, and 692 cm™!, respectively. As- 
signments of the different frequencies are discussed. The Tesla luminescence spectrum of meta-xylene is in- 


terpreted along with the absorption spectrum. 





INTRODUCTION 


HE first paper of this series! called I in this paper 
dealt with the absorption and fluorescence spectra 
of para-xylene vapor. In the present paper, experimental 
data pertaining to the vapor absorption spectra of 
ortho- and meta-xylene (dimethylbenzene) will be 
presented along with an interpretation of these spectra 
and the corresponding Tesla luminescence spectrum of 
meta-xylene reported by McVicker, Marsh, and Stewart. 
References to earlier related spectroscopic work were 
given in I. 
EXPERIMENTAL DETAILS 


The spectrographic equipment and experimental pro- 
cedure used to photograph and measure the ortho- and 
meta-xylene spectra were the same as those described 
in I for obtaining the para-spectrum. Samples of both 
compounds were purchased from the National Bureau 
of Standards. The ortho-xylene had a 0.010+-0.007 mole 
percent impurity and the meta-xylene a 0.17+0.07 mole 
percent impurity. Vapor pressures of the compounds 
were obtained from the work of Stuckey and Saylor.’ 


EXPERIMENTAL RESULTS 


The near ultraviolet absorption spectra of meta- and 
ortho-dimethylbenzene lie in the region between 2820 
and 2350A. These spectra were studied in dependence 
of the pressure of the substance for temperatures ranging 
between —40° and 100°C. With path lengths of 75 cm 
the most detailed spectrograms were obtained for both 
compounds at 0°C. Even though some of the frequency 


* This work was assisted by the ONR under contract N6ori-107, 
Task Order I, with Duke University. 

t Based on part of a thesis submitted in partial fulfillment of 
the requirement for the degree of Doctor of Philosophy in the 
Graduate School of Arts and Sciences of Duke University in 1950. 

t Present address: Physics Department, University of Georgia, 
Athens, Georgia. 

a D. Cooper and M. L. N. Sastri, J. Chem. Phys. 20, 607 
1952). 
2 — Marsh, and Stewart, J. Chem. Soc. 125, 1743 
1924). 
( «Nae Stuckey and J. H. Saylor, J. Am. Chem. Soc. 62, 2922 
1940). 


differences are found to be roughly the same for both 


‘ spectra, their general appearance is considerably differ- 


ent due to the diffuseness of the meta spectrum and the 
lack of similarity in the reoccurring groups of bands 
which are characteristic of each spectrum. 

The meta-xylene bands are broad, diffuse, do not 
have definite heads, and usually appear in pairs about 
65 cm™ apart. A close inspection of the plates with a 
microscope reveals that the bands contain fine structure 
even though they are diffuse. The appearance of the 
bands in pairs of equal intensity is evident at the lowest 
reservoir temperature, —40°C (0.06 mm Hg), at which 
bands were detectable. For this temperature three 
groups of bands are observed with the center of the 
short wavelength band in each group appearing at 
2705A (36,955 cm), 3671A (37,425 cm), and 2636A 
(37,920 cm). At a higher temperature, — 20°C (0.37 
mm Hg), these band groups are accompanied by a 
very weak but similar “doublet” spaced about 160 cm™ 
to the red and by an extremely weak band spaced 110 
cm! to the red. For the same temperature two other 
doublets appear, one at 2652A (37,690 cm~) and an- 
other at 2624A (38,100 cm7), and a broad single band 
is found at 2617A (38,205 cm-'). With a further in- 
crease in the temperature of the reservoir other bands 
appear toward the violet as may be seen in Fig. 1; also 
three definite weak doublets are discernible on the red 
side of the 36,955 cm™ band with the one at 2759 
(36,230 cm™') appearing as the strongest. 

In contrast to the meta spectrum the bands of the 
ortho-xylene spectrum are narrow, have sharp heads, 
and are degraded toward the red. The repeated groups 
of this spectrum are made up of many narrow bands, 
and in some cases these groups overlap. In Fig. 2 we 
see that at least the main features of the well-developed 
group at 2679.6A (37,308 cm) are repeated in the 
groups at 2647.3A (37,815 cm-), 2630.8A (38,000cm7), 
and 2596.4A (38,503 cm). The group at 2613.8A 
(38,247 cm™') resembles the above groups but it has been 
found to be slightly different. When the spectrogram ob- 
tained for a substance temperature of —40°C (0.03 mm 
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META- AND ORTHO-XYLENE SPECTRA 


Hg) is examined, all of the first four groups mentioned 
above are present and each consists of three bands. In 
each group the two bands of longest wavelength are sep- 
arated from the one on the violet side by 76and 131 cm—. 
The band at 38,247 cm™ is also present at this tempera- 
ture, but with a companion 60 cm~ toward the red. 
At —20°C (0.28 mm Hg) a companion appears 60 cm7! 
to the red also in the first four groups. Above —5°C 
(0.92 mm Hg) other weak bands are found in the above 
groups as can be seen in Table II and Fig. 2. The sharp- 
ness of the individual bands allows in some cases to dis- 
tinguish fine bands, separated from each other by 3 to 5 
wave numbers and giving the impression of band heads. 

Asin the other two spectra the ortho-xylene spectrum, 
when fully developed, contains many bands toward 
shorter wavelengths ; however, in ortho-xylene the group 
character of the spectrum becomes lost because of 
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36572 (0-736) 
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Fic. 2. Absorption spectrum of ortho-xylene vapor. 


diffuseness and an accidental, almost equal spacing 
between adjacent bands with not so much intensity 
variation. At the long wavelength end of the spectrum 
the weak, temperature dependent, bands on the red side 
of the 37,308 cm group were difficult to measure 
because of an -increasing diffuseness of the spectrum 
with temperature. 

For both meta- and ortho-xylenes there is another 
absorption system around 2100A which is separate from 
the one discussed above. A study of this system with 
ultraviolet sensitized plates revealed only the edge of a 
continuous absorption which gradually moves toward 
the red with increasing temperatures. This edge. was 
found around 2100A at —60°C of the reservoir and 
around 2300A for 40°C. Above 50°C this system merges 
with the one at longer wavelengths. 

The measured bands and pertinent information per- 
taining thereto are presented in Tables I and II, for 
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TABLE I. Absorption bands of meta-xylene. 








Separation 
Wavelength Wavenumber from 0, 0 
A cm"! 36955 cm™! Intensity Assignments 


t=45°C t=60°C t=70°C 
p=24.5 p=49.5 p=76.1 
mm Hg mm Hg mm Hg 
ew 0—2X725—65 
ew 0—2X725 
ew 0—1245—65 
vw 0—725—510; 0O—1245 
0—995— 160 
0—995—65 





0—995 
0—725—160 


0—725—65 
0—725 
0—510—160 
0—510—65 
0—510 

0—2X 160—65 
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TABLE I.—Continued. 
Separation 
Wavelength Wavenumber from 0, 0 
A cm-! 36955 cm~! Intensity Assignments 
* 61.6 560 605 ew ew vw 0+675—65 
* 60.1 580 625 ew vw 0+735—110 
58.0 611 ew 
56.9 627 mw 
55.9 641 mw 
55.3 649 ew 
* 56.7 630 675 mw mw mw 0+735—65; 0+675 
* $25 690 735 vw vw mw 0+735; 0+965—160—65 
* 47.5 760 805 w 0+965— 160 
* 43.8 815 860 w 0+965—110 
(42.3 835 ew ew 
41.4 847 mw m 
40.5 860 mw m 
39.6 873 ew m 
39.3 878 ew ew 
* 40.8 855 900 mw m 0+965—65 
(37.7 901 ew ew 
36.4 919 vs s 
35.2 936 s s 
34.4 948 ew ew 
36.3 920 965 vs s 0+965 
* 272 38040 1085 ew ew 0+1145—65; 0+675+470—65 
* 24.0 100 1145 ew ew 0+1145; 0+675+470 
18.0 186 ew ew 
16.8 203 m m 
15.9 216 mw m 
15.1 228 vw 
* 16.8 205 1250 m m 0+1250 
* 08.7 320 1365 mw s 0+470+965—65 
05.4 370 ew ew 
04.7 381 m s 
03.5 398 mw s 
02.8 409 ew 
* 04.3 385 1430 m s 0+470+965 
*2594.2 535 1580 ew ew 0+675+965—65 
91.6 575 ew 
90.5 591 mw mw 
89.5 606 mw mw 
88.4 622 ew 
* 90.1 595 1640 mw mw 0+470+1250—65; 0+675+965 
86.2 655 ew 
85.4 667 Ww 
84.5 681 w 
83.7 693 ew 
* 85.4 665 1710 mw mw 0+470+1250 
. ToS 815 1860 ew ew 0+2X965—65 
[ 72.2 866 ew ew 
71.1 882 m m 
be 893 mw m 
69.9 900 ew ew 
* 72 880 1925 m m 0+2X965;0+675+1250 
* 63.3 39000 2045 vw vw 0+965+1145—65 
* 59.6 055 2100 Ww ew 0+965+ 1145; 
0+470+675+965 
53.7 147 ew 
52.7 162 mw mw 
51.6 179 mw mw 
51.2 185 ew 
* 52.5 165 2210 mw mw 0+965+ 1250 
* 448 285 2330 Ww mw s 0+470+2X965—65 
* 40.7 345 2390 Ww mw s 0+470+2x965; 
0+470+675+1250 
* 27.0 560 2605 ew vw mw 0+470+965+ 1250—65; 
0+675+2965 
* 227 630 2675 ew vw mw 0+470+965+ 1250 
* 13.9 765 2810 ew 0+3X965—65 
* 09.2 840 2885 ew m 0+3X965; 
0+675+965+1250 
* 02.1 955 3000 vw 0+2X965+1145—65 
*2498.0 40020 3065 ew m 0+2X965+-1145; 
0+470+675+2x965 
* 91.5 125 3170 ew mw 0+2X965+1250 
* 84.1 245 3290 ew m 0+470+3X965—65 
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TABLE I.—Continued. 





Wavelength 
A 


Wavenumber 
cm! 


Separation 
from 0, 0 
36955 cm™! Intensity Assignments 





* 80.3 


74.6 
73.2 
71.6 
67.0 
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3445 


3465 

3490 

3570 0+470+2X965+1250—65; 
0+675+3X965 

3635 0+470+2965+1250 

3730 

3780 0+4965—65 

3845 0+4X965; 
0+675+2965+1250 

4030 0+3X965+1145 


0+3X965+1250 
0+470+4X965—65 
0+470+4X965 


0+5X965 


4990 
5360 








TABLE II. Absorption bands of ortho-xylene. 








Wavelength 
A 


Wavenumber 
cm~! 


Separation 
from 0, 0 
37308 cm™! Intensity Assignments 





2782.0 
76.8 
72.0 
71.2 
68.8 
67.2 
64.4 


35935 
36002 
064 
075 
106 
127 
164 


1=55°C t=65°C 
p=32.0 p=51.0 
mm Hg mm Hg 

ew 

ew 

ew 


0—985 
0—736—3X76 
0—736— 189 
0—736—2X76 


0—736—60—72 
0—736—2X60 
0—736—90 
0—736—81 
0—736—72 
0—736—60 
0—736 


0—578—2X76 
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TABLE II.—Continued. 


















































Separation 
Wavelength Wavenumber from 0, 0 
a A cm! 37308 cm~! Intensity Assignments 
tax 55°C 
p=2.10 
mm Hg 
27.7 650 — 658 ew 0—578—81; 0—503—2X76 
26.4 668 — 640 ew 0—578—60 
21.8 730 —578 ms ew mw 0—578; 0O—503—76 
16.2 805 — 503 vw vw 0—503 
14.8 824 — 484 ew ew 
12.3 858 —450 ew 
09.9 891 —417 ew 
4=0°C 
p=1.33 
mm Hg 
01.9 37001 — 307 ew ew 0—4xX76 
2698.5 047 — 261 vw 0-—2X131 
97.6 060 — 248 w mw 0—2X 126; 0—255 
96.0 081 — 227 w mw 0-—3X76 
93.3 119 — 189 w mw 0—131—60 
91.3 146 — 162 vw O— 162 
90.7 155 — 153 Ww 0—2X76 
89.9 166 —142 vw 0—2xX72 
89.0 177 —131 m 0—131; 0—60—72 
88.7 182 — 126 mw 0—126 
88.2 188 — 120 ew vw 0—2x60 
85.1 232 —76 vs 0—76 
84.8 235 —73 ms vs 0-—72 
83.9 248 — 60 s vs 0—60 
83.6 252 — 56 ew vw 0—56 
a 79.6 308 0 vs vs 0, 0 
79.4 311 3 ew vw 0—503+507 
77.1 343 35 ew 
74.4 381 73 ew 
a 71.7 418 110 vw ew 0+582+692 
66.1 497 189 ew 0—503+692; 0+-189 
63.5 533 225 ew 
cia 61.3 564 256 vw vw 
57.6 617 309 m 
57.0 625 317 mw 0+507—131—60 
54.4 662 354 vw 0+507—2X76 
53.9 670 362 mw 0+507—2x72 
52.9 683 375 s 0+507—131; 0+507—60—72 
51.8 699 391 vw 0+507—2x60 
49.4 734 426 mw 0+507—81 
48.9 740 432 vs 0+507—76 
47.8 756 448 vs 0+507—60 
47.3 815 507 vs 0+507 
40.1 868 560 vw 0+692— 131; 0+692—60—72 
36.1 924 616 s 0+692—76 
35.8 928 620 ew 0+692—72 
34.9 941 633 m 0+692—60 
30.8 38000 692 vs 0+692 
z.A 127 819 m 0+939—2x 60 
19.2 168 860 ew 0+939—81 
18.7 176 868 s 0+939—72 
17.9 187 879 s 0+939— 60 
14.7 234 926 ew 0+1001—75? 
13.8 247 939 vs 0+939 
13.0 259 951 ew 
09.6 309 1001 m 0+1001?; 0+1195—2x60—72 
06.6 353 1045 ew 0+1195—2X76 
05.4 371 1063 m 0+1195—131; 0+1195—60—72 
04.2 388 1080 mw 0+1195—2x60 = 
02.1 419 1111 vw 0+1195—80 
01.5 428 1120 vs 0+1195—76 
00.3 446 1138 s 0+1195—60 
2596.4 503 1195 vs 0+1195 
92.6 560 1252 ew 
87.9 630 1322 Ww 0+507+939—60—72 
84.3 684 1376 mw 0+-507+939—76 
83.5 695 1387 ew 0+2X692;0+507+939—60 
80.1 747 1439 mw 0+692+939—2x60—72 
79.3 759 1451 w 0+507 +939 
75.5 816 1508 mw 0+507+1195—2x60—72; 


0+692+939—60—72 
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TABLE II.—Continued. 
meta- 
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meta- and ortho-xylene, respectively. The first column 
contains wavelengths which correspond to the heads of 
the bands except where they are preceded by an asterisk. 
Those so marked represent the center of the absorption 
band. In Table I the wavelengths enclosed by brackets 
represent the variations of intensity within the broad 
diffuse meta-xylene bands. The center of these bands, 
which were used for the calculations, are recorded di- 
rectly beneath such groups. Wave numbers, as obtained 
from Kayser’s tables, are given in column two while 
column three presents the separation of the designated 
from the 0,0 band. Wave numbers are accurate to within 
2 or 3 cm™ except those for bands marked with an 
_ asterisk which are given only to the nearest five cm™. 
Column four contains intensity data obtained by visual 
means for different temperatures and pressures. The 
following intensity scale of eight steps was used: 
ew—extremely weak, vw—very weak, w—weak, mw— 
medium weak, m—medium, ms—medium § strong, 
's—strong, and vs—very strong. Assignments and re- 
marks are included in the fifth column of the tables. 


DISCUSSION AND ANALYSIS 
A. Meta-Xylene 


If we treat the CH; groups as single atoms then meta- 
xylene has Cy, symmetry. This same symmetry is 
possessed by toluene, but the twofold axis is oriented 
differently. In both cases the z axis is perpendicular to 
the plane of the ring, but in toluene the twofold y axis 
is directed along the line of the C— CH; bond, while in 
meta-xylene the twofold axis bisects the angle formed 
by the two lines which pass through the respective 
C—CH; bonds. In the more symmetric 1, 3, 5 trimethyl- 
benzene (mesitylene) which belongs to the point group 
Dz, the twofold axis is directed along one C— CH; bond 
and bisects the angle between the other two. Mesitylene 
 isof interest here because of the meta-orientations of the 
CH; groups. The near ultraviolet spectrum of mesitylene 
has been interpreted by Sponer and Stallcup* as a 
forbidden transition (!A,/—'A,’) made allowed by a 
vibration of symmetry e’. In contrast, the meta-xylene 
spectrum is allowed (!4:—'B,) with a transition mo- 
ment along the x axis; nevertheless, a striking resem- 
blance has been observed between the two spectra. 
Bands of both spectra are diffuse and appear in pairs; 
also each spectrum has maximum absorption coefficient 
of about 250 and their oscillator strengths f are not 
very different. The meta-xylene spectrum has a little 
higher intensity than that of mesitylene. 

In discussing the meta-xylene bands the wave- 
numbers referring to the centers of the bands will be 
used, but it must be kept in mind that most of the 
. bands are about 20 cm~ in width and do not form 
heads. This not only influences the accuracy of the 
es 

*H. Sponer and M. J. Stallcup, paper in V. Henri Memorial 


Volume, Contributions a l’ Etude de la Structure Moléculaire, Desoir 
(Litge, 1948), p. 222. 
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assignments but also introduces in places some un- 
certainty in the interpretation. The band at 2705A 
(36,955 cm-) is chosen as the 0, 0 band. Only the fre- 
quency of 965 cm~ has been found to definitely form a 
progression in the meta-spectrum. However, a progres- 
sion of the 470 cm frequency may be masked by the 
strong 965 band. Members of the 965 progression are 
found at 37,920, 38,880, 39,840, 40,800, and 41,760 cm“. 
For higher members than the first of this progression the 
double bands are no longer of equal intensity ; instead, 
the long wavelength component of each ‘“‘doublet”’ be- 
comes progressively weaker for higher members. This 
upper state frequency of 965 cm™ is easily correlated 
with the ground-state value of 995 cm~ as represented by 
the band at 35,960 cm. Further the Raman spectrum® 
has a strong polarized line at 999 cm™, and a frequency 
of 1010 cm has been found in the emission spectrum 
produced by a Tesla discharge through meta-xylene 
vapor.? Then without doubt, the 995 and 965 values 
observed in the absorption spectrum correspond to the 
ground- and excited-state frequencies of a totally sym- 
metric carbon vibration. It takes the place of the 
“breathing” vibration of 992 cm~ in benzene and may 
well be “derived” from this vibration.*® 

Two other bands of medium intensity are found at 
38,205 and 38,100 cm— which have upper state fre- 
quencies of 1250 and 1145 cm~!. These frequencies are 
not found in progressions, but they do appear in combi- 
nations with members of the 965 progression. Also 
bands appear which may be explained as combinations 
of 1250 plus 470, and 1250 plus 470 plus 965. These 
bands involving the 470 frequency are always double, 
but the bands representing the frequency 1250 cm“, 
and combinations of the 1250 value with members of 
the 965 progression are the only ones in the entire 
spectrum which are not accompanied by long wave- 
length companions. The ground-state frequencies corre- 
sponding to the excited-state values of 1250 and 1145 
cm~ cannot be ascertained with certainty. Several 
possibilities of interpretation offer themselves. In 
analogy to meta-dichlorobenzene,’ the three upper state 
frequencies 965, 1145, and 1250 cm may be assigned 
to symmetric carbon vibrations, and the latter two may 
be taken to correspond to the ground-state values 1249 
and 1264 cm~! which appear in Raman lines of medium 
intensity with a joint depolarization factor of 0.10. 
However, if we follow a recent discussion given in the 
case of benzotrifluoride,* the symmetric bending vibra- 
tion of the CH; group represented by the strong polar- 
ized Raman line at 1375 cm™ might show up excited in 
the electronic absorption spectrum with a value of 1250 
in the upper state. Third, the 1145 may not be a carbon 
vibration but either the combination 675+-470 or the 


5 E. Herz, Monatsh. Chem. 74, 160 (1942). 
6K. S. Pitzer and D. W. Scott, J. Am. Chem. Soc. 65, 803 
1943). 

7H. Sponer, Revs. Modern Phys. 14, 225 (1942). 

8H. Sponer and D. S. Lowe, J. Opt. Soc. Am. 39, 840 (1949). 
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C—CH,; vibration for which a ground-state value of 
1249 had been chosen by Pitzer and Scott.® It seems, on 
the other hand, that Kohlrausch prefers a correlation of 
the strong polarized Raman line of 724 to this vibra- 
tional mode which he derives from the totally sym- 
metric benzene vibration of 992 cm~!. The ambiguity of 
interpretation just demonstrated is typical of much 
analysis work. A definite assignment of the 1250 and 
1145 frequencies should be postponed until more data 
are available from many more related molecules. 

The 724 frequency is observed in the band 36,230 
cm which is the strongest band found in this region. 
Its counterpart in the excited state can be chosen from 
weak bands only. The band 37,630 was picked which is 
675 cm toward the violet from the 0,0 band. The 
situation met here, namely, a vibration which belongs 
to a very strong Raman line and appears strongly in 
the ground but weakly in the excited electronic state, 
has been encountered before in respect to the C—Cl 
valence vibration of the monochlorobenzene and meta- 
dichlorobenzene.? As seen from Table I, the bands 
38,595, 39,560, and 40,525 can then be explained as 
combinations of 675 with the 965 progression, and 
675+470 may be represented by the band 38,100. 
The combination 675+ 1250 would then coincide with a 
band representing 2965. In such a case, the short 
wavelength component of the ‘doublet’? members of 
the 965 cm™ progression should be stronger than the 
long wavelength component for all members except 
the first. This is exactly what is observed. 

The vibration of 470 cm was taken from the band 
at 37,425 cm™ and correlated with the ground-state 
frequency of 510 cm™ represented by the weak band 
at 36,445 cm™!. Raman lines have been observed" at 515 
and 536 cm with a combined depolarization factor of 
0.33; however, Herz"! lists the 515 as depolarized and 
associates the 536 with the 0.33 depolarization factor. 
The 536 Raman line is twice as intense as the 515 line. 
In the infrared spectrum both the 515 and 536 cm“ 
frequencies have been observed by Plyler.” Following 
Pitzer and Scott® he assigned the 515 value to the 6; 
component and the 536 value to the a; component 
resulting from the 600 e,*+ benzene vibration. The same 
assignment of the 515 value had been chosen here and 
it is in excellent agreement with the similar assignment 
of 516 to class e’ in mesitylene. In fact, if we assume 
that the migration of electrons from the CH; group 
into the ring is weak and then consider the vibration 
forms of symmetry e,* in benzene it can be seen that 
‘the corresponding degenerate ¢’ vibration in mesitylene 
should have about the same frequency as the nontotally 
symmetric component #; in meta-xylene since the third 
methyl group of mesitylene does not take part in the 
vibration. Further check on the above assignment is 

*H. Sponer and S. H. Wollman, J. Chem. Phys. 9, 816 (1941). 

© Reference 5, Table 7. 


1 Reference 5, p. 161. 
2 E. K. Plyler, Disc. Faraday Soc. 9, 100 (1950). 
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obtained from the chloro substituted benzenes. In meta- 
dichlorobenzene the 6; (from e,+ benzene) vibration js 
428 while the e’ (e,*+) vibration is 425 in 1, 3, 5 trichloro- 
benzene.'* Because of the breadth and diffuseness of the 
ultraviolet absorption bands we have assumed that 
bands involving the 515 and 536 cm™ vibration are 
indistinguishable. The same is true for bands involving 
the upper state frequencies of these vibrations. There- 
fore, it is not expected that the so-called forbidden part 
of the spectrum would be observed, for it would be 
masked by bands involving combinations of the a; (¢,*) 
and other totally symmetric vibrations. 

A brief comparison of the interpretations given for 
the meta-xylene and mesitylene spectra may be in order. 
The 0,0 band of meta-xylene at 36,955 cm™ is only 
45 cm from the position of the 0, 1 band in mesitylene 
(37,000 cm). The 965 and 1250 separations in meta- 
xylene may be correlated with the vibrations 968 and 
1300 in mesitylene. The similarity of the spectra is 
further enhanced by the almost identical separation, 
65 cm™ in meta-xylene and 68 cm in mesitylene, 
occurring between the diffuse double bands found in 
each spectrum. In both cases these small frequency 
differences are probably produced by a v—» transition 
of a low-lying, nontotally symmetric vibration. Two 
such vibrations which were suggested for mesitylene, 
are represented in the 229 and 275 depolarized Raman 
lines. Corresponding Raman values occur at 226 and 
277 cm in meta-xylene.§ Only the first band toward 
the violet from the 0, 0 band in meta-xylene (0, 0+470) 
and from the 0, 1 band in mesitylene (0, 1+555) are of 
different origin as might be expected from the different 
character of the spectra (allowed and forbidden.) 

It is suggested that the diffuseness of the meta- 
xylene and mesitylene bands is caused in part by over- 
lapping v—» transitions and in part by the internal 
rotation of the CH; group. In meta-xylene the potential 
restricting such rotation is only about 500 cal/mole,’ so 
the group may experience almost free rotation causing 
a broadening of the bands. The v—» transitions will 
involve not only the same vibration in the two states 
but also different vibrations in the upper and lower 
states, although probably to a lesser degree. Another 
factor contributing to the diffuseness is the overlapping 
of the gross and fine structure resulting from rotations 
about the different axes. From the small restricting 
potential in para-xylene,* which is about the same as in 
the meta isomer, we might expect diffuseness in the 
para spectrum, too. Actually the para bands are slightly 
diffuse but to a much lesser extent than the meta bands. 
In ortho-xylene where the CH; groups are on adjacent 

13 H. Sponer and M. B. Hall, Paper in V. Henri Memorial Vol- 
ume, Contributions a l’Etude de la Structure Moléculaire, Desow 
(Liége, 1948), p. 211. 

§ Herz questioned his depolarization measurements of these 
lines, 0.66 for 226 and 0.61 for 277, because of interference from 
the exciting line. L. Simons [Soc. Sci. Fenn., Comm. Phys. Mat 


VI, No. 13 (1932)] obtained the following depolarization factors: 
For 201 combined with 226, p=0.89, and for 277, p=0.90 
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AND ORTHO-XYLENE SPECTRA 


TABLE III. Absorption spectrum of solid meta-xylene.* 








Amorphous state —180°C 
Separation 
from 0, 0 
36,810 cm™ 


Wave number 
(cm~) 


Assignments 


Crystalline state —180°C 
Separation 
from 0, 0 
36,455 cm™! 


Wave number 
(cem~!) 





36450-700 (1) —275 
720-900 (10) 0 0,0 
37150 edge 
300 max. 490 470 
400 edge 
700 edge 
800 max. 990 965 
850 edge 
38060 1250 1250 
220-320 1460 
500-580 1730 
680-780 1920 
960 ( 2150 
39260 2450 
470 2660 


2965 


470+965 
470+1250 


470+2X965 
470+965-+ 1250 560 (1) 


36410-500 (4) 0 
770 edge 
900 max.} (8) 445 
37020 edge 
140-180 (2) 
280-360 (9) 865 
500-600 (5) 
740-38060 (3) 
38200-340 (10) 
500-600 (2) 
680-780 (3) 
900-39060 (3) 
39160-300 (3) 








® Results of A. Kronenberger, Z. Physik 63, 494 (1930). 


carbon atoms, the bands are very sharp and narrow. 
We would expect interaction between the methyl 
groups and a much higher potential barrier. Pitzer 
and Scott® have obtained an approximate value of 2000 
cal/mole. It may be added for comparison that none 
of the dichlorobenzene spectra shows noticeable 
diffuseness. 

The absorption spectrum of meta-xylene has been 
obtained by Kronenberger" in the solid state at — 180°C 
and at — 259°C. Although an absorption spectrum at a 
low temperature becomes simpler due to a decrease in 
thermal excitation of vibrations and rotations, it be- 
comes on the other hand more complicated because of 
appearing lattice vibrations. For example, the structure 
of the main bands in benzene at — 259°C was attributed 
to superposition of crystalline frequencies.'® The ab- 
sorption in meta-xylene was taken at — 180°C for both 
the amorphous and crystalline state and at — 259°C for 
the crystalline state. It does not show a sharpness or 
structure like the benzene or chlorobenzene bands” at 
259°C. For the amorphous state, the bands are 
broader and more diffuse than the corresponding vapor 
bands, and the spectrum is shifted about 150 cm™ to 
the red, but otherwise it is very similar. The spectrum 
in the crystalline state at — 180°C is also composed of 
broad bands and their frequency separations from the 
0,0 band (band of longest wavelength at 36,410-500 
cm~') are slightly different from those found in the 
vapor spectrum. The entire spectrum is shifted about 
500 cm~! to the red from its position in the vapor. 
Kronenberger’s data are exhibited in Table III. The 
intensities are included in parentheses alongside the 
Wave numbers and in the adjacent column, for each 
state, the frequency difference between the centers of 
each band and the center of the 0, 0 band, in our inter- 
pretation, is given. Assignments added for the amor- 
ee 


“A. Kronenberger, Z. Physik 63, 494 (1930). 


rope Nordheim, Sklar, and Teller, J. Chem. Phys. 7, 207 


phous state are those found for the vapor spectrum 
(Table I). The agreement is good if we note the broad- 
ness of the observed bands. It should be.mentioned that 
the first band 36,450-700 is actually only a slight step- 
out on the envelope of the strong 36,720—900 band. 

For the lower temperature of —259°C (data not 
given in Table III) the 0, 0 band is unchanged, but the 
frequency separations are found to be still a little 
lower than those at —180°C. Most of the bands are 
split in three components about 60 cm apart for this 
temperature, but the strong bands at 36,400-470, 
37,230-320, and 38,140-280 are not, and are actually 
broader than the corresponding bands found at 36,955, 
37,920, and 38,880 cm™ in the vapor spectrum. 

Using the interpretation given here for the ultra- 
violet vapor absorption spectrum, the prominent Tesla 
luminescence bands, which were measured by McVicker, 
Marsh, and Stewart,” are easily explained. If the 36,960 
cm band is chosen as the 0, 0 band, the bands toward 
the red are found to involve ground-state frequencies 
of 510, 725, 995, and 1245 cm™ as expected. The 
37,400 band is interpreted as a transition from the 470 
cm level in the excited state to the vibrationless 
ground state. 


B. Ortho-Xylene 


The numerous closely spaced fine bands of the ortho- 
xylene spectrum give it an appearance entirely different 
from that of the spectra of the other two isomers. 
Actually, the structure observed in the meta bands 
indicates that such fine bands would also occur in this 
spectrum if the bands were not diffuse. Furthermore, for 
ortho-xylene with its fairly large restricting potential of 
internal rotation the group C2,* is a poorer approxima- 
tion to the actual molecular symmetry than C2, and 
Dz, for the other xylenes, so that practically all vibra- 
tional combinations may occur superposed on the pure 
electronic transion. However, since the strong bands will 
be those expected for C2,* symmetry, the spectrum will _ 
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be discussed from this point of view. The transition is 
1A,—1A). It is allowed with the transition moment in 
the x direction. 

As stated previously, the strong sharp bands of ortho- 
xylene appear in characteristic groups which are re- 
peated. The most detail is observed in the strong group 
of longest wavelength. Of this group the strong band 
on the short wavelength side at 2679.6A (37,308 cm™) 
is chosen as the 0, 0 band. The band of shortest wave- 
length in the fluorescence spectrum has been measured 
by Marsh!'* to be 2680A (37,300 cm™'). It is a strong 
band. He also found the violet edge in the Tesla 
luminescence to have the same value. These observa- 
tions support the above choice for the 0, 0 band. 

Due to the overlapping of band groups, some of the 
bands may be explained in more than one way. Gener- 
ally, the bands will be assigned using the smallest 
possible number of fundamental frequencies, but some 
other possible assignments will be discussed. 

In the Raman spectrum of ortho-xylene strong, 
polarized lines of 1222, 1052, 733, and 582 cm™ have 
been reported.!’” In the absorption spectrum, bands on 
the red side of the 0, 0 band were very difficult to meas- 
ure because of a partial masking by the continuous 
background; however, many weak bands were meas- 
ured. More prominent bands at 36,075, 36,254, 36,572, 
and 36,730 cm are separated from the 0,0 band by 
1233, 1054, 736, and 578 cm“, and these separations are 
correlated with the Raman frequencies mentioned be- 
fore. All the prominent bands in the absorption spec- 
trum which are found between 37,308 cm™ (0, 0 band) 

and 38,503 cm™ can be explained as belonging to groups 

which have their band of shortest wavelength located 
at 38,503, 38,247, 38,000, and 37,815 cm™. Their re- 
spective separations from the 0,0 band are 1195, 939, 
692, and 507 cm~. These upper-state frequencies are 
correlated here with the ground-state values of 1233, 
1054, 736, and 582 cm™. The frequencies 1195, 939, and 
692 do form progressions, and the second member of 
each respective progression is located at 39,694, 39,188, 
and 38,695 cm~!. Assignments of the 1233, 1054, and 
736 frequencies to definite modes of vibration are not 
unambiguous,*” but they do involve totally symmetric 
carbon ring vibrations and the C—CH; valence vibra- 
tion. It is necessary to study further these uncertain 
assignments, and we hope to do so. 

An assignment different from the correlation 939 
(upper state) —1054 (lower state) just mentioned is 
possible for the 939 frequency. A polarized Raman line 
at 985 cm™, which is only one-fifth as intense as the 
1052 line, could be associated with the 939 upper-state 
frequency. Also, the band at 36,317 cm™, could repre- 
sent the ground-state frequency of 991 cm~. If this is 
true, the band of medium intensity at 38,309 cm“, 
which previously has been assumed to be associated with 
the 1195 group, could instead represent a fundamental 


16 J. K. Marsh, Phil. Mag. 49, 971 (1925). 
17 E. Herz, Monatsh. Chem. 76, 1 (1947). 
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vibration of 1001 cm in the upper state. In this cag 
the ground-state vibration corresponding to the 100} 
frequency would be connected with the 1054 separation, 
An inducement for this assignment is that in ortho. 
dichlorobenzene the upper-state frequencies of 1089, 
957, and 944 cm™ have been assigned’ to totally sym. 
metric carbon vibrations. Arguments against a similar 
assignment here are that the 1001 frequency does not 
form a progression nor does it combine with the 939 fre. 
quency. Also the observed intensities fit the first assign. 
ment better where the 1001 band was considered part 
of the 1195 band group. 

The 507 cm™ frequency in the upper state with its 
corresponding ground-state value of 578 cm™ is as. 
signed to the a; (e,*) vibration. The 8; component of 
the e,* (606 cm) benzene vibration has been identi- 
fied® as the depolarized Raman line of 505 cm™ and the 
absorption band appearing at 36,805 cm™, that is 503 
cm distant from the 0,0 band toward longer wave- 
lengths, is correlated with it. This vibration has not 
been observed with certainty in the upper electronic 
state but may practically coincide with one of the 
companions on the long wave side of the 507 band. 

We whall now consider the long wavelength con- 
panions which accompany the strong bands discussed 
above. Atleast fifteen such companions were found on 
the red side of the 0,0 band. A smaller number than 
this appears in the other repeated groups. As stated 
previously, the groups are all similar except for the one 
at 38,247 cm“. 

Notable bands which accompany the 0, 0 band are 
separated from it by 60, 72, 76, 126, and 131 cm“. 
Tentative assignments will be suggested for some of 
these bands, but there are not enough data available 
to make definite assignments. 

The 37,248 and 37,188 cm™ bands in the first group 
represent separations of 60 and 2X60 cm™. Their 
intensity indicates that they may involve ground-state 
vibrations of about 300 and 2X 300 cm-!. The measured 
Raman value nearest 300 is the 255 cm™ line. It may 
correspond to our 248 separation found from the band 
37,060. Herz?” has assigned this frequency to an out-0- 
plane vibration of the ring of symmetry class {2 or a. 
The bands 37,248 and 37,188 cm! may be produced by 
v—v transitions (v= 1 and 2) between 248 in the ground 
state and 188 in the upper state. Since these vibrations 
appear singly excited, they would then have to be of 
symmetry character 2. 

The band at 37,235 cm which represents the 72 
cm separation is produced perhaps by a v—» transition 
between the ground-state vibration 578 cm™ and upper 
state vibration 507 cm= of the a: (e,t) vibration. The 
intensity of this band and the one at 37,166 cm~, which 
has a separation 2X72, is a little high for such am 
assignment, but not high enough to make the assig!- 
ment untenable. 

The band which is separated 76 cm= from the 0,0 
band, is as strong as the 0,0 band; so it is probably 
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produced by a low-lying vibration. Four members of 
this v—v transition (v= 1, 2, 3, and 4) are observed with 
separation 76, 2X76, 3X76, and 4X76 cm™. They are 
represented by the bands at 37,232, 37,155, 37,081, and 
37,001 cm™, respectively. It is possible that the 
depolarized Raman line of 178 cm™ may be associated 
with this transition. 

In addition to the above bands which accompany the 
0,0 band, a very weak band is found at 37,311 cm™, 
which is 3 cm~ on the violet side of the 0, 0 band. This 
band may be produced by a transition from the (8;) 
503 cm~! ground-state level to the (a1) 507 cm™ upper- 
state level. This transition would have a moment in the 
y direction. The band 0—56 may be the result of a 
superposition of this 503-507 transition on the one 
producing the separation of 60 cm~'. Although a similar 
correlation fits numerically for the separations 72 and 
76, and 126 and 131 (see Table II), the intensities of 
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these bands are rather high for such an interpretation, 
which is therefore considered as quite uncertain. It is 
also possible that some of these frequency differences 
are connected with rotational structure. 

Other transitions involving a different ground and 
upper state vibration are represented, for example, by 
the bands, at 37,418 and 37,497 cm. These transitions 
are 0—582—-0+ 692 and 0—503-0+ 692. 

On the basis of the above interpretation most of the 
prominent bands have been assigned in Table II. 

Marsh observed only four bands in the fluorescence 
spectrum and five bands in the emission spectrum 
produced by a Tesla discharge? through ortho-xylene 
vapor. Doubtlessly, other expected bands were masked 
by the continuous spectrum he reported in this region. 
The fluorescence and Tesla luminescence data are so 
meager it would not be informative enough to include 
them in this report. 
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Three statistical mechanical models are developed for use in 
connection with the problem of muscle action. In addition, the 
models should apply to certain other systems, for example, poly- 
electrolyte fibers or gels, fibrous proteins in general, and ion ex- 
change resins. 

The first model is a statistical mechanical version of the “au- 
tone” model of Varga, Szent-Gyorgyi, Gergely, and Laki, but we 
extend the theory to include the effect of an adsorbed substance 
(e.g., ATP) on the length of the elastic element. 

The second model is a charged rubber-like cylindrical fiber. The 
charges on the molecular chains of the network may be permanent 
or may result from the adsorption of ions from solution (e.g., 
hydrogen ions, or ATP). The approximate free energy of the sys- 
tem is computed by combining the Flory-Rehner swelling theory, 
the Fowler-Langmuir adsorption model, and an electrostatic free 
energy based on a “smeared” uniform charge density inside the 
fiber (electrolyte is also present), as suggested by the work of 
Hermans and Overbeeck. If the radius of the cylinder is large 
compared to the radius of the Debye-Hiickel ionic atmosphere, it 
isnot necessary to linearize the Boltzmann factor in the Poisson- 
Boltzmann equation. From the free energy of the system one ob- 
tains the interconnected pressure-volume, length-tension and 
adsorption isotherm relations. Important special cases are iso- 
tropic swelling (zero tension) with the gel under pressure or not, 
and the elasticity of the fiber (with adsorption) under zero pres- 





I. INTRODUCTION 


[* another paper! the thermodynamics of free energy 
transfer in muscle has been discussed for a certain 
class of models of muscle action.? The essential struc- 


'T. L. Hill and M. F. Morales, Arch. Biochem. and Biophys. 
(to be published). 

* For example, M. F. Morales and D. J. Botts, Arch. Biochem. 
and Biophys. (to be published). See also J. Riseman and J. G. 
Kirkwood, J. Am. Chem. Soc. 70, 2820 (1948). 








sure. When the fiber is constrained to a constant radius, it is 
possible to get a phase change in the length-tension curve (see 
below). 

The third model is an equilibrium statistical theory of the well- 
known a—8 transformation in fibrous proteins (such as keratin 
and myosin). Adsorption of ions from solution and electrostatic 
effects can be included here as well as in the preceding model, but 
the discussion is concerned primarily with an analysis of the 
elasticity of a sheet of polypeptide chains with a- and 8-units 
statistically scrambled, taking into account as a nearest-neighbor 
problem in statistical mechanics (using the quasi-chemical 
method) lateral 8— 8 hydrogen bonds and vertical a—a@ hydrogen 
bonds. From the theory it would appear that critical phenomena, 
phase changes (for example, a considerable increase in length at 
constant tension, representing a phase change from primarily 
vertical a—a crystallization to primarily lateral 8— crystal- 
lization) and hysteresis are to be expected. These phenomena are 
observed experimentally, though modified in most cases by super- 
imposed non equilibrium effects. It is pointed out that a fiber 
operating (on stretching and retraction) between the two “‘ends” 
of a phase change would be particularly suitable in the muscle 
problem, because of the sensitivity of the length of the fiber at 
constant tension to small changes in environment (e.g., pH). 

Although a few illustrative examples are given, further applica- 
tions are reserved for a later paper. 





tural feature involved in the free energy transfer is an 
elastic fiber which can shorten on adsorbing a solute 
(for example, adenosine triphosphate, ATP) from solu- 
tion. In order to apply the thermodynamics to the 
muscle problem, in a detailed way, explicit statistical 
models of such a fiber must be available. The purpose 
of the present paper is to provide three such models 
(Morales and Botts? have discussed another related 




































1260 





model. Also, the earlier work of Riseman and Kirk- 
wood? should be mentioned.)-The actual numerical 
applications of the statistical equations will be pre- 
sented elsewhere.* 

In addition to the particular application which stimu- 
lated this work, it is believed that the results of Secs. III 
and IV, particularly, will be useful in connection with 
work on polyelectrolyte fibers and gels (including ion 
exchange resins) and fibrous proteins in general, respec- 
tively. 


Il. THE “AUTONE” MODEL 


Here we consider the fiber to be made up of inde- 
pendent parallel molecular chains. Each chain consists 
of B macromolecular units or “autones”’ linked together. 
An autone can exist in a short (“contracted”’) state of 
length /, or a long (‘‘relaxed’’) state of length Js, and an 
equilibrium exists between the two states. This model, 
in quasi-thermodynamic form, has been used before.* We 
give a statistical treatment here and extend the model 
to take into account the effect of variable amounts of an 
adsorbed substance (e.g., ATP) on the length of the 
chain. It will be noticed that the treatment in this sec- 
tion is rather formal and general and could apply to sev- 
eral different specific molecular theories (e.g., electrosta- 
tic forces could play essentially the same role here as in 
Secs. III and IV, although the formalism is different). 

We need consider only a single chain. Let B, autones 
be in the state a and B—B, in the state 8, so that the 
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Fic. 1. Length-tension curve at constant ¢ (Eq. (12a)). r=0 in 
equation below determines rest length. 
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3 T. L. Hill, Trans. Faraday Soc. (to be published). 
4L. Varga, Hung. Acta Physiol. 1, 1 (1946); A. Szent-Gyorgyi, 
Biol. Bull. 96, 140 (1949); J. Gergely, Enzymologia 14, 220 
(1950); J. Gergely and K. Laki, Enzymologia 15, 272 (1950). The 
model is due originally to Laki. 
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length of the chain is 
1=1,Ba+13(B—Bz.). (1) 


The length is thus essentially determined by the value 
of Bz. Let Ja(T) and Jg(T) be the partition functions 
of individual autones in states a and 8, respectively, 
These quantities take into account both energy and 
entropy (e.g., number of molecular configurations) con- 
tributions to the relative stability of the two types of 
unit. Similarly, let j.(7) and js(T) be the partition 
functions (including energy and entropy of adsorption) 
of an individual adsorbed molecule on the two types of 
unit, respectively. For example, if j2> js, adsorption is 
stronger on a units than on B (hence adsorption will 
result in some 8—a and a shortening of the chain). We 
assume that there are x equivalent and independent 
adsorption sites on each autone. Interactions between 
adsorbed molecules are neglected. Suppose V molecules 
are adsorbed, V, on a-autones and V— NV, on B-autones. 
Then the complete partition function for the chain is 


Q, N, T)=Lg(Na,!, N,T), (2) 
N 


B! (xB,)! 
B,!Bs! Na!(xBa—Na)! 





= 


(xBg) ! 
Na ! (xBg - Ns) ! 





J BJ p27 Naz eB, 


Bs=B—B., Ns=N-N., 

where B,(/) is given by Eq. (1). The three combinatorial 
expressions are, respectively, the number of ways of 
arranging B, and Bg autones of the two types, the 
number of ways of distributing V. adsorbed molecules 
on xB, sites, and the number of ways of distributing 
Ng adsorbed molecules on «Bg sites. 

As usual, we can set Q equal to the maximum term 
in the sum in Eq. (2). By using the Stirling approxima- 
tion, the required value of Na for given 1, N, T is found 
from 


(0 Ing/ON «)Ba,N,T=0 (3) 

to be given by 
Na(xBs— No) 
Na(xBa—Na) 





=Jap; Jab=Ja/Js. (4) 


This is a quadratic equation which can be solved for Va. 
We have® 


dA = —SdT+7rdl+ ud, 
A=—hkT InQ, 
6 T. L. Hill, J. Chem. Phys. 18, 791 (1950). 


(5) 
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where 7 is the tension en force). Then 


9 InQ 
N,T 


t(Ig— i) m4 (xBg— N~)Ba 
= n-— 
kT BaL(xBa—Na)Bg 


re) a 


Na,N,T, 





ns J ap=Ja/Jp (7a) 


(7b) 


=In— 


Bg NsBajas ” 
) Joo 
Ba\ NBs 


By using Eqs. (1) and (4), Eq. (7) gives us r= (1, N, T). 
Also 


d InQ d Ing 
p= r(— --i7( ) 
ON 7 Na,Ba,T 


be xBg— Ng *B.—Na : 
sean 
kT Np No 


1 
= ——[p(T, P)+kT Inc], 
kT 


(9) 


where c¢ is the concentration (more rigorously, the ac- 
tivity) of the adsorbate in solution, and u°(7, P) is the 
standard chemical potential in solution. If we define 


fa=ja exp(u°/kT), 
fa= js exp(u°/kT), 
Eq. (9) becomes 
Na=xBafac/(1+fac), (10) 
Np=xBgfoc/(1+ foc). (11) 


These are, of course, “Langmuir” adsorption isotherms. 
On substituting these expressions in Eq. (7a) and using 
Eq. (1), we find 


set. Pt fa 
= In 
1+cfs 


kT 6 
I— Bl, 1 +cfa\* 
In ( ) J ap: 
Bls—l 1+cfe 
This gives r= 1(I, c, T). We can also obtain /(r, c, T) 
L leJap(1+cfa)*+ls2(1+cfs)* 


BJ ap(1+cfa)*+2(1+cfs)* 
z=exp[t(/g—l.)/kT J. 


Equation (13) has the form of a weighted mean of 
1, and Js, the qualitative significance of the “weights” 
being obvious. 

Figure 1 shows the form of the length-tension curve 
at constant ¢ according to Eq. (12). An s-shaped curve 
may or may not be obtained, depending on the location 








) Jos; 02 B4/B (12a) 





(12b) 





(13) 








100 


Fic. 2. Shortening of chain with increasing ¢ at constant r 
(Eq. (13)) in the arbitrary special case x=1, 1g/la=5, Jag=%5 
(8 units more “stable” than a) and fg=0 (no adsorption on 8 
units). The z=1 curve gives the rest length as a function of c. 


of r=0. Figure 2 is an illustrative numerical example 
showing how / can depend on ¢ at constant 7, according 
to Eq. (13). 

The treatment of Gergely and Laki** corresponds in 
our notation to the special case c= (actomyosin 
saturated with ATP) 


+(Is—le) oF Bla Jaafar 
kT Blg-t fg 





(14) 


This is also formally identical with the c=0 case (re- 
place Jasfa?/fs” by Jas). 


III. CHARGED RUBBER-LIKE CYLINDRICAL FIBER 


Consider a very long cylinder (we neglect end 
effects) of rubber-like material of length /, radius R and 
volume V, immersed in an electrolytic solution. The 
intrinsic elastic and swelling properties of this molecular 
network (i.e., in the presence of solution but in the 
absence of charges on the network) are treated using 
the theories’ of Wall, Flory and Rehner, and Flory. 
Attached at random along the various molecular chains 
of the network are n charges e. Also, there are B equiva- 
lent sites for adsorption in the sample and V molecules 
are adsorbed. Each adsorbed molecule carries with it a 
charge me. Aside from electrostatic forces, the adsorbed 
molecules do not interact and the nature of the specific 
binding at the adsorption sites is assumed independent 
of /, V, and total charge. The total charge in the volume 
V is n*e=ne+Nme. We make the simplifying assump- 
tion that the resulting charge density pe=n*e/V is 
uniform. Solvent (of dielectric constant D) and electro- 
lyte are free to penetrate inside the cylinder. In the 


*It should be pointed out that (1) the “rest length” referred 
to by Gergely and Laki is the maximum length B/g (@=0) and not 
the elastic rest length (r=0) used here; and (2) the application 
made by Gergely and Laki is to an (enzymatic) steady-state 
condition (see reference 2). 

7F. T. Wall, J. Chem. Phys. 10, 485 (1942); 11, 527 (1943); 
P. J. Flory and J. Rehner, J. Chem. Phys. 11, 512, 521 (1943) ; 
12, 412 (1944); P. J. Flory, Chem. Revs. 35, 51 (1944) ; J. Chem. 
Phys. 18, 108, 112 (1950). See also Kuhn, Pasternak, and Kuhn, 
Helv. Chim. Acta 30, 1705 (1947); J. J. Hermans, Trans. Faraday 
Soc. 43, 591 (1947); H. J. White and H. Eyring, Textile Research 
3. Bf, 523 (1947); L. R. G. Treloar, Proc. Roy. Soc. (London) 
200A, 176 (1950). 
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solution, far from the cylinder, ions of type i and 
charge ¢; have the concentration c;. The Debye- 
Hiickel constant « is given by 


4r 
DkT 





Dic 7€ if. 


K* >= 


Refinements of the electrostatic treatment in the pres- 
ent paper are discussed elsewhere.* 

The particular application we have in mind is that 
the n charges are, say,” —COOCat and —NH;* (n con- 
stant; this is not quite the same as pH constant—see 
below) and m=+—4(ATP). Adsorption of ATP reduces 
the positive charge and will cause contraction of the 
fiber! at constant tension. Other examples: (a) In a 
strong polyelectrolyte fiber or gel, adsorption may be 
absent, V=0; and (b) in a weak acidic polyelectrolyte 
fiber or gel ” would be, say, the total number of car- 
boxyl groups, e=—|electronic charge| for —COO-, 
and N the number of “adsorbed” hydrogen ions 
(m=—1, B=n). The experiments of Katchalsky and 
Kuhn! on this kind of system are well known. If there 
are several different types of groups for ‘‘adsorbing”’ 
protons, Langmuir adsorption on a “heterogeneous sur- 
face” can be introduced with no difficulty.® Also, ad- 
sorption of, for example, ATP at constant or variable 
pH can be given similar treatment by using mixed 
Langmuir adsorption (ATP and H*) on two different 
sets of sites, both species contributing to m* and there- 
fore influencing each other’s adsorption. 

We now derive an approximate expression for the 
Helmholtz free energy A of this system (cylinder plus 
solution) in the state /, V, n, N, x, using isothermal 
processes at temperature 7”. As an initial reference state 
we take (a) the “dry” network at pressure P, tension 
7=0, volume Vo, length Jo, radius Ro, N=0, and e=0 
(i.e., discharge the charges on the network) plus (b) 
a sufficient volume of solution at pressure P. The free 
energy of the initial state is Ao. The “dry” network and 
the solution are both assumed incompressible (see 
below), and, on mixing, the two volumes are assumed 
additive. The solution is treated as a one-component 
solvent (with volume per molecule v9) in the entropy 
of mixing expression below. 

When applied to a protein (or related substances), the 
equations below will be more suitable if the “dry” 
network is understood to include, as part of the protein, 
water relatively strongly bound on polar groups. Thus, 
on adsorption of water vapor by proteins, there is ap- 
parently first localized adsorption on specific sites, 
followed by “solution” adsorption.®** For convenience 
we take as our initial reference state protein with 


8 For example, A. Katchalsky, Experientia 5, 319 (1949); 
Kuhn, Hargitay, Katchalsky, and Eisenberg, Nature 165, 514 
(1950). 

°T. L. Hill, J. Chem. Phys. 17, 762 (1949). ; 

% A. D. McLaren and J. W. Rowen, J. Polymer Sci. 7, 289 
(1951). 
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specific sites already filled. The adsorption problem 
itself, including length-tension effects in the cross- 
linked case, will be treated elsewhere.*» 

Consider the following processes: 


(1) Dry network at P, etc.,+-, molecules of solution | 


at P (from (b) above)—swollen network with / and V, 
where V= Vo+N 52. 

(2) Addition of V discharged adsorbate molecules to 
the network (not from the solution—the adsorption 
equilibrium is considered frozen, for example by a 
membrane impermeable to adsorbate, until process (4)). 

(3) The network and the N adsorbed molecules are 
gradually charged up from e=0 to e, keeping / and V 
constant. We neglect the influence of this charging 
process on the relative probabilities of various con- 
figurations involved in process (1). 


(4) We let A refer to the free energy of the system for | 
an arbitrary value of NV and let A,q refer to the system | 
when the value of N in (2) is chosen so that the chemical _ 


potential of adsorbate on the network (after charging 
in (3)) is just equal to its chemical potential in solution. 
In this case we can unfreeze the adsorption equilibrium 
without any further free energy change. 

There are two contributions’ to AA,, mixing of 


solution with network and deformation of the network. | 


Suppose the network consists of v chains, each contain- 
ing Z “statistical” segments of volume 62 (hence 
Vo=ZvBw). In the Flory-Huggins polymer solution 
theory, the entropy of mixing v polymer molecules (not 
in a network) with V, solvent molecules is 





: ZvB 
ASmix= -A| cv./8) In a vy In | (15) 
N.+ZvB N.+ZvB 


A network is essentially a single molecule so that the 
desired result in the present application follows formally 
from Eq. (15) on letting »-0 keeping Zv@ constant 
(Hermans’) 
Nk N, 
In———— = 


6B NetZvB- 








(V—Vo)k V—Vo 
= n p 
V8 V 


AS mix = bend 


As in the Flory-Huggins theory a van Laar “heat”’ of 
mixing (actually including an entropy contribution) 
term is added, so that 


V—Vo\ (V—Vo)kT V—-Vo 
nic B'Vo( )+ In ’ (17) 
V V6 V 





where B’ is a constant. The entropy of deformation of 
the network we obtain from Wall’s theory’ (Eq. (29) of 
his paper ITI) as modified by Flory’ to take account 
of the volume dependence of the entropy of cross- 


% T. L. Hill and J. W. Rowen, J. Polymer Sci. (to be published). 
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(18) 


—vkT 3 oc V 2y?> V 
i ( 
a=1/lo, 


where f is Flory’s “functionality” of the cross-links in 
the network, and the cross-links are assumed to have 
been formed in the presence of diluent at a volume 
Voy’. For large extensions, the Gaussian distribution, 
on which this equation is based, can be refined, as is 


} well known, but we omit this refinement for the present. 
| Y |) Further equations will be restricted to the usual special 
arging | 


case f=4, y=1; the extension of these equations to the 
general case is trivial. Wall’s treatment’ corresponds 


} formally to the case y=1, f=2. 


Incidentally, in applying Eq. (18) to dry polymer, it is 
implicit that an additional term representing the virtual 
incompressibility (V=V») of the polymer should be 
present. Boggs®* has treated this point explicitly, using 
the Lennard-Jones and Devonshire theory of liquids. 

Then 


AA,=AA mix t MA det. (19) 


Apart from electrostatic effects, the partition func- 
tion associated with the V adsorbed molecules is (see 


Eq. (2)) 


Q=B!j"/LN !(B—N) !], (20) 
so that 
AAo= —kT[B InB—N InN 
—(B—N) In(B—N)+N Inj]. (21) 


(It would be more correct to write 7’ here—the partition 
function for an isolated uncharged adsorbed molecule— 
and include a term —N&T In(j/j’) in AAs3, but the 
final result is the same.) 

There are two cases for which we wish to calculate 
AA;. Before considering these it is convenient to discuss 
the thermodynamics applying to both cases. Figure 3(a) 
shows schematically the most general experimental ar- 
rangement of interest in the present paper. The solution 
and fiber are connected by a membrane or porous plug 
permeable to solution, and an incompressible, inert 
fluid surrounds but does not penetrate the fiber. P is, 
for example, the constant atmospheric pressure while 
p is an adjustable pressure. Aq is the Helmholtz free 
energy of solution plus fiber, at equilibrium. If we pass 
to a neighboring equilibrium state 


dA .g= —SdT+1dl—(p—P)dV 


22 
t=(0A,,/0l)r,v, etc. (22) 
Alternatively, from 
A =A )+AA itAAot+AA3 (23) 


*° F. W. Boggs (personal communication) and J. Chem. Phys. 
20, 632 (1952). 
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Fic. 3. (a) General schematic experimental arrangement. 
S=solution, F=fiber, /=inert fluid, /=membrane permeable 
to solution but not fiber material, P, »=pressures, and r= tension. 
(b) Special case with fiber immersed in solution, and no inert 
fluid. (c) Special case of freely swelling network (fiber). (d) 
Special case of fiber restricted to constant radius. 


we obtain 


OA OA 
ano), (8), 
OT/ v.1,N Ol / rv.N 


0A 0A 
a () dV+ (—) dN—pdN. (24) 
OV/ rN ON/ 7,¥,1 


The last term must be added in this equilibrium process 
since the increment in the number of adsorbed mole- 
cules, dN, comes from the solution and not from outside 
the system as in process (2) above. Further, at equi- 


librium, 
0A 
ON/ 7,¥,1; 


so the last two terms in Eq. (24) drop out. Hence, com- 
paring Eqs. (22) and (24), 


0A 
nf). nl), at 
Ol / 7,v,N T,1,N 


Let 7; and p;’ (i=1, 2, 3) be the contributions to r 
and p—P arising from AA; in Eqs. (23) and(26). 
Then we find 


na (a :) 
ipiceietanes 
K 
pi -—|- (;--)-$#-»-na-o (29) 
VBLZ 2 


(25) 


(27) 


an 


(28) 
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v=V./V and K=2B'uB/kT. (30) 


We now consider AA3. The Poisson-Boltzmann equa- 
tion is 


4 
Vy= — Loe Dae ») exp(—e/RT)] 
O<r<R (31) 


(32) 


4r 
= phew exp(—eW/kT) r>R, 


where r is the perpendicular distance from the axis of 
the cylinder. D; and 1—» in Eq. (31) take care, approxi- 
mately, of the effect of the network on the dielectric 
constant and average local electrolyte concentration 
inside the cylinder. 

We must distinguish two cases here. If R>>1/x, for 
example if the cylinder has an essentially macroscopic 
radius, it is not necessary to make the usual Debye- 
Hiickel linear approximation if a single symmetrical 
electrolyte is used. If R} }1/x, one must linearize the 
Debye-Hiickel differential equation in order to solve it.” 


A. Cylinder of Small Radius 
On linearizing, Eqs. (31) and (32) become 


Ape 
Vy=—-—+arxry O<r<R 


t 


(33) 


=ry r>R (34) 


a’?= D(i—v)/D; 


If the continuity of y and D(dy/dr) at r=R is used, 
the solution" of Eqs. (33) and (34) is 


A4rpe [ 
7 
D(i—s)eL 





i(s)Io 
Ha)= Kx(s)Io(ax) 


I,(as)Ky(s)+Ko(s)I:(as)(Dja/D) 
O<x¢s (35) 
Ape T,(as)(D;a/D) K(x) 
~ D(1—v)x2 Ip(as)Kx(s)+Ko(s)I,(as)(D,a/D) 
x>s (36) 





x=xr, s=kR, 

where J,,(x) and K,,(x) are modified Bessel functions of 

the first and second kinds, respectively. The electro- 

static free energy of charging the network at constant 
10 See, however, Fuoss, Katchalsky, and Lifson, Proc. Nat. Acad. 


Sci. 37, 579 (1951). 
1 T. L. Hill, J. Chem. Phys. 17, 1125 (1949). 


T, 1, and V is 


1 R 
AA;= f f Qarldr- pedd- (er, 7) 
A=0 “ r=0 


2an*é 
MS Dr?(V—Vo) 
{1- 21;(as)K,(s) 
as[Io(as)K,(s)+Ko(s)I:(as)(D,a/D) ] 


By using R=(V/rl)!, the definition of a, and making 
some choice for the function D;(v), Eq. (38) can be 
differentiated to give 73 and 3’; but for simplicity we 
confine ourselves here to the important special case 
V>Vo, i.e., we put »=0, D=D;, a=1. Then 





(38) 


n*e2 
[1—21;(s)K,(s) ], 
DV 
en *2 


(71(s)Ky'(s)+ K,(s)Ii'(s) Js, 


DrV1 
ren*® 


p3'= {1—2/,(s)K,(s) 


DV? 
+sL1i(s)K1'(s)+ Ki(s)J1'(s) J}, 


(40) 


i 


(41) 
s=k(V/nl)}. 


The adsorption isotherm, from Eqs. (9), (21), and 
(39), is 


f N rowaibee 21 s)K.ls)] 
C= e = AY § 
P| DeVET wake 


B-—N 
f=j exp(u°/kT), 


where, it should be remembered, ”* depends on N. It 
will be noticed that there is the implicit simplification 
that the extent of adsorption is independent of r. 
(R} $1/k). 

Finally, we remark that if we let xR in Eqs. 
(35)—(42), we use 


r\} 
K)o(=) 
2s 


1—2/,(s)Ki(s)—1 
sl T1(s)Ky'(s)+ Ki(s)I1/(s) J-0. 


1 Compare J. J. Hermans and J. Th. G. Overbeeck, Rec. Trav. 
Chim. 67, 761 (1948), Appendix I. The electrostatic theory in the 
present paper is similar to that given by Hermans and Overbeeck, 
except for geometry (R small) and nonlinearizing the Boltzmann 
factor (R large). Incidentally, we are investigating two refine- 
ments of the Hermans and Overbeeck theory, namely, use of an 
ellipsoidal model instead of a sphere (to allow following the transi- 
tion from a sphere to a rod on adding charges) and inclusion of the 
appropriate Flory-Rehner free energy of mixing terms for a single 
polymer molecule (P. J. Flory, PA Chem. Phys. 17, 303 (1949))- 
See T. L. Hill, J. Chem. Phys. 20, 1173 (1952). 


(42) 


(43) 
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B. Cylinder of Large Radius (Donnan Equilibrium) 


Because of the assumed large radius, edge effects 
near r= R are negligible in AA; and hence we can put 
y=constant in Eq. (31). Hence (note that D; drops out) 


pe+ > €:c:(1—v) exp(—ew/kT)=0. (44) 
In the linear approximation, 


P pekT Ape 
(1-2) Die?e: D(1—0) a? 





(45) 


in agreement with Eq. (35) (x=0, s— ; see Eq. (43)). 
In the nonlinear case, for a single symmetrical electro- 
lyte'® (we take, to be specific, co=ci, e1.= — €2=€) 


kT 
y=— sinh-'—_—___. (46) 
€ 2c,(1—2) 
We now calculate AA; by gradually charging up the 
n* charges on the molecular network : 


n* 


1 
a= f nt edd-W(ph) =n°E sinh ——— 
0 2¢,(V— Vo) 


2c(V— Vo) 293 2¢,(V— Vo) 
ee rs Te 
n nN 


(48) 
n* 244 
+(e) I} 
2¢4(V — Vo) 
; n* 


(50) 


- 
cous 


exp|m sinh | 
2c,(V—Vo) 


N 
= exp(mep/kT). 
B-—N 


y 
es 


(51) 


Equation (51) is similar to the Stern equation." 

Equations (35)-(42) and Eqs. (46)—(51) of course con- 
verge to the same results for xR in the former equa- 
tions and m*—0 or c;—>~ in the latter (1—v is omitted 
in Eqs. (39)-(43)). 

This completes the formal, approximate solution of 
the problem of the present section. The interrelations 
between length, tension, volume, pressure, electrolyte 
concentration, adsorbate concentration, amount of 


es 

“The ion being adsorbed is of course part of the electrolyte 
hence this simplification (single symmetrical electrolyte) may not 

possible in some cases. In ATP adsorption, the concentration 
of ATP in solution is in general low enough to neglect its contri- 
bution as part of the electrolyte (this neglect is of course not 
necessary when the linear approximation is used). 

See E. J. W. Verwey and J. Th. G. Overbeeck, Theory of the 

Stability of Lyophobic Colloids (Elsevier Publishing Company, 
Amsterdam, Holland, 1948), Eq. (17). 
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adsorption, etc., are contained in the above equations. 
However, we shall discuss further in the present paper 
only certain important special cases. 


Special Cases 


(1) p=P. The case of most interest is perhaps the 
one shown in Fig. 3(b). The total volume of the system 
is constant so that / is the only external thermodynamic 
variable. The volume V of the cylinder plays the role 
of a parameter with respect to which A.q is minimized 
at constant T and /. That is, 


(8A oa/OV) 7, 1=0. (52) 


But from Eq. (22) this is just the condition p= P. Then 
pi’ + ps =0. (53) 


Equation (53) represents the balance between the 
elastic resistance of the network to expansion (first 
term in Eq. (29)) on the one hand and the osmotic 
pressure of the network (last three terms in Eq. (29)) 
plus the osmotic pressure of the ions” (p3’) tending to 
increase V, on the other. In the more general situation 
(p~¥P), the elastic resistance of the network and p—P 
are together balanced by the osmotic pressures 


~~ P+} (— Pelastic) = Tosm. network tT Tl osm. ions) 


where 
Tlosm. network t Pelastic= py 


eae 
TI osm. ions ps . 


From Eq. (53) we can get, for example, 0(a) to be sub- 
stituted for » in r=71+73, giving r(a) (constant NV 
and T). 

(2) p=P, r=0, R>1/k. Unless the cylinder is large, 
swelling (with r=0) is not isotropic (Eq. (40)). With 
R>>1/«x, r=0 in Eq. (28) gives a=1/v! (isotropic swell- 
ing). Using this relation to eliminate a in Eq. (53), the 
resulting equation determines the equilibrium swelling 
of the free network (Fig. 3(c)), including the electro- 
static contribution. If we put ~*=0, the result is of 
course p;'=0 (with a=1/v!), i.e., free swelling (Fig. 
3(c)) in the absence of charges on the network.’ 

(3) p=P, R>1/k, x1, eb /RT<1. This is the case of 
a highly swollen large cylinder which may be under 
tension (Fig. 3(b)), using the linear approximation. We 
have from Eqs. (28), (29), and (41) 


(54) 


vive? 
oe ee (55) 


*2 2 


2an®?e n*¢ 
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Fic. 4. Relation between q’ and a at constant tension, in the 
special case (3) (Eq. (57)). Equation (56) gives the degree of 
lateral swelling. The #=0 curve is the isotropic swelling case 
(also gives “rest length”). 


Usually 2/2 will be negligible compared with 1/a in 
Eg. (55). Defining 


P=1/va, g’=qt+2Z(1—K) 
(6=R/Ro is the lateral swelling factor analogous to 
a (longitudinal)), Eq. (55) can be written 


e-[4 (142) ]/4 


Eliminate 6 from Eq. (54) by using Eq. (56), and it is 
found that 
a?(a—t)La(a—t)— (1/2) J=q’. 


Equation (57) shows, for example (Fig. 4), how a de- 
pends on n*, the effective number of charges, at constant 
t and other parameters. A new stretching factor (re- 
placing a) can be defined as a(q’, ¢)/a(q’, 0), if desired. 

If we put /=0 (isotropic swelling), »*=0 and neglect 
1/2 compared to a? in Eq. (57), 


0°/8=1/3Z(1—K), 


(56) 


(57) 


(58) 


which is the Flory and Rehner’ result (using 13= Vo/Vi1 
to denote the swelling with n*=0). Comparing with 


the swelling when n*>0, 
(7) - 


Put > ice?= 2c. in g; then 


_q+22Z(1—K) eid 
“4Z(1—K) 


(n*/Vo)? Z 
av. Vo): den 4c v8? 





(60) 


where there is a charge €, on the average, at every xth 
segment along the chains. Then 


ie 





(61) 
aan K) 


* As a numerical example, taking water as solvent (to 


obtain v), K=0.5, B=1, c,=0.15M uni-univalent elec- 
trolyte, and x=3 and 10: 
a/ a= (2;/0)'= 2.113 


xm 3: as 
1.363. (62) 


x=10: 
Also, 


v;/v= 9.432; 
0;/0=2.531; a/a\= 


ey n* v 


kT 2,V 2¢1x%8 


(63) 





If we take Z=400 in this example, Eq. (58) gives 1/1 
= 15.85 and 


ey 


=0.412 x=3 


(64) 
=0.461 x=10. 


As will be seen below, the linear approximation is 
rather accurate in this case. (Actually, e¥/kT<1 means 
roughly ef/kT <4, to a good approximation.) 

(4) p=P, R>1/k, v1. We do not make the linear 
approximation here. If we neglect »/2 compared to 1/a 
in Eq. (29), and use Eq. (49), we obtain instead of 
Eq. (56) 


2(1+-a)d+ b+ a[a?b?+ 4d(d+5+ ab) }} 
xi 2(1+2a) 


n*2 





(65) 
2c 1 Vou 


a= ’ 


ae deE 
v 4¢°V a? 9 a 


1 Z(i- ad 


Substitution of & from Eq. (65) in Eq. (54) gives ! 
(or a) as a function of @ (or 4), v/Vocx, n*/Vocr and 
Z(1—K). In the isotropic swelling case ((=0, =); 
Eq. (65) gives a or vasa function of »/Voc1, n*/Voc1and 
Z(1—K), and reduces to Eqs. (58) and (59) as special 
cases. In the numerical example of Eqs. (62) and (64), 
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(61) 


‘ent (to 
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(63) 
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(65) 


gives | 
c, and 
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special 
1 (64), 
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Eqs. (46) and (65) give for comparison 


x=3: =2.096; e’/kT=0.411 
ay 
(66) 
a 
x=10: —=1.352; ev/kT=0.457. 
Q) 


(5) R=constant. Suppose there is a rigid membrane, 
sheath, or other mechanism forcing R= R*=constant. 
Then (Fig. 3(d)) Eq. (22) becomes 

dA = —SdT+7r'dl, (67) 


where 7’ is the tension that would be observed experi- 
mentally. In Eq. (24), d(V=2R*dl so that 


/= (0A/dl)r, V, n+ aR*®(0A /dV)r. 1,N (68) 


or 

7’ =r—aTR*™(p—P). (69) 
In using previously derived results for tr and p—P we 
replace R by R* and V by +R* (or v by 1/a6*, where 
§*= R*/Ro). An interesting property of Eq. (69) (not 
found in the case p=P) is the occurrence of a phase 
change in the length-tension curve for appropriate 
values of the parameters (see Sec. IV). This phase 
change is related to the splitting of polymer solutions 
into two phases as observed experimentally in suitable 
cases and as predicted by the Flory-Huggins theory. 
Incidentally, a similar phase change is encountered in a 
model consisting of a bundle of uncross-linked parallel 
(when extended) molecular chains, immersed in an 
electrolyte solution, and attached to the two ends of 
the cylinder containing the bundle. For reasonable 
values of Z, the values of K leading to a phase change 
(in both cases above) are of just the order of magnitude 
deduced by Rowen and Simha'* from an analysis of the 
sorption of water vapor by wool, collagen, and serum 
albumin, which fact may be of significance in the muscle 
problem (see Sec. IV). These cases will be discussed 
in more detail elsewhere*® (critical constants, effect of 
charges, etc.). 

(6) r=0, R>>1/x. Isotropic volume changes under 
pressure may be observed experimentally using, for 
example, mercury as the inert nonpenetrating fluid!® 
(Fig. 3(a) with r=0). The equation of state, from 
Eqs. (29) and (49), is 


rat Ge) 
Ao a(-7)] 
___ mar(-[4(55) Th 


“* J. W. Rowen and R. Simha, J. Phys. and Colloid Chem. 53, 
921 (1949), 

‘SA. Katchalsky, American Chemical Society meeting, Septem- 
ber, 1951. This paper included both experimental and theoretical 
developments for this case (with N=0). 
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In the special case v1, and using the linear approxima- 
tion, Eq. (70) simplifies to 


rr e-G)] 


Equations (58) and (59) are special cases (p= P) of 
Eq. (71). The pressure difference necessary, because of 
charges on the network, to maintain the volume V, 


(Eq. (58) is 


(71) 


p—P=(vkT/V)-q21. (72) 


IV. FIBROUS PROTEINS 


We give here an approximate equilibrium statistical 
theory of the well-known a—f transformation'** 
based, necessarily, on a rather idealized model. We 
shall consider below that charges are distributed on the 
protein and that adsorbed molecules contribute addi- 
tional charges, but for clarity we give first the theory 
taking into account hydrogen bonds only. The intra- 
chain hydrogen bonds in the a-structure we shall call 
“vertical” and the interchain hydrogen bonds in the B- 
structure “‘lateral.’”’ A given molecular chain is consid- 
ered in general to have a- and #-units statistically 
scrambled.'® This is in formal analogy with the autone 
discussion of Sec. II, but here the units (see below) are 
of ordinary molecular size (several amino acid residues) 
whereas in Sec. II an autone is macromolecular: The 
hydrogen bonds being discussed here could all be inside 
a single autone; and in the autone theory, a macro- 
molecular unit can have just two lengths (long or short) 
while here a macromolecular unit (made up of a very 
large number of a- and #-units) can vary essentially 
continuously in length. 

Cellulose has certain structural features in common 
with the fibrous proteins and a related treatment of the 
elasticity of this substance might be given. 

We are aware that most length-tension experiments 
on fibrous proteins are carried out in such a way that 
there are nonequilibrium effects (e.g., retarded elastic 
response) superimposed on the equilibrium phenomena. 
The present theory is strictly applicable in the limit of 
infinitely slow extension and retraction and in the 
absence of any irreversible flow. Also, since we do not 
include S—S cross-linking in the model, the theory is 
more suitable when applied, for example, to wool 
fibers treated chemically to eliminate S—S bonds. 

Various suggestions about the a-structure have been 
made in which, for example, each amino acid residue 
has a hydrogen bond with its two first (nearest) neighbor 
residues,!” or with the two second neighbors,'’ third 
neighbors,'* or fifth neighbors'* (in general, xth neigh- 


1% W. T. Astbury, Proc. Roy. Soc. (London) 134B, 303 (1947). 

17M. L. Huggins, Chem. Revs. 32, 195 (1943). 

18L. Pauling and R. B. Corey, Proc. Nat. Acad. Aci. 37, 261, 
729 (1951). 

19J. Frenkel, Kinetic Theory of Liquids (Oxford University 
Press, London, England, 1946). 
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Fic. 5. Stricily sche- 
matic representation 
of individual molecular 
chains to show vertical 
nearest neighbor inter- 
actions between a-units, 
with x=2 and 3. O=one 
amino acid residue. Hor- 
izontal lines from f- 
units represent possible 
hydrogen bonds with 
adjacent chains. Curved 
lines represent vertical 
hydrogen bonds. 


bors). A third neighbor structure («=3) is believed by 
Pauling and Corey'* to be correct. In any case, in order 
to make the problem tractable, we introduce the sim- 
plifying assumption that, in a given chain, amino acid 
residues occur in groups or units of x, all residues in a 
unit being a or all 8. This reduces the statistical problem 
to a nearest neighbor interaction problem (Fig. 5). 

We retain the notation of Sec. II as far as possible. 
Suppose we have a sheet of C (>>1) molecular chains 
(ie., each chain has two nearest neighbor chains), each 
chain containing B/C units, the mean number of units 
in the a form in each chain being Ba/C. Let 06= B,/B. 
Let /, and /s be the lengths of a- and 6-units, respec- 
tively, and let / be the length of the sheet: 


(73a) 


1 
j= cL Bala (B—Ba)ls] 


B 
tet (1-0) (Is—la) J. (73b) 


Let J.(T) and Js(T) be the “internal” partition func- 
tions for a and 6 units (not including lateral or vertical 
interactions between units). Let w. be the interaction 
energy (x hydrogen bonds) between a vertical nearest 
neighbor pair of a-units.”° The energy of vertical af 
and $6 nearest neighbors pairs is taken as zero.” 
Concerning lateral (interchain) interactions, a given 
unit of one chain has, roughly speaking, a lateral nearest 
neighbor unit in each of the two nearest neighbor chains. 
We say “roughly speaking” because, since /4~/,, there 
will not in general be perfect alignment between lateral 
nearest neighbor units. This complication can be dealt 

20 Actually, wa and wg (below) can be free energies (including 
entropy terms) without changing the equations below. See E. A. 
Guggenheim, Trans. Faraday Soc. 44, 1007 (1948). 


21 This restriction is made for simplicity but is not necessary. 
See Appendix I. 


with in special cases, and we treat perhaps the most 
important example below in detail. For the present, 
though, we keep the treatment general and assume each 
unit has two lateral nearest neighbor units as well as 
two vertical nearest neighbor units. Then we let ws be 
the interaction energy (x hydrogen bonds) between a 
lateral nearest neighbor pair of 6 units?’ and we take 
the energy of lateral a8 and aa nearest neighbor pairs 
as zero.” 

@q and wg involve x hydrogen bonds each. The mag- 
nitudes of wa and weg will be very sensitive to humidity. 
In the absence of any water, one would use for each bond 
the full protein-protein hydrogen bond energy. At the 
other extreme (the case of interest in muscle), the system 
is saturated with water and, instead, for each bond, one 
would use the combination of hydrogen bond ener- 
gies (protein-protein)+(water-water)—2 (protein- 
water). This will presumably be a much smaller quan- 
tity than (protein-protein). Pauling and Corey" suggest 
2 kcal/mole. Furthermore, steric interactions (van der 
Waals attractions and, especially, repulsions) between 
side chains'* must be incorporated into the above quan- 
tities. J, and Jg will include any steric effects within a 
unit ; w, will include steric interactions between vertical 
nearest neighbor a units"’; and wg will include steric 
interactions between lateral nearest neighbor 6 units.” 

We use the quasi-chemical pair approximation.” Ina 
linear system (each element with two nearest neighbor 
elements; e.g., for a single isolated chain here) the 
quasi-chemical pair treatment is in fact exact (Ising 
model). When extended in the usual way” to a two- 
dimensional system, each element with four nearest 
neighbor elements, the implicit approximation involved 
can be shown to be that the two (vertical and lateral) 
linear systems behave independently of each other. 
This is the approximation we make. A more refined 
method would be to use larger groups of units, for 
example, squares of four.~*6 


4 


Tension Tension 


— 


Length = fr 




















(a) 


Fic. 6. Schematic illustrative length-tension curves predicted 
by theory (below critical temperature). Dotted lines=stable 
equilibrium path. Arrows indicate hysteresis. In case (b), on re- 
leasing the tension, the system may become “frozen” in a neat-8 
state. 


*R. H. Fowler and E. A. Guggenheim, Statistical Thermo- 
oo (The Cambridge University Press, Cambridge, England, 
1939). 

% FE. A. Guggenheim, Proc. Roy. Soc. (London) 183A, 213 
(1944) ; E. A. Guggenheim and M. L. McGlashan, Proc. Roy. Soc. 
(London) 206A, 335 (1951); Trans. Faraday Soc. 47, 929 (1951). 
We believe the criticism of our paper (see reference 26) by Guggen- 
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MODELS OF POLYELECTROLYTES 


In a given configuration with B, a units out of a total 
of B units, let Baa be the number of vertical pairs of 
nearest neighbor units both a, and similarly for Bag 
and Bgg; and let Baa’, Bas’, and Bgg’ have the same 
meaning for lateral pairs. Let ya=exp(—Wa/kT) and 
ys=exp(—we/kT). Then for given B, (i.e., for a given 
length—Eq. (73a)) and 7, the partition function is?6.27 


0=X LX gBa, Baas Baa’, T) (74) 


Baa Baa’ 
(B—B,)'!Ba! 
Baa!(B—2Ba+ Baa) ![(Ba— Baa)! ? 





es 


(B—B,)!Ba! 
Baa’ '(B—2Ba+ Baa’) ![(Ba— Baa’)! 
B. ((B— Ba) ! 
B! 





VqBaay g8—2Ba+Baa’ 
KI Ba g8-Ba, 


We replace the sum in Eq. (74) by its maximum term 


é In d Ing 
( *) =0; (—~) =0. (75) 
OBaal Baa’, Ba,T OBaa J Baa, BaF 


Equations (75) give the quasi-chemical relations 


4BaaBsg 4 Baa Bap’ 
——=Ja; ————=p. 


Bas’ Bap’ 


rf 
Fic. 7. (a) Critical Tension 
length-tension curve 
(Ya=yg=4) from 
Eq. (78). (b) Length- 
tension curve for 
Ya=yg=4 from Eq. 
(90), taking into ac- 
count imperfect lat- 
eral alignment. 
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heim and McGlashan to be incorrect. This point will be discussed 
elsewhere. 

*C.N. Yang, J. Chem. Phys. 13, 66 (1945). 

*Y. Y. Li, Phys. Rev. 76, 972 (1949). 

*T. L. Hill, J. Chem. Phys. 18, 988 (1950). 

*'T. S. Chang, Proc. Cambridge Phil. Soc. 35, 265 (1939). 


oxtension (% of initial length) 


2 3 4x105 
load (gm /sq cm initial area) 








Fic. 8. Length-tension curves (1), (2), and (3), of oriented myosin 
strips compared with that of “generalized” Cotswold wool (4). 
(Experiments of H. J. Woods, reproduced from Astbury and 
Dickinson (see reference 30).) 


If Eqs. (76) are used, the tension is 


d InQ dB, /9 \|ng 
= —#1( ) = —sT ( ) 
Jr dl \ 0Ba/ Baa, Baa',T 


B 
CkT Ba \*/2Bss\?/ Bas’ \? 
= in ) ( ) ( ) 4 (77) 
lp—la B-—B, Bas } | ay 


or” 











0 /nat1—26\? 
t’=In ( ) Ja 


1—86 ne— 1+20 


t'=7(lg—lq)/CkT 
n= 1—46(1—0)(1—ya); 
ng=1—40(1—6)(1—yyp). 


If wa=weg=0 (ie., na=ng=1), Eq. (78) reduces to 
Eq. (12a) with c=0, as it should (Fig. 1). 

Curves of ¢’ versus 1—6 (linearly related to / through 
Eq. (73b)) show a familiar type of critical behavior.”® 
For negative we and wg, at low enough temperatures a 
loop is obtained (Fig. 6) which corresponds physically 
(if the stable equilibrium path is followed) to a sudden 
jump in 1—8@ (or /) at constant 7 (i.e., a change from 
predominantly vertical “crystallization” (a) to pre- 
dominantly lateral “crystallization” (@)). Strong hy- 
drogen bonds (low humidity) favor this type of be- 
havior, which experimentally often manifests itself in 
metastable states and hysteresis (Fig. 6).?%:*° 


28 Reference 22, p. 432. 

29 T. L. Hill, J. Chem. Phys. 15, 767 (1947), discusses the rela- 
tion between “loops” and hysteresis. 

30 For example, H. B. Bull and M. Gutmann, J. Am. Chem. 
Soc. 66, 1253 (1944); H. B. Bull, J. Am. Chem. Soc. 67, 533 
(1945); T. Alfrey, Mechanical Behavior of High Polymers (Inter- 
science Publishers, Inc., New York, 1948); H. R. Kruyt, Colloid 
Science, Vol. II (Elsevier Publishing Company, Inc., Amsterdam, 
Holland, 1949); J. B. Speakman, J. Text. Inst. 24, 273 (1933); 
J. B. Speakman and M. C. Hirst, Trans. Faraday Soc. 29, 148 
(1933); H. Burte and G. Halsey, Textile Research J. 17, 465 
(1947) ; W. T. Astbury and S. Dickinson, Proc. Roy. Soc. (London) 
129B, 307 (1940); J. B. Speakman and L. Peters, J. Text. Inst. 
39, 253 (1948). 
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Fic. 9. Value of 
—Wa(c) necessary to 
give critical length-ten- 
sion curve at 310°K, as 
a function of —wg. 
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The hysteresis which is observed experimentally may 
be associated both with this “phase change” and with 
rate processes (above), as an illustration of Alfrey’s* 
general discussion of this question. An explanation of 
observed hysteresis loops (Speakman*®) on the equi- 
librium theory alone certainly does not seem to be 
possible. 

Alfrey®® and Burte and Halsey*® have discussed 
qualitatively the tendency of crystallization or other 
cooperative phenomena to give s-shaped or horizontal 
length-tension curves (Figs. 6 and 7), as found in the 
present theory. Experimentally, practically horizontal 
curves have been observed (Astbury and Dickinson*’) 
in myosin (Fig. 8) and rather flat curves are very com- 
mon in wool (e.g., Fig. 8). (In Fig. 8 ordinate and 
abscissa are exchanged so “horizontal” becomes 
“vertical.’”’) One would not expect completely horizontal 
curves in any case because of the non-uniformity of 
structure in the fiber sample. Astbury and Dickinson*® 
verified by x-ray measurements that the a— transition 
is actually associated with the horizontal region of the 
length-tension curve. There seems little doubt that a 
cooperative phenomenon is involved even though non- 
equilibrium effects complicate matters. 

If it should turn out that the a— transition (or 
other mechanism involving a cooperative phenomenon) 
is actually operative in the muscle action problem (see 
below), a horizontal region of easy extensibility could 
have considerable physiological significance. Thus, for 
example, a small change in the state of charge on the 
fiber could produce a relatively great change in length 
at constant tension (e.g., Eqs. (69) and (102)). A fiber 
operating between the two ends of a phase change 
region (Fig. 6) would appear to be an ideally sensitive 
system in this physiological application. 

On returning to Eq. (78), it is easy to see that /’ is an 
odd function of 6—}. By equating di’/d@ and d*i'/d@ 
to zero, the critical point is found to be 


aoe 
6.=3 


1=exp(wa/2kT).+-exp(we/2kT).. 


(79a) 
(79b) 


As an example of Eqs. (78) and (79) we show a 
critical length-tension curve (ya=ye=4) in Fig. 7, 
In this symmetrical case, taking T=310°K, —w,=850 
cal/mole. Usually we expect ya> yg because of the im- 
portance of steric repulsion of side chains in the 
configuration. The effective value of —wg is further 
reduced here because of the neglect of imperfect lateral 
alignment (see below). Figure 9 shows the value of 
—Wa(c) necessary, at 310°K, to give a critical length- 
tension curve, as a function of —wsg. —wa..= © for 
—wg=0, and in this case the quasi-chemical method is 
exact (lateral alignment doesn’t enter). We may con- 
clude that T=310°K may be above or below the 
critical temperature in actual cases of interest, depend- 
ing on steric repulsions, humidity, etc. 

Finally, we note that the value of 6 (or /) at r=0 
depends on Jag (e.g., Figs. 6 and 7). In particular, 
s-shaped length-tension curves (above the critical 
temperature) may or may not be obtained depending 
on Jag (e.g., Figs. 1 and 7). Also, from Eq. (78), the 
inflection point is located at 


(80) 


When a loop is obtained, this is the value of ¢’ at which 
the jump in / occurs. 


Lateral Alignment in a Special Case 


Because /,/3, lateral “nearest neighbor’ §-units 
will not in general be perfectly aligned though the 
hydrogen bond energy will give extra weight to aligned 
pairs through an appropriate Boltzmann factor (below). 
This imperfect alignment will reduce the effective value 
of —wz in the treatment above, and will involve struc- 
tural distortion (so that hydrogen bonds can be formed) 
analogous to that suggested by Pauling and Corey"® be- 
cause of steric hindrance. A further complication of a 
similar nature, according to the Pauling and Corey 
structures, would be the transformation of a “pleated 
sheet” (8) into a double row of a-chains. Lateral 
hydrogen bonds would be geometrically inhibited in a 
double row structure, or in a hybrid double row- 
pleated sheet structure (intermediate @), resulting in 
additional distortion and further reduction of the 
effective value of —wg (in fact, making —wg a decreas- 
ing function of @). 

We consider a simple but, fortunately, important 
special case in which we treat lateral alignment ex- 
plicitly (instead of in terms of reduction of the effective 
—wg in the preceding analysis). Even this case leads to 
rather complicated equations. Suppose /g=2/, (this 
is almost the situation in keratin and myosin'*) and let 
us ignore structural distortions and the double row- 
pleated sheet difficulty just mentioned. We use an €X- 
tension of the quasi-chemical pair method. Vertical 
interactions are treated as before. The various types, 
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numbers and energies of lateral pairs are shown in 
Fig. 10. For reasons similar to those encountered 
elsewhere,”® it is not possible to set up a configurational 
expression leading to the correct quasi-chemical rela- 
tions if both we*+0 and wg0. For simplicity we take 
ws*=0 in the following quasi-chemical analysis. 
We have 
2Baa' + Bag =2Ba (81) 


Bap +2Bgg*+4Bgp'=4(B— Ba). (82) 


Ina completely random lateral distribution of B, a units 
among B total units, one finds 


: 46(1—0)B 2(1—0)*B 
Bas ee Bag = 
2-6 2-6 
(83) 
PB (1—6)*B 
Baa’ =—— Bs’ = ; 
2—6 2-0 
Then 
(Bas'/4)*/ Baa (Bgs*/2)=1 (84a) 
(Bas’/4)?/ Baa’ Bog’ = 1. (84b) 


With ws~0, Eq. (84b) becomes in the quasi-chemical 
approximation 


(Bap’/4)?/ Baa Bas’ = 1/yp. (85) 


Our problem is now to write down, as an approxima- 
tion, a configurational expression of the usual type?®.?? 
which leads to Eqs. (84a) and (85) for lateral inter- 


actions, 
(Bap/2)"/BaaBsp= 1/Ya (86) 


for vertical interactions, and to Eq. (12a) (with c=0) 
when wa=wg=0. Omitting details, the complete parti- 
tion function, including the required configurational 
expression is found to be 


Q= a ) y q(Ba, Baa; Bas", Bap’, T), (87) 


Baa Bgs* Bgp’ 
(B—Ba)!Ba! 
Baa!(B—2Bat Baa) '[(Ba— Baa)! 
(2B—B,)! i 
, es IC (Bas’/4) ! C(Bas*/2) ! P( Bap’ 5 | 
(B—B,)!Ba! (B—Ba)!B! 
B!  (2B—B,)! 
X vaF**ygF66' J ,BaJgB—Ba, (88) 














%8 As an alternative to considering only the case wg*=0 as in 
the text, one can follow the same procedure as in reference 26. 
That is, although the quasi-chemical relations obtained will not 
Involve wg* in a completely satisfactory way, we can use the 
#s*=0 quasi-chemical configurational expression of Eq. (88) and 
still take we*0. In this case an additional factor yg*#86" is 
inserted in Eq. (88), where yg*=exp(—wg*/kT) (Fig. 10). The 
only effect on Eq. (90) is to replace yg in y by yg+yg"*—1. 


MODELS OF POLYELECTROLYTES 





1271 








where B,. and Bag’ are given as functions of B, Ba, 
Bag*, and Bgs’ by Eqs. (81) and (82). To find the maxi- 
mum value of g we write 


0 Ing. 


7) Ing 
= =(: 
OBaa 


OBss* 


0 Ing 
OBop’ 


0. (89) 











These give, respectively, Eqs. (86), (84a), and (85). 
From Eqs. (77) and (88), 





1—0 Na+ 1—26 P 
¢=tn—| =] 
6 Lt 2(1-—6) 
16(2—0) 6 ; 
| | + (90) 
(y+2—6)(y—2+36)* 
where 
y= (2—6)?—40(1—8)(1—yz). (91) 
Equations (78) and (90) agree, as they should, when 
wp=0. 


We have not found simple symmetry and critical 
properties for Eq. (90). However, as an example, the 
length-tension curve from Eq. (90) for ya=ys=4 is 
given in Fig. 7. On comparison with the other curve in 
the figure (Eq. (78)), it is apparent that taking into 
account imperfect alignment reduces the contribution 
of lateral 66 interactions to a cooperative a—f trans- 
formation, as expected. In fact, yza=4 and yg=2.69 in 
Eq. (78) give the same value (0.395) of ’—InJag at 
6=4 as Eq. (90) with ya= yg=4. This effect of imperfect 
lateral alignment will be more pronounced in cases 
where ///, is not an integer or simple ratio. 


Bragg-Williams Approximation’’ 


Simple equations, which may be useful for semi- 
quantitative purposes, are obtained if we assume a 
random distribution of a- and 6-units in order to calcu- 
late interaction energies. The equations also follow as 
a limiting case of the quasi-chemical approximation if 
we retain only the linear terms in expanding ya, yg, and 


O=« (| “/ 
Poir Number Energy 
of Poirs 

Fic. 10. (a) Parts 
of two parallel chains a) (] ney 0 
with the length of ¥ 
a B-unit equal to the ; 
length of two a o0 a. ) 
units. (b) Types, (0) 
numbers, and ener- . . 
gies of different kinds (] l Ppp “lp 
of lateral nearest 


neighbor pairs. 


U0 


@ 
> ~ 
— 4 


(b) 
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Fic. 11. Relation 
between yq and 
yeye™? at critical 
point according to 

AP . (a) Eq. (94) and 
a (b) Eq. (95). With 
we*=0 and yg>l, 

a larger value of ya 

(a) is needed to obtain 

a critical length-ten- 

m" # oate sion curve if imper- 

Jn (ye4p hon fect lateral alignment 

is taken into ac- 
count (b). 








ye*.5°" The results are 
1-0 
= nya GJ ag 


instead of Eq. (78), and 


1—6 


f=aln Ve*(y By g*2)— 8-9) (1-6) | (2-8)? J ap (93) 


replacing Eq. (90). Equation (92) has the critical 


properties 
(94a) 


6.=1 
so 


“(B)-G) 


— (62+ 20,—2) 
302(1—0.)° 
(2—6.)*(26.— 1) 
302(1—0.)° 


(94b) 


and Eq. (93) 





Inya"(c) = (95a) 





In(ygye**) 2= (95b) 


With ws*=0, Fig. 11, based on Eqs. (94) and (95), 
shows the same effect of taking into account lateral 
alignment as mentioned above. 

With x=3, it would be reasonable to take we*= }w, 
(one hydrogen bond). See Appendix II. 


Introduction of Charges and Adsorption 


Suppose on the sheet of C chains (immersed in solu- 
tion) there are charges, and N molecules adsorbed on 
B® sites, as in Sec. III (see also Appendix II). The 
chains are assumed to stay at a fixed lateral distance 
from each other during stretching so that the width of 
the sheet, d, is a constant. We neglect edge effects 
(i.e., d and / are large). 

Following Sec. III, we consider three successive iso- 
thermal processes: (1) stretching of the sheet to a 
length J, with N=0 and e=0; (2) adsorbing N dis- 
charged molecules from outside the system; and (3) 
charging up the sheet at constant /. The volume of* 
sheet plus surrounding solution is considered constant 
in all processes. 


Then (see Sec. ITI) 
dA.= —SéT+rdl (96) 
A=Ai(l, T)+AA,(N, T)+4A,(N, 1,7) (97) 
r= (04/Al)y,r 98) 
p= (9A/8N)a 2, 99) 


where Ai=—kT InQ (Sec. IV) and AAz is given by 
Eq. (21). 

(1) We calculate AA; first assuming the sheets are far 
apart compared to 1/x and hence are essentially inde- 
pendent. As a first approximation, if we consider the 
sheet as a plane of negligible thickness and uniform 
surface charge density n*e//d, and write > jcie,2= 2c, 
we can use the simple theory of the flat double layer 
(Gouy-Chapman) in Verwey and Overbeek,* except 
for the fact that here electrolyte can be on both sides 
of the sheet. Making this modification, the electric 
potential at the sheet is 


2kT Kn*) 
Yo(A) =—— sinh“ 
€ 8ldc; 


(100) 


and 


1 
AA3= f Wo(A)n*edd 
0 
xn* 


= 2n*kT| sinh~!—— 
8ldc; 


8ldc,\?}? = 8ldc, 
-[1+(—) J+}. con 
xn* xn* 
which is of the same form as Eq. (47) for a uniform 


three-dimensional charge density with penetrating 
electrolyte. Then, from Eqs. (97)-(99), 


16c,dkT 
T=7 + —H1 -[14(= ~) ] (102) 
8ldc, 


N 
~) (103) 
8ldc 1 


(104) 


we sinh-!— 
y 


fc= a 


= exp ; 
B°—N kT 


where 7; is given by Eqs. (78), (90), (92), or (93). 73, the 
electrostatic part of r in Eq. (102), is negative because 
of the repulsion between charges (73 varies as —/~ at 
constant * in the linear approximation) and has the 
effect of lowering the critical temperatures (i.e., de- 
creasing the cooperative effect) discussed above in 
connection with 7; alone. 

(2) For a system of many parallel sheets close to- 
gether (and a fixed distance apart) an analogous treat- 


31 Reference 14, p. 25. 








re far 
inde- 
sr the 
iform 
J 2c 1€, 
layer 
xcept 
sides 
ectric 


(100) 
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ment can in principle be given based on Eqs. (32) and 
(34) of Verwey and Overbeeck" (properly modified as 
in (1)). Instead, for this case, we use the much simpler 
but reasonable approach of assuming that the sheets of 
length 7 and ¢otal number of chains C occupy (with 
solution) a cylinder of radius R (a constant)>>1/x, and 
that the n* charges are distributed with uniform volume 
density throughout the cylinder (as in Sec. III). Then 
the volume of the cylinder is V=R* and let Vo/V be 
the volume fraction of the cylinder occupied by protein, 
where Vo is a constant. The arrangement is as in Fig. 
3(d), with the total volume of the system constant. 
Equations (97)-(99) apply here with AA; given by 
Eq. (47) (recalling V = Rl, R=constant). Then (com- 
pare Eq. (69) 


* 243 
r=reb2eveR'#T| 1 14 (——) (105) 
2¢,(V— Vo) 


N sins 
C= ex m sinn— 
f ae Pp 


(106) 


n* 
2¢(V— =| 


These equations are very similar to Eqs. (102) and (103). 


Muscle Contraction 


Pauling and Corey® have indicated how the Ba 
transformation can be consistent with x-ray results’® on 
contracting muscle. On the other hand, Astbury’® con- 
siders that both relaxed and contracted muscle are in 
the a-form. We merely remark here that if contraction 
does take place by an additional coiling up of Astbury’s 
a-chains, this model could be included in Sec. III, 
each “molecular chain” of the network representing 
one or a bundle of a-chains (see also the “parallel chain” 
model, Sec. ITI(5)). A more general theory (now being 
investigated) would use the network configurational 
elasticity at small extensions and gradually involve the 
a—8 transformation within individual “chains” at 
larger extensions. We may mention that on purely 
configurational grounds it is very much “easier” to 
extend a network of coiled polymer molecules than it 
is to extend “a—” chains; but an a—£ phase change 
can reverse this. 
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APPENDIX I 
If we write 
@a=Waatwpp—2wap, 
wB= Waa +wpp —2wap’, 
with obvious notation (formerly wa=waa, #g= wep’), and modify 


ee a 


*L. Pauling and R. B. Corey, Nature 168, 550 (1951). 
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Eq. (74) accordingly, Eq. (77) becomes 


CkT Ba 3 2Bas Bap’ VaBVaa \2 
“ip=le ™(B=B-) (Bea) (Bac) *Asppree) 1? 
c lg—la i Bag 2Baa’ YBBY ap 
This tension differs from Eq. (77), formally, only by a constant, 
hence the critical properties are the same in the two cases. The 


well-known adsorption problem” on a square lattice with wa=waa 
=wg=Waa is essentially a special case. 





APPENDIX II 


The remarks of Pauling and Corey'* and Pryor*® have suggested 
the following illustrative model as an alternative to electrostatic 
models. Consider the “‘lateral alignment” case above with «=3 
(wa and wg refer to three hydrogen bonds each) and wg*= jwg 
(one hydrogen bond). Suppose there is a substance in solution 
which can form a hydrogen bond (i.e., be adsorbed) with any 
of the six —C=O or —N—H groups of a 8-unit. When such a 
bond (or bonds) is made with one (or both) of the two groups of a 
potential 68 lateral hydrogen bond between chains, the latter 
bond cannot be formed. This effect therefore tends to weaken the 
6-structure. However, there is an associated configurational effect 
favoring the 6-structure: the more 8-units, the greater the number 
of absorption sites (compare Sec. II). 

We use the Bragg-Williams approximation for simplicity. If 
there are By @ units, and N molecules adsorbed (on 6 (B—Ba) 
sites), the probability a given site is occupied by an adsorbed 
molecule is N/6(B—B,). Consider a given 68 hydrogen bond 
when N=0. With N molecules adsorbed, the probability this 68 
bond has not yet been destroyed is {1-[N/6(B—Ba)]}?. The 
partition function is then (see Sec. IV) 


B! _—_—(6(B—B.)}!f" 
Ba\(B—B,)! NI[6(B—Ba)—N 1}! 
XyqP**ygM1J Bay gB-Ba (108) 





QO, T)= 


W.=(Bps'+4Bp5°)| 
Baa=B,?/B 
Bgp’=(B—Ba)*/(2B—Ba) 
Bgg*=2(B—Ba)*/(2B—Ba) 

and 


~w—7al 


T= 


ma ah =) “yar ys") ap 

5 [1—0—(N/6B) ][3—0+(N/6B) ] 

3 (2—@)? 

fine N/6B 
1—0—(N/6B) 

The yg factor in Eq. (110) reduces the amount of adsorption for a 

given c, because of the effective “repulsion” of adsorbed molecules 


associated with breaking 88 bonds. The significance of Eq. (109) 
is seen from 





W.=- 


yglSl1 —@ —(N /6B)]/9(2 —6)} (110) 


at’ 1 5 [1+(N/6B)] 
Gx).7- 1—6—(N/6B)'9 (2-0) 


Thus, increasing the number of adsorbed molecules at constant / 
tends to cause an increase in tension (or a contraction at constant 
tension) because of the 8B bond breaking effect (second term on 
right) but the configurational effect (first term on right) is in the 
opposite direction (lengthening at constant tension increases the 
number of 8-units and therefore adsorption sites). Which term in 
Eq. (111) predominates depends on the particular case. 

Electric charges (as determined by pH, for example) can be 
introduced here as before, in accordance with the suggestion of 
Pauling and Corey."* 


3M. G. M. Pryor, Progress in Biophysics, edited by J. A. V 
ge] and J. T. Randall (Butterworth-Springer, Ltd., 1950), 
ol. I. 





Inyg. (111) 
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The Quantum-Mechanical Partition Function 
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An exact evaluation is attempted of the quantum-mechanical partition function for an assembly of similar 
particles with central interaction. Quantum-mechanical analogs of the classical cluster integrals are de- 
rived and evaluated as far as required to determine the virial coefficients. It is shown that the results are 
particularly well adapted for computation at very low temperatures. 





1. INTRODUCTION 


} | ‘HE fundamental problem of quantum statistical 
mechanics is the evaluation of the partition 
function 


Q=2 s exp(—BEs), (1) 


where B=1/(kT), T is the absolute temperature, and 
Es is the energy of the system considered in a state S. 
The summation is over all states, so that at first sight 
it might appear that one had to determine all the energy 
levels Es, defined as the eigenvalues of the Hamiltonian 
operator H: 

AW s(x)= EsV s(x), (2) 


together with the degeneracy of each level. For systems 
of any degree of complexity, this is an obviously im- 
practicable task. 

The difficulty can, however, be avoided if the density 
matrix, given under conditions of thermodynamical 
equilibrium by 


p(x, x0) = 20s exp(—BEs)V s(x) s(xo) (3) 


is known. For, assuming that the wave functions V5(x) 
are normalized, one will have, instead of (1), 


Q= f ola, ade. (4) 


To determine p, one has, on differentiating (3) with 
respect to 8, Bloch’s well-known equation 


dp/dB= —D) s exp(—BEs)EsV 5(x)V5(%0)=—Hp; (5) 
this has to be supplemented by the boundary condition 
p= sVs(x)Vs(x%0)=6(x—x) when B=0. (6) 


In this paper, a method of solution of Eq. (5) will be 
given for a system of interacting particles. The total 
potential energy (x) of the system is assumed to be a 
function of the position vectors x, x®, ---, «™ of 
the particles; the Hamiltonian operator is then 


H= —3[(0/dx*)+ ---+(0?/dx) ]4+- B(x), (7) 


if units are chosen so that Planck’s constant and the 
molecular mass are both unity. 

The idea of using Bloch’s equation in this connec- 
tion has been used by various authors, in particular by 
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Uhlenbeck and Beth (1936, 1937)! to determine quan- 
tum-mechanical corrections to the virial coefficients. 
Their method was, however, based on an expansion in 
powers of Planck’s constant, which fails at low tem- 
peratures. In a recent paper (Green, 1951*) the author 
noticed that a ‘‘perturbation” expansion appeared to 
be more suitable in the low temperature range, and, 
starting from an equation due to Wigner (1932),* de- 
rived the first two terms in such an expansion. Bloch’s 
equation has a decided advantage over Wigner’s, so 
that it is now possible to evaluate the general term in 
the perturbation series and to sum the series. The re- 
sult is more tractable than that obtained recently by 
Goldberger and Adams (1952)4; these authors indeed 
obtained an expression for the general term of the 
series for the density matrix, but in an operational 
form not easy to evaluate. It can, however, be seen 
that the expression which they obtain for the “diagonal 
element” p(x, x) of the density matrix is equivalent to 
that which one obtains on setting x»=x in the more 
complicated (23) of the two forms of the density matrix 
given below. 

In the present work, the analysis is carried far 
enough to evaluate, for an arbitrary potential function, 
the coefficients in Mayer’s series 


p=s ; bn2™, 


which gives the pressure as a function of the activity =. 
From these the virial coefficients are easily determined 
in the usual way. 

The values of a number of definite integrals are re- 
quired in the course of the work; these are derived in 
a short appendix. 


2. SOLUTION OF THE BLOCH EQUATIONS 


For brevity, in this section fdx and fdé will indi- 
cate integrations with respect to all the coordinates 
x).-+¢) and velocities ---£, respectively; and 
expressions such as # and x-€ will represent &“’+---: 
+E) and x -EM4..-440).£™, respectively. 

It will be supposed that the potential energy (x) 


1G. E. Uhlenbeck and E. Beth, Physica 3, 729 (1936). G. 
E. Uhlenbeck and E. Beth, Physica 4, 915 (1937). 

2H. S. Green, J. Chem. Phys. 19, 955 (1951). 

3E. P. Wigner, Phys. Rev. 40, 749 (1932). 
, ok L. Goldberger and E. N. Adams, J. Chem. Phys. 20, 240 


AUGUST, 1952 
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p(x ’ xo 
1 or 
transfc 


will ex 


It folle 


[ap(é), 


Now | 
the La 


Using 


so (10) 


(E+233 


The 
proced 





QUANTUM- 


becomes very large or infinite when any of the N par- 
ticles lie outside a certain volume V, in which the par- 
ticles are then effectively contained. As a consequence, 
p(x, Xo) will tend to zero when any of the coordinates 
x or xo“ passes outside this volume, and the Fourier 
transform 


A(E, 0) = f dxe'* %p(x, x») (8) 


will exist. On account of (6) 
p=exp(ié-x) when B=0. 


It follows from (5) and (7) that p satisfies 


Cap()/aB]= —3%a()+ J dx (x) f dé, 


Xexp{ix-(E—£1)}(E1)/(2)**. (10) 


Now let ™ be regarded as a function of 6, ‘and define 
the Laplace transform 


o(E)= f dBe-¥ (8). (11) 


Using (9) one has 
f dBe*¥ (0p/08) = —exp(ixo- )+Eo ; 
0 


so (10) gives 
(E+42)o(t) = exp(it-ao) — f dxb(x)dby 


Xexp{ix:(E—£1)}o(E:)(2r)%. (12) 


The last equation is readily solved by an iterative 
procedure; if 


L(x) = f dt expix-t/{(2m)*(E+42)}, (13) 
then 
exp(7xo- £) 


o = 


farce. 2) PE 
E+ 


1¢2 


-+, (14) 
Thus 


1 ct+io 


1 
dEe8=. f dte—** '¢ 
2mi c—iw (22)8¥ 


abet La x)— ff deteeo—x) 
Omi 


Oe )E (1-2): ; (15) 
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where the Ath term is 


ou(s, 0) (2mi)-! f dEeb I t--dnibtia 


X L(x1— X-1)} L(x~— 4%). 


The 3N-fold integral (13) is evaluated in the ap- 
pendix, where it is shown that, for an odd value 2M+1 
of N, 


(16) 





’ R= (x*)}, 


1 d\* exp—[R(2E)! 
) exp—[R(2E)*] (17) 


L(x)=(— — 
2rRd 2rR 


and in general L can be expressed in terms of a Bessel 
function of imaginary argument and order 3(3N —2). 
There is obviously no restriction in supposing the 
number of particles to be odd, so for simplicity that 
will be done. The next step is then the evaluation of 
the inverse Laplace transform in (16). Let 


x1-1)"}}; 


then, as shown in the appendix, 


si= {(xi— (18) 


oti k+l 
(27ri)- if dEe®® exp—[(2E)! ¥ si] 
=1 


rhs Q si (19) 
~ (2x6)! 28 


Hence, substituting (17) into (16), one obtains* 


mig 1 0 \3¥ 
pe(x, Xo) = Tht —deeo(e:)) TI ——) 


2rs) Os, 


e (> 2ms:exp—(X s,)?/28 
(2m8)4(I] 2ms:) 


where, one the right-hand side, the x4: in Si41 is 
identified with x. This is evidently the simplest result 
of general validity which can be obtained without 
knowledge of the structure of the potential energy 
function . A somewhat more complicated formula is 
useful in subsequent calculations; this is obtained by 
substituting in (20) an identity which is also proved in 
the appendix, namely, 


(X 2msr)exp— (Xo s2)?/28 
(2m8)3([I 2zs:) 


il exp{ —s?/28(v:—v-1)} 
=BF id 1° d ’ 21 
B f . + fan] ™ IT =I {2B8(v1—v-1)}3 a 





(20) 








which holds when the integrations are carried out sub- 


* The differential operators (27s;)71d/ds; all commute, so the 
following expression is quite unambiguous. 
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ject to the restriction 
O= SS °° SHS = 1. (22) 


When this is substituted into (20), one has finally 


@ 
p=D Pr; 
k=0 


kk 
pete, xa)= fT (-adere(xi) fad: 





x fant (er—t-9)"/28(r—-1-)} (23) 


{27B(v.—v1-1) }°*? 


3. REDUCTION OF THE DENSITY MATRIX 
Now it will be supposed that ®(x) has the form 


®(x)= > 3 p(x — )4E x(x), (24) 


j=1 i=1 


where the first term represents the mutual interaction 
of the particles, and the second term the high potential 
barrier which prevents the particles from penetrating 
beyond the confines of the volume V. As x(x“) vanishes 
within this volume, it will be neglected on the under- 
standing that space-like integrals are limited to the 
interior of the volume. It should be noticed further 
that ¢(r) must not be more singular than r~ at r=0; 
otherwise there is a lack of definition of the Hamil- 
tonian operator (7). 

On substituting (24) in (23), it is convenient to use 
the identity 


II $(x1) = (k!)- 2 pom I (x2), (25) 


where >- perm indicates the sum of all permutations of 
the suffixes 1---k attached to the coordinates. The 
typical term in the expansion of the product is then 


(yz) = (k - > perm (11 “2) “ie 


7) =x, D— 4), 


Ty: “O(re), (26) 


and 


N 6 N 2 
p(X, Xo) = ( De)? Lew, 


kp 
Tewny = T(— pax) 70-09 doy — 
l=1 





Il 1— X1_1)?/2B8(vi— Vi-1 
x fan Ti exp{ — (%:—x1-1)?/28(u—2 a (27) 


{2mB(v:— 1) }°*” 


The integrations with respect to the coordinates x‘ 
not included among the «™, x, ---, «™, «@ can be 
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performed immediately. For, if 
e(x, 0) = (2m6v)~ exp(—2?/260), 
fecaio—anie 01—Vm)e(Xm — Xn, 
Um— Un) dXm‘@ = 


e(x:—x,, —_). (28) 


So the result is 


(ab) +++ (yz) = Jp (yy (00) --- (ue) II e(a@ — x9, 1), (29) 


Tw) 


where n is the number of different coordinates among 
x(@..-x%@, Tf one writes 


Toy = e(x@ — x9, 1) 
= (218)! exp— (x*—%9")?/2m8, (30) 
this result may be written in the form 


(ob) ++ (ys) ae Jy (4) (00) --- (us) II Toay™ (31) 
a 


Tic) 


where each superfix 1-:- 
pearance. 

It will now be supposed that the pairs of associated 
coordinates x“ and x, x and x, etc., separate 
into two groups, each of which contains no coordinate 
in common with the other. If there are m different 
coordinates and q pairs in the first group, it may be 
shown that 


-N makes at least one ap- 


k IT g¢ny 08) °° V2) = q !T g¢my‘*” **@h)(k—g) ! 


MI p—e(n—my °°", (32) 


For, from (26) one has 


bh 17", (a>) ; (2) = > part] iT: 


wh) (k—g)! 
x Ty-q tee (yz), (33) 


where } part indicates the sum of all partitions of the 
suffixes 1---k among the two groups of coordinates. 
By using Eq. (28), one may reduce the integral 
Dany to the form 


(k -* fds ‘ fa, a) 


(™(0)(b— 9) Fracnmy 


where Jom)‘'"*(v) is an integral similar to 
T qm)“, as defined by (28), except that the 
integrations with respect to the are omitted. The 
> part Now operates on the suffixes attached to the 2’s 
contained in J 4m) and Jx_¢(n—m). At this stage, the 2’s 
continue to satisfy (22); but if, in each term of the 
summation in (34), one interchanges the suffixes under 
the signs of integration so that J 4m) is always a func- 
tion of v1-++v,, and Jp—o(n—m) Of Vq41°** Ve, the condi- 


XI qc" “w)(y), (34) 
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tion (22) no longer holds: Instead, one has 


— es _ 

0 Vo 11 = = Vqg= Ve+1 1 (35) 

0= Vo Vq4H1= iia SYS 1= 1, 
together with various other inequalities between v’s in 
the two groups, which vary from term to term of the 
summation. However, the effect of the summation is 
to remove these latter restrictions by extending the 
ranges of integration to all values of the v’s which 
satisfy (35). The result (32) is thereby established. 

A device will now be introduced similar to that em- 
ployed by Mayer (1937, 1938)° in his theory of con- 
densation.> The integral I :n)*'”) is associated 
with a configuration of m particles, situated at the 
points x, x), etc., the & pairs x and «®), x and 
x, etc., being joined by “bonds.” A configuration 
completely connected by these bonds is called a 
“cluster.” As a limiting case, the expression (30) may 
be associated with a “cluster” containing only one 
molecule, at x‘. 

By repeated application of (30), Zicn)°*"**“% may 
be expressed in terms of the integrals associated with 
the various clusters of particles into which the original 
configuration of m particles resolves. If there are v 
clusters, containing w, we, ---, w, particles and q, q2, 
‘++, g, bonds, respectively, the product of the J g(wy’s 
is divided by the number of partitions [k!/(q:!g2!---q!) J 
of the bonds among the clusters. This divisor is, how- 
ever, canceled, on insertion of J;,,v) in the expression 
(27) for px, by an identical factor obtained by col- 
lecting equal terms under the multiple summation. 
One therefore obtains finally 


p(x, x)=), II I ew)s (36) 


q(w) 


where >>“) indicates the sum of all different products 
obtained by distributing the k bonds among the NV 
particles. Configurations in which two or more bonds 
connect the same pair of particles are admissible. 


4. THE PARTITION FUNCTION 


It should be observed at this stage that the result 
(36) is strictly correct only for ideal assemblies satisfy- 
ing classical statistics. This is a consequence of the 
ee embodied in the boundary condition (6), 
that 


Dd sV¥ s(x) ¥ s(xo) = 5(x— x0), (37) 


which would not be true if only the symmetrized wave 
functions required by quantum statistics were included 
in the summation. There is, however, a simple way of 
obtaining the density matrix for quantum statistics 
from that for classical statistics. The author has con- 


sidered the corrections required for Bose and Fermi 
———— 


*J. E. Mayer, J. Chem. Phys. 5, 67 (1937); J. E. Mayer and 
S. F. Harrison, 6, 87, 101 (1938). The method here adopted is 
More closely analogous to that of S. F. Streeter and J. E. Mayer, 
J. Chem. Phys. 7, 1025 (1939). 
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statistics elsewhere [Green (1951)?] and shown that 
they are (1) negligible above a certain temperature 7, 
and (2) approximately additive to the corrections in- 
troduced by quantum mechanics below this tempera- 
ture. Pending a more exact treatment, one may there- 
fore proceed as if classical statistics were always 
applicable and insert the known corrections for quan- 
tum statistics as required. 

The partition function, for classical statistics, is ob- 
tained from (4) with the help of (27) and (36). One has 


Q=2 2% IL Tacwy(%o= #) dz. (38) 


q(w 


If 
w!Vby= (2x8)? E f Feves(t0= x)dx (39) 
q 
is defined as the sum of all the integrals associated with 


a cluster of w particles, irrespective of the number of 
bonds connecting them, the coefficient of 


(Vby)*(2 !Vba)*- - -(N!Vbw) EN 
in Eq. (38) for Q will be 





(2m 8)-3N/2 N! 
. Rey !ko!++-Ry! (1!)#(2 142+ + « (NI)EN 
1 
> wwky= N (40) 


and zero otherwise. Hence, Q is the coefficient of 2” in 
the expansion of (278)-**2V'! exp>_..(Vb~2") in powers 
of z. The 6’s are evidently identical with those defined 
by Uhlenbeck and Kahn (1938) by analogy with 
Mayer’s theory, but, so far as the author is aware, 
no one has previously derived explicit expressions for 
them. From (27) and (39), this may now be done. One 
has, with the help of (26) 


1 1 1 
b= Ef aw, f dv»: . f 
1% v1 


vq— 


dv4(q 1) FY cmtatels (41) 
1 


where 


mV Cq(w)= (omar f f1| —ads(r 


I=I 
Bs. —>o (x1—41-1)"/28(a1— 1-1)} 
{ 2B (vi— 1-1) }®”” 


In (41), }operm applies to the ordering of the suffixes 
of the vectors r;, which coincide with the bonds con- 
necting the particles of the cluster. In (42), x is now 
identified with x,, and v with v4_1. 

In evaluating (42), note that the bonds are num- 
bered 1, 2---g, and that 7; connects the particles at 
x and «%”, The number of the bond, meeting at 
x), next below /, will be denoted by (0/); and that of 
the bond, meeting at x”, next below /, will be denoted 
by (/b). In case there is no bond whose number is less 





| (42) 
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than / meeting at x‘+”, suppose the highest number of 
all bonds meeting at the point is m; then x@)“ will 
mean %m, and vo) will mean v,,—1; a similar inter- 
pretation is given to 2) and x) when there is no 
bond with number less than / meeting at x%”. One 
may now perform all the integrations in (42), with the 
help of (28), except those relating to the coordinates 
xv and x,% (l=1, 2, ---, q). After writing 


y= F(x +24), (43) 


one has 
4 q 
m|V Cam) = (24B)™? II {—Bdridyip(r:) 
l=1 


Xe(yr— V1) — Sor) VI— Vow) 
Xe(yi— Yao) FS2(2)) VI—Vavy) } 5 (44) 


Soni=Z(NzLEey), Sirw)=F(MET WW»); 


where e(x, v) is defined in (28). The ambiguities of sign 
are removed by the observation that the vector Siz): 
joins the ends of 7242) and 7; which do not meet at 
x2, and sq) joins the ends of 7; and r(~) which do 
not meet at 2. 

The final reduction of the integral in (44) requires 
the performance of the integrations with respect to 
the y;. Since only differences of the y’s occur, the in- 
tegration with respect to one of them (say yz) yields a 
factor V canceling the one on the left-hand side of 
that equation; and the other integrations may be per- 
formed giving y, any constant value (say 0). If m= (6/), 
write /= (am) ; and if m= (lb), write /= (ma). Write also 

Um=(V1i— Vm); (45) 
the exponent of the integral is then 


= Lilt (yi—Yeoy»—Sens)? 
+ U1 (10) (Yi-— Va) + S2(20))?} /28 
(SL demfumyr Vm +2 DO freyitg)/28, (46) 


where 
fim=Uroyn FU) FU ani FU tayt, l=m 
= — Upm( 6 6t)m+6(t6)m) — Umt(S (omy + 6 (mops), lm 


St=— Uys oy rt UicavySt() FU (at) St(al) — Uta) tS (ta)e 


q 
8=L (Urns oy? +M1()5 we): (47) 


l=1 


The result of performing the integrations is therefore 





3 i 
wea 26" f TY _ Badrip(rimren Ui(Wb) 
l=1 (2%6)3 


exp(—F/26f) 
(2Bf)} 





, (48) 
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where f is the determinant | fim| of the matrix fim with 
g—1 rows and columns, and 


fim Su 
| ae 


is the determinant of the matrix obtained by “em- 
broidering” fim with an additional row and column 
consisting of the vectors f;(/=1, 2, ---, g—1) and the 
scalar g—products of vectors being interpreted as 
scalar products wherever they occur. These deter- 
minants depend, of course, on the structure of the 
cluster with which C im) is associated. 

It is not hard to convince oneself that, in the case 
of an “reducible” cluster, i.e., one consisting of two or 
more part connected by only one particle, the integral 
(48) always factorizes into simpler integrals associated 
with the irreducible components. It is not, however, 
obvious that the integral (41) factorizes in a similar 
way, and perhaps it does not do so in general. How- 
ever this may be, it is simpler in the quantum theory to 
define the “irreducible cluster integrals” 8; as those 
which satisfy the simultaneous equations 


(mB,)" (mBo)"® — (MBm—1)™™™ 


r;! ro! 


(49) 








(50) 





MD = 
Tm—-1 ! 


One has, for example, 
Ldn=m—1, 
Bi=2b- 
B2= 3(b3— 2b,”). 


It is known from Mayer’s work that these are the 
second and third virial coeficients, respectively. As a 
first application of the present theory, the series which 
represent them will be evaluated in the next section. 


(51) 


5. THE VIRIAL COEFFICIENTS 


The evaluation of be from (41) will now be completed. 
Setting w= 2, one obtains from (47) 


fu=2(uu-atui) 


fuu=fi_u= —2uu-1 
q q 
f=2 "(I vu-) I] #u-1) 
l=1 l=1 


=20°]] wu 


fi=0; F/f=g=} unaln—n-a), (2) 


sO 
2c 4(2) = (4B)! I [ —Bdrib(ri)eri—ri-s, 
2(u—- v-1) |. (53) 


The integrations required by the formula (41) can be 
performed; for, since c,(2) depends only on the differ- 
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ences 2;—2-1 (/=1, 2, ---, R—1) and is invariant under 
a cyclic permutation of these variables, one has 


1 1 1 
[dof dee--- f 
0 v1 v 


q-1 


1 1 1 
=f aw. f dw;:- f dwyCq, (2) 
0 w Wk-1 


2 


dvgCq(2) 


where w,;=v,—2. This integral can be simplified by 
applying again the identity (21); it reduces to 


i f Tt —drip(r1)/4mt,}X(4mts) exp—(Ct)?/48, (54) 


where 
4=|n—r4l, 


(55) 


h=|n—rsi| (/=2, ---@). 


Hence (41) gives 


t= 8 ra f Il{—arib(ri)/4nt)}(E 4nt,) 
Xexp(—(X ti)?/48}. 


It has already been supposed that ¢(r) is not more 
singular than r~* at r=0, so each integral in the series 
converges. At very low temperatures, b» is given by 


(56) 


2bo=B y Ik —drip(r)/4mti}4rt, 
X{1—(L tr)?/48}+067). (57) 


It is worth noting that the value at absolute zero 
can be obtained by observing that the function 


Hr) =14E f TI{—dreb(ri)/4nhy (58) 


satisfies the two-particle Schrédinger equation 
(1/r)(@/dr*){rv(r)} = (7) (7) (59) 


and is, in fact, that solution which approaches the 
value 1 as roo. But clearly, from (57), 


2n=6{ f xrrecrar-+oe~) ; (60) 


Thus, an elementary solution of the Schrédinger equa- 
tion gives the second virial coefficient for very low 
temperatures almost immediately. 

The evaluation of 53 is more complicated, and here 
only the first terms in the perturbation series will be 


considered. The irreducible triangular cluster will be 
considered first ; one has 


f= U2 2yUogtgotts1tt13{ (41221) 
+ (u2gt32)~'+ (usitti3)'}, 


U12MoUoghgo3113(i+T2+7s)°, 


(61) 
P= 


so the contribution of this cluster to 3!c3,3) is 


f Tl{—Bdrib(ri)}elri trots, as), 


a3= (¥o—21)(1—v2+01) + (v3—v2)(1—v3-+ 0) 


+(v3—01)(1—v3+01). (62) 


Now, by some elementary transformations one has 


1 1 1 
f dv, f dv2 f dv3e(r, a3) 
0 v} Vo 


4/3 Hy 
= 3-4 f dé f da e(r,a) (63) 
0 §(1 —} sec?) 


so the contribution to b3 of the cluster considered is 


(3) f Tt —sdr(r.)} 


4/3 3 
xf ao da e(ritre+rs, a). (64) 
0 §(1 —} sec?) 


It can be shown that this approaches a value propor- 
tional to 8B as B=. 

There remains to be considered the reducible clusters 
formed by three molecules. There are three configura- 
tions with one particle joined to each of the others by 
a single bond; these all give f= 2%2, and F=0, so 


3!¢2(3) = {2 f omar} ° 


The contribution to b3 of this term is then 


pfaonl 


This removes from 83, expressed as in (51), the term 
proportional to 6? arising from the square of bs, at 
least as far as terms proportional to the square of the 
force constant are concerned. Most probably the same 
cancellation occurs: in terms of higher order, so that 
Bo, like B,, is proportional to 6 at very low temperatures. 
A likely hypothesis is that all the virial coefficients are 
inversely proportional to the temperature near abso- 
lute zero, so that the pressure depends on the density 
alone. The verification of this hypothesis will require 
a more extended evaluation of the virial coefficients, 
based on the method of this paper. 


(65) 


APPENDIX 


It is required first to evaluate the integral 


dN& exp(ixé) 
Ly(x, n)= 2 | oo +e ’ 





n=(2E)'. (66) 
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This is obviously a function of the length ry=(<?)! of 
the vector x with 3V components; also it satisfies the 
differential equation 


(PLy/dx*) =? Ly (67) 
except for ry=0. Writing, therefore, 


Ly=2n'*~ky(nrw), (68) 
one obtains 


sky’'(s)+(3N—1)kw’(s)—kw(s)=0. (69) 


The solution of this equation which is proportional to 
s?-8 for small values of s is 


ky(s)= cys? *)?K (gy_o)/2(5), (70) 


where cy is a constant and K, is the Bessel function of 
imaginary argument and order n. With Basset’s 
normalization® 


lim,os"K,(s)=2""T(n). (71) 


The value of the constant cy can thus be determined 
by the relations ; 


Ly(x, 0) = 2cyry 2 -26N—)2T(3N—2)/2 





of dN& exp(ix-&) 
‘a (2m)8N Fa ; 
five 0)dx) = Ly_-i(x, 0). (72) 


Since 
PBN =2)/2 f ry de = IPN —8)/2r0™, 


this gives (27)!cv=cy-_1, and as 
Ly(x) = 2¢1(n/11)?Ky(nr1) = (2471) exp(—n, 1), (73) 
one has 
j= (2r)-? 
and 
cn = (2r)34 2, (74) 
Hence 


Ly(x, 9) =2(20)*%?(n/ry) XK (gn—2y/2(nrw). (75) 


To obtain the expression (17) in the text for odd values 
of N, one makes use of the well-known recurrence 
relation 

(d/ds){s"Kn(s)} = s"Kn-1() 


satisfied by the Bessel functions. This, together with 
(75) above, enables one to express Ly in the required 
form. 

The Laplace transform 


1 c— 10 
— dE exp[ BE _ a(2E)* | 
6 J. M. Basset, Proc. Cambridge Phil. Soc. 6, 11 (1889). 
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is easily evaluated by deforming the path of integra- 
tion to pass from — © along the real axis, round the 
origin in a positive direction, and back to —~, If 
—aZargE<r, the above integral reduces to 


1 0 
—] {exp|GE+ ia(—2E)* ]—exp[BE—ia(—2E)! }}dE 


2rid _» 
or 


a f exp(— 43k’) sin(ak)kdk 
0 


on substituting k?= —2E. This is 


10 ¢” 


2r Oat _~ 


exp(— 38k’) cos(ak)dk 
=2n(2rB)a exp(—a’/28), 


the result required in the text. 
To establish the identity (21), consider first the 
case k= 1. One has 


exp(sit+si')/28 f dofo(t—0)} 
Xexp— {s7/v+s2?/(1—2)}/28 
=2 J duu~(1+u?) exp—(s1?/u?+u?s2")/28 (76) 


by the substitution v/(i—v)=u*. Now by putting 
w= syu and w= S2/u one has 


J dw exp(w*+s77s2"/w")/2B 
0 


= af du exp— (s2u?+-so2/u?)/28 
0 


«o 
= Se f duu~ exp— (s2u?+so?/u")/28, 
0 
so the above integral is 


2orts)/sisef dw exp— (w®+51°s2?/w*)/28. 


0 


Now if 


so= J dw exp— (w+ @/w*)/28, 





one has 


f(0)=3(2n8)}; 


also, 


f'(0)=—f(0)/8 
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$0 exp{ — (Sizit+ Sk42)?/28(1—v,)} in the form 
f(0)=3(2m8)! exp(— 0/8). 


Thus the integrals of (76) reduce to 
(sit Se) + (2m)! exp(— 5152/8)/s152. 


This proves the desired result for k=1. For higher 
values of k, one proceeds by induction. Assuming the 
formula (21) of the text to be correct, replace si41 by 









1 
(2x8) —v,) User! 5 nus) f dv 
0 


Xexp{— [seq1?/0+Si427/ (1 —v) ]/2p(1 —)}. 


If one now writes v(1—2,%)=2%41—2% so (1—v)(1—2) 
=1—v,,;, the formula is verified for the higher value 
k+1 of k. Thus the conditions for mathematical in- 










Sexi + Sk+2, and use the result for k=1 to express 





duction are satisfied. 
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HE principles of statistical mechanics as developed 

by Boltzmann and Gibbs were designed to give 
a mechanical and molecular basis for the laws of phe- 
nomenological thermodynamics and to provide means 
to calculate grossly observable quantities from known 
orassumed properties of molecules. The first principle of 
the theory is the identification of the time average of cer- 
tain functions of the phase of a mechanical model with 
the values that the grossly observable properties of an 
isolated physical system assume after a long enough 
time. The second is the identification of time averages 
with phase space averages as justified by the ergodic 
theory. The fact that physical systems contain large 
numbers of molecules means that the dispersion of the 
goss variables is very small, and therefore that it is 
very improbable that a value of the gross variables 
different from the phase space average will be observed. 
_ The problem with which this paper will be concerned 
is the extension of the principles of statistical mechanics 
80 as to give a mechanical and molecular basis for 
phenomenological laws of time-dependent nonequi- 
librium phenomena and to provide the means to calcu- 
SS 
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Two principles of a statistical mechanics of time-dependent phenomena are proposed and argued for. 
The first states that the proper mathematical object to describe the physical situation is the stationary 
random process specified by the ensemble of time series a;(X;)t=1--+s and the distribution p(X). The set 
phase functions a;(X)i=1---+s represent the set of grossly observable features of the system. X; is the image 
of the phase X after time ¢. p(X) is a stationary distribution. The second principle is concerned with the very 
common case in which the phenomenological equations are of the first order in time and states that in this 
case the random process in question is a Markoff process. A Fokker-Planck equation is derived for the 
process, and an entropy is defined and is shown always to increase. Phenomenological equations are derived 
as a first approximation to the Markoff process. These involve a certain matrix §; which is shown to satisfy 
symmetry relations which are a generalization of Onsager’s. The theory is applied to the uniformization of 
the direction of momentum of a particle on a two-dimensional torus subject to a small perturbing potential. 


late the time behavior of grossly observable quantities 
from known or assumed properties of molecules. This 
problem has, of course, not been without quite good 
answers in certain special cases. Thus the Maxwell- 
Boltzmann kinetic theory of gases gives a good answer 
for gases at low densities. The electron theory of metals 
gives a good answer for electrical properties of metals. 
Eyring’s theory of absolute reaction rates deals with 
the problem of chemical reactions in gases. Each of 
these theories, however, is limited to a much smaller 
group of systems than that to which equilibrium sta- 
tistical mechanics applies. 

Latterly there have been some works which have 
tried to answer the problem for more general systems. 
Peierls has given a theory of the conduction of heat in 
nonmetallic crystals. Eyring has extended the ideas of 
his chemical rate theory to deal with such processes as 
diffusion and viscosity in condensed phases.’ On dif- 
ferent principles Born and H. S. Green have given a 

ekinetic theory of liquids using the so-called superposi- 
tion principle for the distribution of groups of three 


particles.? In general these works have been concerned 


* This paper has been submitted in partial fulfillment of the : 


1Glasstone, Laidler, and Eyring, Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941). 
2 M. Born and H. S. Green, Proc. Roy. Soc. (London) A188, 10 


r (1946) ; 189, 103 (1947) ; 190, 455 (1947). 
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with particular models and more or less _ restricted 
classes of systems. 

Works which have stated principles which are inde- 
pendent of particular models are Onsager’s theory of 
microscopic reversibility,*:* and the work of Richardson® 
on. Markoff processes and irreversible phenomena. 
Kirkwood’s statistical mechanical theory of transport 
processes,® based on the idea of diffusion in the phase 
space of n-uples of particles, is intended to apply to all 
states of aggregation. Peierls’ theory of heat conduction, 
while concerned with a particular model is based on an 
idea (the Fokker-Planck equation of a random process) 
which we wish to generalize and discuss independently 
of a model.’ 

In the main body of the present paper we will pro- 
pose and argue for some of the principles of a statistical 
mechanics of time-dependent phenomena independent 
of a particular model. Some of these principles are 
implicit or explicit in the above works, particularly 
those mentioned in the preceding paragraph. We will 
propose them and argue for them in their most general 
form. In an appendix we will discuss a specific example 
which can be shown explicitly to exhibit the behavior 
which we assert in the main body. As an answer to our 
problem, the set of principles to be stated is incomplete 
in that there is no principle which plays the role of the 
ergodic principle in the equilibrium theory, i.e., of 
allowing the calculation of physical properties without 
explicit knowledge of the solutions of the equations of 
motion. In the present paper we do not, for the time 
being, consider quantum mechanics. 


A. GROSS VARIABLES AND RANDOM PROCESSES 


Let us have before us a few typical time-dependent 
phenomena in systems of large numbers of particles. 
Such are, for example, the motion of a viscous fluid, the 
conduction of heat, chemical reactions. We are inter- 
ested in understanding the time behavior of certain 
grossly observable quantities which can be expressed 
as functions a;(X) of the phase X of the mechanical 
model which we know or assume to represent our sys- 
tem. Such quantities are the local velocity in the case 
of the viscous fluid, the local temperature in the case 
of heat conduction, the mole fractions of the several 
species in chemical reactions. We will call these quan- 
tities gross variables as opposed to the microscopic 
variables, the positions and momenta of all the particles. 

So far as can be observed with large scale methods 
the gross variables are smoothly varying, definite func- 
tions of the time which are reproduced in each repeti- 
tion of the same conditions. A metal bar heated in the 


3L. Onsager, Phys. Rev. 37, 405 (1931); 38, 2265 (1931). 

4H. B. G. Casimir, Revs. Modern Phys. 17, 343 (1945). 

5 J. Richardson, unpublished lecture delivered at a Symposium 
on Non-Equilibrium Statistical Mechanics, Meeting of Fluid 
Dynamics Section. American Physical Society, University of 
Virginia, December 28-30, 1949. 

6 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946). 
7R. Peierls, Ann. Physik 3, 1055 (1929). 
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same manner on different occasions cools down in the 
same way. From a more fundamental point of view, 
however, we know that the gross variables are subject 
to rapidly varying fluctuations which are not reproduced 
on successive repetition of the same conditions, but 
which are very difficult to observe because large fluctua- 
tions are extremely improbable. If we are to give com- 
plete theoretical description of the grossly observable 
quantities we must include these rapidly varying 
fluctuations. Since from this more fundamental point 
of view the gross variables are not definite functions 
of the time we must consider the ensemble of all possible 
functions which can represent the time behavior of the 
gross variables given, of course, the mechanical model 
which we take to represent our physical system. In 
order to be able to say which of these functions are 
likely to be observed we must introduce a probability 
into this ensemble. In the current language of mathe- 
matics we must consider the gross variables to be 
represented by a random process. 

In mathematical symbols, we are concerned with 
certain functions of the phase a;(X) i=1-- +s which we 
call gross variables. Let X, be the image of the phase 
X after time /, i.e., X; is the phase of our dynamical 
system at time / if its phase at 0 was X. At time / the 
gross variables will have the values a;(X,). We wil 
obtain the ensemble of all possible functions which can 
represent the time behavior of the a; if we let X vary 
over all possible phases. To introduce a probability into 
this ensemble of functions means to give a probability 
distribution to the initial phases X. The ensemble of 
functions a,(X,) together with the distribution of the 
initial phases X is a random process.® 

Given this random process we are able to answer 
questions of the following type: What is the probability 
of observing a set of values of the a;(X;) such that 


a; < a;(Xt) < a;)+Aa;® 
a; <a(Xt2) < a;®+Aa;® 










































i=1e--s 






ai™ a(Xty) Kai+Aa;? 






We will indicate such a distribution by 


oe -a,; t,) Aa, ee -Aa,. (2) 





pr(a;P ty 


This is the so-called joint distribution of the gross vati- 
ables at times /;---/,. Until now we have not specified 
the distribution of the initial phases. We can make 4 
further specification of our random processes by noting 
that we do not observe a different time behavior fot 
the distribution of the gross variables at differen! 
epochs. In the current language of mathematics ou! 
random process must be stationary. The joint dis 
tributions should remain unchanged when each of the 
times of observation are changed by the same constall! 
amount. The necessary and sufficient condition for this 






















8 Ming Chen Wang and G. E. Uhlenbeck, Revs. Modern Phys. 
17, 323 (1945). See also C. Shannon, The Mathematical Theory" 
Communication (University of Illinois Press, Urbana, 1949). 
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MARKOFF RANDOM 


is that the distribution of initial phases should be a 
function of the single-valued integrals of motion of the 
dynamical system, the energy, and possibly the linear 
and angular momentum. In what follows we shall sup- 
pose the energy is the only one-valued integral of 
motion. 

There are no other general principles which allow us 
to define our random process more precisely. Which 
function of the energy we choose as the distribution of 
the initial phases depends on what knowledge we have 
of the energy of the system. It is, however, expedient 
to consider the random processes in which the dis- 
tribution of the initial phases is that corresponding to 
a microcanonical ensemble of energy E. If pz(X) is 
the distribution of initial phases, 


px(X)=6(H(X)—E)/W(E), (3) 


where 6 is the Dirac delta-‘‘function,” and W(E)dE 
is the phase volume contained between two adjacent 
surfaces of constant energy corresponding to E and 
E+dE. A random process with such a distribution of 
initial phases has, according to the ergodic theorem, a 
certain homogeneity in the sense that each representa- 
tive of the ensemble of functions a;(X) has the same 
properties over long stretches of time except for a set 
of functions of probability zero. More precisely for 
almost every X (or except for a set of X’s of probability 
zero) the fraction of the time ¢ out of a stretch of length 
T which satisfies the inequalities 


ai [a(Xitt,) LaiP+Aa;™ 
a;® Ca(Xt+2)Ca;+Aa;° (4) 


ai a(Xe+tr) [a+ Aa;™ 


approaches the same limit as ZT approaches infinity. 
The common limit is the joint distribution (2) for the 
process. We can consider a random process with any 
distribution of the energy to be a linear combination 
of such homogeneous parts. 

We wish to propose as a first principle that the appro- 
priate objects of study of a statistical mechanics of time- 
dependent phenomena are the random processes a;(X1) 
with initial distribution of X, px(X), for all energies of 
interest and for all gross variables of interest. We note 
that the distribution function p;(a,f) is independent of 
time because of the stationary character of our random 
processes. It contains all the information considered 
in equilibrium statistical mechanics. The distribution 
functions po(a;t,, a;, ts), p3(a;ty, a; te, a; ts) etc., 
are indeed time-dependent and are the special objects 
ofa statistical mechanics of time-dependent phenomena. 


B. COMPLETE SETS OF GROSS VARIABLES 


One of the facts to be explained by a statistical me- 
chanics of time-dependent phenomena is that in certain 
‘ystems the time-behavior of the gross variables as ob- 
‘ttved with large scale methods can be represented 
Very well by differential equations which are of the 
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first order in the time. Thus the Navier-Stokes equa- 
tion, the phenomenological equation of heat conduc- 
tion and the equations expressing the rate of a chemical 
reaction in terms of the concentrations of the species 
are of this kind. Another way of expressing this fact 
is that if the values of the gross variables are fixed at 
one time they are determined for all times thereafter. 

This circumstance is, of course, not the case for all 
systems and for all choices of gross variables. Systems 
exhibiting combined viscous and elastic effects may re- 
quire a complete knowledge of the past history in order 
to predict the future behavior. Moreover, even for such 
phenomena as heat conduction we cannot predict the 
future from the present unless we have enough knowl- 
edge of the present. If we know only the temperature at 
the ends of a metal bar, we cannot predict the future 
course even of the temperature at the ends. If for a 
particular system there is a set of gross variables which 
is such that from the large scale point of view the 
knowledge of the present values of these variables at 
one time determines their values at all times thereafter, 
we will call such a set of gross variables:a complete set. 

As an example of a complete set of gross variables 
consider the case of the motion of a viscous fluid. Ac- 
cording to the phenomenologica! equations of motion 
a knowledge of the three components of the local mo- 
mentum density and the local particle and energy 
densities at every point of the fluid at one time deter- 
mines these quantities at all later times. Because of the 
discrete structure of the system there is a certain in- 
definiteness in the usual definition of local density as 
the limit of the average density of an arbitrarily small 
volume. If, however, we are willing to ignore inhomo- 
geneities of size smaller than, say, one millimeter we 
can divide the space occupied by the fluid into cubical 
cells of size one millimeter and take as our complete 
set of gross variables the momentum, energy, and num- 
ber of particles in each cell divided by the volume of the 
cell. Our definition is, of course, not unique. We would 
get a different, but equally satisfactory set of gross 
variables if we chose any cell size large enough to con- 
tain a large number of molecules but small compared 
to the size of the inhomogeneities in which we are 
interested. 

One of the important problems of the theory is to 
define the conditions under which a system has a com- 
plete set of gross variables and to give a rule for deter- 
mining them. In what follows we will have something 
more to say about this problem. For the present we wish 
to note that in the above case the five quantities mo- 
mentum, energy, and number of particles would be the 
only one-valued integrals of motion if there were no 
interaction between cells. 

In the remainder of this paper we will consider only 
systems which have a complete set of gross variables. 
We will discuss the special properties of the random 
processes associated with complete sets of gross 
variables, 





C. MARKOFF PROCESSES 


We have characterized the random processes with 
which we are concerned by specifying an ensemble of 
functions of the time a;(X,) together with the dis- 
tribution p(X) of the parameter X. Another way of 
characterizing a random process is to give all the joint 
distribution functions p,(a;%t,---a;t,). These dis- 
tribution functions are not all independent. In fact 
we have 


Pr_1(asP4y- » + a5¢-Yt,_1) 


= f onlai . -a;-Yt1, a;t,)da;, (Sa) 


fotern: ° a; t,)day)+ ° -da,‘” = 1. (5b) 


This characterization is perhaps more suitable for our 
purposes because we are usually interested in the values 
of the a; at only a few distinct times, usually the present 
and one future time. 

There is another set of functions derivable from the 
joint distributions which express the physical circum- 
stances even more directly. These are the so-called 
transition probabilities. 


T (a; ty, °°; Pty, a4 e/a +a) (6) 


is the conditional probability that the gross variables 
have the values a;") at t,---a;"" at t, if we know that 
they had the values a; at t_,, ---a; at f. We can 
express the transition probabilities (6) as 


Preupi(ai—t_y° is a;t,) 


(7) 





Pusi(ai—t_y° ee a; to) 


We wish to examine these transition probabilities along 
with our large scale physical knowledge in order to 
reduce the range of possibilities for the random proc- 
esses associated with complete sets of gross variables.® 

First let us consider the transition probability 
T(a;to/a;, 1). This expresses our knowledge of the 
gross variables a; at time ¢ when we know certainly 
that they had the values a; at f. Since a; is certainly 
equal to a; when t=é we must have T(a;to/aito) 
= §(a;—a;). In most cases the fluctuations in the 
gross variables are very small and the probability that 
the gross variables are observably different from one 
particular set of values G;(a;®,t—t%)) must be very 
small, In other words T(a;to/a,t) must be very sharply 
peaked around the representative values @;(a;, ‘—to) 
which depend on the a; and on t—f. We may take 
for dG; the conditional mean of a;: 


d;=(a;)= f da; ++daa;T (a; to/at), i=1--+s. (8) 
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The (a;) are the values of the gross variables observed 
with large scale methods. They are evidently approxi- 
mate solutions of the phenomenological equations of 








motion 
d(a;)/dt=v((a;)) i=1---s (9) 
with 
v((a;)) = lime —to+0(G;((a;), t—to) — (ai))/(t—to). (9a) 








Large scale observations do not give us a great deal 
of information about the transition probabilities in 
which information about more than one time is assumed 
to be known. Thus to determine T(a;—P ty, a; to/a4t) 
we are supposed to know the values of the gross variables 
at times /_;, fo, and ¢. Since, however, the distributions 
of the gross variables are very sharply peaked func- 
tions we cannot hope to have information about 
T (ait, a;to/ait) except for values of a;—, a;, 
a; which are solutions or the phenomenological equa- 
tions of motion (9) for times /_;, fo, and #, respectively. 
For a complete knowledge of T we must have knowledge 
of the a; when we have previously observed values of 
a;— at t, and of a; at t which are considerable 
fluctuations from a solution of (9). 

There is reason to believe, however, that physical 
systems with complete sets of gross variables “forget” 
their past history. If we produce an arbitrary past 
history by artificial means, i.e., by acting on the system 
from the outside, the behavior of the system after the 
outside influence has been stopped depends only on the 
state of the system at the time of stopping. Thus, if 
our metal bar is heated up at a varying rate and then 
isolated, its temperature distribution as a function of 
time depends only on the temperature distribution at the 
time of isolation. There must be, of course, a short time 
after isolation during which the past history has some 
influence because of the continuity of physical phe- 
nomena. Evidently this time is short compared to times 
measurable by large scale methods. 

The situation in which there is an outside influence 
is not at all the same as that in which an a priori im- 
probable past history has arisen by a fluctuation from 
the expected behavior. Indeed as long as external forces 
are present the Hamiltonian of the system is not the 
same as the Hamiltonian when the system is isolated. 
It is not, however, unreasonable to believe that the 
ability of the system to forget its past history is 4 
property of the part of the Hamiltonian due to internal 
forces only and therefore belongs to the isolated system 
as well. 

Using the above argument as a suggestion we propos 
the following hypothesis: the transition probabilities 
T(a;—t_u:++a;to/azt) are independent of the argu: 
ments @;f,,- - + a;t_;. In symbols 


T (a; tus +d: bo/at) = T (a; lo/ait). 













































(10 





Random processes for which (10) holds are usually 
called Markoff processes. There is a qualification 
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(10) which we must make because of the continuity of 
physical phenomena mentioned above. We assume that 
(10) holds as long as the difference of any two times of 
observation are not less than a time ¢ which is small 
compared to times observable with large scale methods. 
With this qualification, we take as a second principle 
of the statistical mechanics of time-dependent phe- 
nomena that the random processes associated with a com- 
plete set of gross variables are stationary Markoff processes. 

This hypothesis is not new. Peierls’ has used it in 
his theory of heat conduction in nonmetallic crystals, 
while Richardson’ has proposed it for the general case. 
We wish to examine the consequences which may be 
drawn from it. Any final judgment as to its validity 
will of course depend on how well it serves to explain 
physical phenomena. 

We wish to cite the case of Brownian motion in a 
field of force as an example of a physical system which 
has a set gross variables that is a Markoff random 
process. The system in this case is the Brownian par- 
ticle plus the molecules of the surrounding fluid. The 
complete set of gross variables is the position and 
momentum of the Brownian particle and the total 
energy of the system. (The total energy determines the 
temperature of the system, and since it is a constant 
we need not consider it explicitly in the transition 
probabilities.) In this case the fluctuations are large 
enough to be observed with a microscope, and the suc- 
cess of the phenomenological theory of Brownian 
motion, which assumes a Markoff process for the posi- 
tion and momentum of the Brownian particle, is a 
posteriori proof of the possibility of (10) for a physical 
system. The case in which there is an external force 
feld is more analogous to the situation we are con- 
sidering, for then the mean position of the particle, 
which is the analog of the value (a,) of a gross variable 
observed with large scale methods, changes with time. 
In Brownian motion both the expected value and the 
fluctuations are observable. 

A Markoff process has the property that all the 
transition probabilities and joint distributions are de- 
termined by p;(a;, f) and T(a;to/a,t). In fact from the 
definition of the transition probabilities we have 


p(a;7,-« 0 tp) = pp_a(Aj¢Mty- + + a;—YE,_1) 
XT (at: --a;-Yt,_1/a;t,) 
=p(aj;Mty- + -a;°—Yt,1)T (ax t,1/ast,) (11a) 


by (10). By successive application of this formula we 
ave 


p(a;4,. « ait.) =py(a;t;) 
XT (a;Pty/a;te) + +Tax ta/ait,).  (11b) 


By the definition of transition probability and (11b) 


Mat ++ a; ty/a;,Mt- + +a;MU,) 
=T(a;to/a;™t,)- ++ T(as?t,-1/a+t,). (110) 


Thus a Markoff process can be specified by giving, 
(ai), the distribution function at one time, and the 
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transition probability T(a;%/a#). This transition 
probability, however, is not any function of its argu- 
ments, but must satisfy certain conditions which are 
consequences of (5a). We have from (11c) and (5a) 


fos(00, a; to, a; ts)da; = po(a;yMh, a; ts) 
= pi(0ih) f Tas4/ai%A)Tab/aiA)da,®, 


or dividing by pi(a;"t;), 
T(a;t,/a;t3) 


= f 20:4 /0.%4)T (0. %h/a:t)da,” (12) 
for all /;, f2, ¢3. Again we have 
ff extaier, a; ty)da;“) = p;(a;te) 


- fexca.n) T(a;Pt/a;te)da;™. 


Now, because our random processes are stationary, the 
distribution function at one time is actually inde- 
pendent of the time and we should write it p:(a;). We 
have 


prlas®)= f x(a.) Ta, h/a, da (13) 


for all ; and ¢2. Equation (12) is a linear integral equa- 
tion for T(a;™t,/a;t) considered as a function of the 
a; with T(a;t./a;ts3) as kernel. Equation (13) states 
that this kernel has the proper function p;(a;) with 
proper value 1 for all ¢2, ¢3. Equations (12) and (13) 
are sufficient to satisfy all the Eqs. (5a). We can specify 
a Markoff process by giving the distribution p;(a;) and 
a transition probability T(a;t,/a;t2) which satisfies 
(12) and (13). The distribution function p:(a;) can be 
determined by the methods of equilibrium statistical 
mechanics. To determine T(a;t,/a;t2) is the special 
problem of the present theory. 


D. THE FOKKER-PLANCK EQUATION 


In the mathematical theory of Markoff processes it 
is shown that (12) is equivalent to a differential equation 


(14) 


re) 
—T (a; to/at) = LT (a; to/at) 
ot 


together with the boundary condition T(a;t)/a#)—- 
5(a;—a;) as tt. & is a linear operator on T con- 
sidered as a function of the a;. In general, £ is an in- 
tegral operator. Under conditions, which act to rule out 
the possibility that the a;(x;,) have sharp discontinuities, 
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however, £ will be a differential operator. We will not 
prove this statement here but will rather give the form 
of £ in this case and the conditions for its validity.° 
£ will have the form 


oT 0 
o> 


ot ij 0a; 


re) 
~1.(as)T+—Ey(as)T ) i, j=1---s, (15) 
aj 


where 3,(a,), &;;(a,) are defined as 


B:(a,) = lime—to+0(t—to)—! 
x fa.) 7(a1%e/aut)dan (16a) 

2£;;(ax) = limt—t0(t—fy)~! 
 f (ea) a)- a) T(an"t/aub\day. (16b) 


The condition that £ should be of this form is that for 
the corresponding third-order moments 


limt—to—0(t— ty)! 
x fi (a;—a;) (aj;—a;) (a,—a,) | Tda,=0. 


The d,;(a,) can be interpreted as the components of 
the velocity of the center of gravity of the distribution 
T, while the £,;(a,) measure the rate spreading of the 
distribution. The condition on the third-order mo- 
ments can be interpreted to mean that this spreading 
must not take place too rapidly. Equation (15) is the 
well-known Fokker-Planck equation. Two special cases 
of this equation are the diffusion equations in phase 
space and inconfiguration space for a Brownian particle. 

We propose now to derive expressions for the 3;,(a;) 
and &;;(a,) by a method used by Kirkwood to obtain 
an expression for the friction constant in Brownian 
motion.* Before we do this, however, let us consider 
the kinds of phase functions which can conceivably 
make up a complete set of gross variables. It is clear 
that the Hamiltonian function, H(X) must be one of 
the members of a complete set or at least must be ex- 
pressible as a function of the members of the set. 


H(X)= E(a;(X)- + -a,(X)). (17) 


Indeed if (17) is not the case there are many values of 
the energy consistent with a particular set of values of 
the a;. If a particular set of values of the a; is observed, 
we do not know which of the ergodic parts of the en- 
semble of functions a;(X,) includes the particular func- 
tion a,(¢) which represents the future behavior of the 
system. Since a different set of values of the a; can be 
expected for each of the ergodic parts, we do not have 
enough information to predict the future course of the 


®S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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a;, and our set of gross variables will not be a complete 
set. 

Now we have pointed out that for the particular case 
of the motion of a viscous fluid the members of the 
complete set of gross variables are in a certain sense 
approximate single-valued integrals of motion. The 
Hamiltonian in this case is a simple sum function of the 
energy of the cells. We believe that this circumstance 
is quite general. More precisely, a set of functions which 
contains not only the Hamiltonian, but all the approxi- 
mate single-valued integrals of motion will be complete. 

Let us suppose in fact that each of our gross variables 
is in some sense an approximate single-valued integral 
of motion and consider the part of the phase space in 
which the inequalities 


a;<a(X)<a;+ Aa; i=1---s (18) 


are satisfied. Any definition of approximate integral of 
motion must imply that if X satisfies (17) X; will 
satisfy (17) for a relatively long time thereafter. Now 
the rates of change of the a;(X) will be certain phase 
functions v;(X) (the Poisson bracket expressions of a; 
and the Hamiltonian) which will not in general be 
constant in the region (18). The change in an aj, Aa; 
=a;(Xr)—a;(X), will be the time-integral of v;(X,) 


T 
a= f v:(X,)dt. (19) 


If the set of functions a; were all of the exact single- 
valued integrals of motion the ergodic theorem tells us 
that except for phases X contained in a small volume 
of (17) this integral is very nearly (v;)T where (2;) is 
the mean of the function 2;(X) in the region (17).!°" We 
suppose that this statement remains true for times not 
too long even when the a; are merely approximale 
integrals of motion. This means that if the a;(X,) have 
values a; at 0 they will almost certainly have the values 
a;+(v;)T at time T. This is precisely the kind of be- 
havior asserted of complete sets of gross variables. 
Moreover, if we know in addition the values of the 4 
at (1, this means that the phase of our system satisfies 
inequalities 


ai Fa(Xr1) Kai Aa™, (20) 


as well as (19), i.e., the phase of our system is known to 
be in a certain part of the region defined by (18). Since 
the above statement holds for almost all X’s we can 
expect that it holds for this part as well. Thus, unless 
the part of (18) where (20) is satisfied coincides with 


10 A proof of (15) together with a precise statement of the con- 
ditions for its validity is given by A. Kolmogoroff, Math. Ann. 
104, 415 (1931). 

1 We will use the notation (Q) to indicate the mean value of the 
phase function Q(X) in the Shell ensemble where the a;(X) have 
constant values a;. This average is in general a function of the 
constant values a;. Whenever necessary we will indicate the par- 
ticular shell ensemble in which the average is to be taken by 
suitable subscripts. 
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the part of (18) where time-average does not equal 
phase-space average, knowledge of the a; in the past 
does not change their future expectation values. 

This argument is not, of course, meant to be rigorous. 
Nevertheless it points the way to a characterization of 
complete sets of gross variables, and gives the very 
useful approximation 0,&(v;). This approximation is 
often used tacitly in discussions of time-dependent 
phenomena. When applied to the case of fluid motion, 
it leads to the usual equations of motion without the 
viscosity and heat conduction terms. We will show later 















where w(a,---d,)Aa,---Aa, is the volume of phase 
space where (17) is satisfied. Equations (21a), (21b) are 
special cases of integrals of the following type: 


T 
f dr f v,(X,)e[ A(X) dX 


[Sf arte fovcconiaxeneta (X)JdX, (22b) 








(22a) 






where we have written A(X) for the set of functions 
a(X)---a,(X). We will obtain a general formula for 
such expressions which we will then apply to (21a) and 
(21b). Let us divide the region of integration over drd7’ 
in (22b) into two parts, the part where 7’>7r and the 
part where r>r’. In the second part we rename the 
variables so that 7-7’, r’—>7. We obtain thus for (22b) 


T ’ 
fof ar f (o(X_)0(Xe) 


+ 0;(X,)0(X, ) gLA (X) dX. 



























(22c) 














We see that (22c) is the sum of two terms, one for the 
indices (i, 7), and one for the indices (j, i). Henceforth 
ve will not write the second term, but simply remember 
‘0 include both in our final formulas. We now change 
the variable of integration from X to Y= X;. Since our 
‘quations of motion are in Hamiltonian form, the 
jacobian of this transformation is 1. We have for 
(22a) and (22c) 


f @ feanetacour, 


i) a J ‘* f v(V)0j(Vx—)e[A (Vs) d¥. (23b) 















































(23a) 
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T 
(a) liman.—o f dr fo X JEUX ak, Aa,)dX/w(ay- ° -d,)Aay: **ds, 
0 


T pT 
(Aa;Aa;)= Himsa f i) drdr’ [ of X,)0(Xe)E(X: a,, Ad,x)/w(a;* + +a.) Ady: +* Ads, 
0 0 


1287 





that quite generally this approximation does not give 
an account of irreversible processes. 
Let us consider the first and second moments of the 


T 
Aa;=a,(X7)—a(X)= f v;(X,)ds. 


In order to calculate the quantities 0; and £;; we must 
take averages for all phases which satisfy (18). If we 
write E(X; a;, Aa;) for the characteristic function’ of 
the set of X’s where (18) is satisfied we have 


(21a) 


(21b) 





We note that in (23a) and (23b) the a; are taken at the 
time —r which is different from 0 by an amount which 
is less than 7, a macroscopically short time. Since the 
a; have been assumed to be approximate integrals of 
motion the differences, 


ai(X0)—a(X-.)= f v;(X,)do 


os 


can be considered to be small. It is a reasonable pro- 
cedure therefore to expand g[A(Y_,)] in a power 
series in the Aa;. If we do this we obtain for (23a) 


7 
f dr f oY) eA (VY 
? 0 
a f de f dov,(Y)u,(Ve)eLA(V) V+ (24a) 


etc. g,(A) is the partial derivative of » with respect 
to a,. The terms we have not written involve products 
of more than two 2,’s. Since we have assumed that the 
v; are small these terms are of higher order than those 
we have written and we will provisionaily neglect such 
terms in all our formulas in this paper. To this approxi- 
mation (23b) becomes 


f “dr! f e" f v(V)0(¥ers)eL A(V) MY. (24d) 


We note that averages such as (Aa,;Aa;Aa;) involve 
products of more than two 2,’s and we are consistent 
in neglecting them. 


12 The characteristic function of a set is the function which has 
the value 1 for all points in the set, and zero elsewhere. 








1288 


We have 


fe focrretacrwr= f soetacrar 


‘ J (Aa;)e(A)w(A)d, (25a) 


J ‘t J ae f vi(Y,)0(¥ LA (VY) ]d¥ 


se f Aa;Aaw[ A(Y) dV 


= f (Aa;Aa;)w(A)g(A)dA, (25b) 


with A= (a1: ‘ 
(24b) we have 


-ds), dA=da,:--da,. From (24a) and 


f areca )w(A )dA -{ ar f (oo(A)o(A )dA 
-rf ar f do{vv,(0))w(A)g,(A)dA, (26a) 


f (Aa;Aa;)g(A)w(A)dA = J “a! J sete 


+ (vjvi(r’—7)) Jw(A)g(A)dA. (26b) 


By partial integration we obtain for (25a) 


f (Aa;)p(A)w(A)dA = f dr f (v;)w(A)g(A)dA 


0 
+—— 


Oak 0 


T 0 
dr f ” f (va,(a))w(A)g(A)dA.  (26c) 
Since ¢(A) is ome we obtain 


(Aa;) = (0; P+ f * f do{vi(c)), (27a) 


(Aa;Aa;)= J wf" dr (v0;(r’—7)) 
+ (v;(r'—7))]. 


We see that the first term on the right in (27a) is the 
first approximation we have already given. The second 
term on the right in (27a) and two terms on the right 
in (27b) all involve time-integrals of the expressions 
(v0;(c)). Now if the a; were all actual) integrals of 
motion of the system the expressions would be equal 
to the time-averages 


(27b) 


T 


limr.J—! f v;(X,)0;(Xr40)dr7, (28) 
0 
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which is an element of the autocorrelation matrix of the 
functions 2;(X,)---v.(X,). Under the actual circum. 
stances it is not unreasonable to expect that the quan- 
tities (v,v;(¢)) behave like the elements w;;(c) of an 
autocorrelation matrix. In Appendix I we will discuss 
the following properties of such a matrix: 


(a) for o=0, w;;(0) = (v,2;), 

(b) for o> 0, lim,.ws;(o) = (v;){2;), 

(c) wi(—o)=w;,(0), 

(d) under certain circumstances the integral 








f [(v,0;(0))— (v,){v;) ldo = £55 





exists. 





If we assume these properties for the quantities 
(v;(c)) and that the integral in (d) converges to §; 
for o greater than a certain macroscopically short time 
6 we obtain 







te) 
(Aa;)= 7|(o)-+ a 7 — a, > (29a) 
k Ody 





(29b) 





Aa ;Aa;= TLEG+&J= 2TE;;. 





Equations (29a) and (29b) are correct to terms of the 
order JT. The paradox of neglecting terms of order T° 
compared to terms of order T can be resolved if we 
remember that while T must be large compared to é 
it is still a macroscopically short time. Substituting 
these expressions into (16a) and (16b) we obtain the 
Fokker-Planck equation: 







“= —|(« HE = wy) 





r| (30) 


E. THE PHENOMENOLOGICAL EQUATIONS 
OF MOTION 


0 
+> — ty 


7 0a; 





If we multiply (30) by a, and integrate over dA we 
will obtain an expression for the rate of change of the 
expectation value (a,). After two partial integrations 
we obtain 






: Ps : TdA 
“a)= f (+E wt) é 





C) ri) ) 
(u)+ 2 — logw+>- —ti) TdA. (3!) 


a; 7 0a; 


If the expression in parentheses is a slowly varying 
function of the a;, and if T is sharply peaked around ti* 
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values (a;) we obtain the ordinary differential equations 


d 0 
= (u%)+X Eju— logw 
' F 


a; 


0 
+z. —tx) (32) 


i 04; (a1) -- (as) 
The expression in parentheses is evaluated at the ex- 
pectation values (a;)---(a-). These are the phenome- 
nological equations of motion. 


F. THE EQUILIBRIUM SOLUTION 


If we multiply (30) by p:i(a,;), where the a; are 
the values of the gross variables at /) and integrate 
over da". --da,, we see from (18) that p;(a;) must 
be a solution of (30). Since p:(a;) is independent of the 
time we have 


-|- (+x w- tn) 


fe) 
+> } 2 — in| (33) 


2 0a; 


Now p;(a;) must be of the form w(A)y[_E(A) ] where 


| y[E(A) ]is determined by the distribution of the energy 


EL A(X) ]=H(X). We wish to show that any function 
of the form w(A)¥~[E(A)] is a solution of (30). We 
may transform (30) by inserting £;, for — in the last 
term (since £;, is symmetric in 7 and k). We have 


Opi ) p 
—-5 a - (9:)+2 —ke log |=0. (34) 
) i 0a; w 


Substituting w(A)p[E(A) ] for p: we have for the left- 


hand side of (31), 
a dlogyy aE 
(»)+E—— | ex}. 
i 0a; OE 0a; 


te) 
ade 
k Od; 


We will show that both the expression in square brackets 
and the first term are zero. 
We have 


0=AE=E[A(X)]—E[A(X7)] 


If we multiply (32) by (0) and integrate over the 
tegion (18) we obtain 


dE f° 
~—]} (2(c).)do= 


i 0ajY7 


and by the definition of &;, 


OE 
~ —én=0. (35) 
i 0a; 
Moreover, we will show in Appendix II that if P(X?) 
is a solution of the Liouville equation 


0 te] 
—(P)w= —>> —w(n,P). 
ot k Oa, 


(36) 
Since ¥[_E(A(X)) ] is such a solution, we have 


0 0 
0=— w= ~> —(y,)w. 
t 


k Ody 


G. THE INCREASE OF ENTROPY 


Up to the present we have been concerned with the 
solutions of (30) which approach 6(a;—a;) as (0. 
These are to be interpreted as giving the distribution 
of the a; when we know that they certainly had the 
values a; at /=0. Equation (30), however, has solu- 
tions which approach an arbitrary distribution po(A) 
as t—0. These solutions must be interpreted as giving 
the distribution of the a; at ¢ when their distribution 
at 0 is po(A)." 

We can associate with such a solution p(A,1/) a 
quantity 


S= -fo loge/wdA, (38) 


which is analogous to the quantity 


we f P(X)logP(X)dX, (39) 


which Gibbs has identified with the entropy (for a 
system of units in which Boltzmann’s constant=1) of 
phenomenological thermodynamics.'* P(X) is a dis- 
tribution in phase space. Indeed if P(X) is a distribu- 
tion which gives an equal probability to equal volumes 
contained in the same region (18), ie., if P(X) is a 
function of the gross variables we have 


P(X)=pLA(X) ]/w[A(X)], 


where P(A) is the distribution of the gross variables 
corresponding to P(X) and 


S=S. 


8 We note that the transition probability T is not a genuine 
function since T=0 unless F(a; = E(a;). We can, however, ex- 
press T in terms of delta-“functions.” All formal operations can 
then be carried out using the rules for delta-“functions.” 

4 J. W. Gibbs, Elementary Principles of Statistical Mechanics 
(Yale University Press, New Haven, 1902). 


(40) 
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In general if P(X) is not a function of the a; we have 
S= = f Plog PCX))aX. 


We wish to show that S always increases unless p(A) 
is an equilibrium distribution. Firstly if p:(A) is an 
equilibrium distribution, 


pi(A) 


Sz --fe (A)lo dA 
EQ 1 g A) 


1 
w 
is greater than S for any p having the same distribution 
of energy. For any p(A) the distribution of energy is 


x(E) = lima poh f p(A )dA . (41) 


E< E(A)< E+AE 


For an equilibrium distribution p;(A)=w(A)yLE(A) ] 
this expression is 


x(E) =9(E)lima 240(AE-') w(A)dA 


E< E(A)< E+AE 


=¥(E)U(E). 


In terms of x(£) and w(£) we have for an equilibrium 
distribution 


pi(A) = x(E)w(A)/U(E). (42) 


We have 


x(£) p(A) 
—-S=- i1(A)I — p(A )log——- |dA, 
Szq—S J[o« Te p( oe | { 


and since p(A) has the same distribution of energy 
x(E) as pi(A), we can write this as 


Seq—S=— f o(A)loges(A)/o(A)aA. 
Since p:(A) and p(A) are both distributions we have 
foc4y(oway/ota)—1)a4=0. 
Adding the latter to the former we have 


Sza—S= f o(4)(—logos(A)/a(A) 


+pi(A)/p(A)—1)dA. (43) 


The quantity in the parenthesis is of the form («—1 
—logx) which is always positive unless x=0. Szq>S 
unless p(A)= p;(A). 


MELVILLE S. 


GREEN 
Returning now to the rate of change of S we have 


dS Opp Op 
—=-— | — log—dA— ] —dA 
dt ot 6w ot 


Opp 
=— | — log—dA. (44) 
ot w 


If we write the Fokker-Planck equation in the form 
(31) we have 


Op 0 
—=) —,|- (+X 
k Oa, 7 


0 
ot 


p 
Fix log | (45) 
Ww 


aj 


Introducing this expression for dp/0/ into (44) and per- 
forming a partial integration, we obtain 


dS 0 p 
—=-) f p(v.)—— log—dA 
dt k Oa, ow 


) p oO p 
+> | péi.— log—-——log—dA. (46) 
ik Oa, woa; w 


The integrand in the first term can be written 


0 p oO 
2 ok. aor 50 te 


k Od; W ay. 


and applying (36) for the case in which P(X)=1 we 
see that this integrand is the divergence of a vector 
that vanishes for large values of the a; and the first 
term is zero. We have 


dS _ @ p oO p . 
—= [x £;.— log——— log—dA. (47) 


dt ik Oa; woa; w 

Now the matrix £;; is the limit of the matrixAt—(Aa;Aq;) 
which must be at least positive semi-definite, and if this 
limit exists must be semi-definite as well. This means 


that any quadratic form 


Dd 2;Zr€ 20. 
7k 


From (32) we see that this form is zero if and only if 
Z;=c(a,:--a,)0E/da;. The quantity S always in- 
creases unless 


0 log(p/w)/da;= c(a1- - -a,)0E/0a;. 
This can only be true if p has the form 
p(A)=w(A)YLE(A)] 


We have stated that the approximation 0;= (v;) does 
not give an account of irreversible phenomena. This 
approximation amounts to the setting of &,=0. The 
rate of increase of S is then zero. Moreover the Fokker- 
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Planck equation becomes 


Op Oa 
—+—(r)p=0. 
ot Oa; 


(48) 


This equation is of the same form as the Liouville 
equation with W(A) playing the role of the volume in 
phase space, and like the Liouville equation has solu- 
tions which are linear combinations of purely oscilla- 
tory functions of the time. Only if &;; is not equal to 
zero does the Fokker-Planck have solutions which die 
out with increasing time.!® 


H. ONSAGER’S RECIPROCAL RELATIONS 


Equations (32) have a form which is very similar 
to the form which Onsager assumed in his discussion 
of reciprocal relations between the phenomenological 
constants of irreversible phenomena.*:* Indeed if the 
(%) are identically zero and &, are constants the phe- 
nomenological equations have precisely Onsager’s 
form 


da,,/dt= &},.0 logw/da;. (49) 


This suggests that the &;, obey certain reciprocal rela- 
tions which reduce to Onsager’s when (49) is valid. 

Onsager’s theory depends on the fact that the 
Hamiltonian function is a symmetric function of the 
momenta. If we write — X for the phase in which each 
of the momentum components of X is changed to its 
negative, while all of the coordinate components remain 
unchanged, we can express this symmetry by the 
relation 


H(—X)=H(X). (50) 


Equation (49) has the consequence that if the phase XY 
goes into the phase X;, in time /, the phase — X; goes 
into the phase — X in the same time. Symbolically 


[— Xele =- 7 a 


Onsager’s relations are supposed to hold for cases 
in which all of the gross variables are either symmetric 
or antisymmetric functions of the momenta. If we call 
the symmetric functions a, and the antisymmetric 
functions 6, we have 


a.(—X)=a,(X) 
8,(—X)= —B,(X) 


In what follows we will use the indices x, \ for the a’s 
and yu, v for the 6’s. We will use the symbols a for the 
set of symmetric functions and 8 for the set of anti- 
symmetric functions. 

We will derive symmetry relations for W(a, 8), 
la, B), (rag, pela, BVH, a, Bts), 


T(a™, Bt;/a®, B te), E.n(a,8). 


e__— 


(51) 


an ]-- +9 
m=1---n. 


“For a discussion of the spectral analysis of the motion of a 
Probability distribution in phase space see B. O. Koopman, Proc. 
Nat. Acad. Sci. 17, 315 (1931). 


PROCESSES 


We have 
wa, —s)aaas= f ax, 
R 


where R is the region where 


a.<a(X)<a,4 Aa, 
—B, < B.(X) g —By+ AB, 


If we change the region of integration to X’=—X we 
have 


K=1---m 
w=1---n. 


wa, —s)saas= f dx, 
R 


where R’ is the region where 


Ax < a,.(— X’) < On+ Aa, 
—BuSBy(— X’) g —B,+ AB, 


By the symmetry properties of the a’s and @’s this 
region is the same as the region where 


Ox £a,(X’) Fa, Aa, k 
Bi AB,<B,(X)<B, w= 


Thus we have 


k=1-+-m 
m=1---0. 


’ 


1-+-m 
ar B 


w(a, —B) =w(a, B). 
Since pi(a, 8) =w/(a, B)YLE(a, 8) ] and since 


Elo(X), (X) ]=H(X)=H(—X) 
= Ela(—X), 6(—X) ]= ELa(X), —6(X)], 


we have the symmetry relation 


pila, —B)=pil(a, B). 


Similarly for (v,) we have 


(53) 


(0), ithin, ~ lial f »(X)dX, 


R 


and making the transformation from X to X’, 


(Xx) a, —pw(a, —s)aaas= f v,(— X")dX’, 
R’ 
Now 


d 
0(X") =—a,(X/’) 
dt 


t=0 


d 
v(—X)=—a,[(—X).] 
dt 


d 
=—a,(— X_1) 
dt 


= v.(X’) 


from (49) and the symmetry properties of a,. Thus a v 
corresponding to an a is an antisymmetric function and 


(0x)a,—p= — (Ye) a, B- (54a) 
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A similar argument shows that a »v, is a symmetric 
function and 


(0) a,—B= (Yp)a,—B- (54b) 


To derive the symmetry relations for 
plaBMt, a), Bt.) 


we express this distribution as 


AaAp- | y[H(X) dX, 


R’ 


where ¥[_H(X)] is the distribution of initial phases 
(section A) and R” is now the region where 


a6 Fal(Xt) GacP+Aa, 
By €B,(X tr) $B, +46, 
a, < a,(X te) < a, + Aa, ® 
By €By(Xt2) £ By +AB,. 


If we change our variable of integration to X’=—X 
we must integrate over the region R’”’ where 


a” Caf (—Xu’/)]ga.+ Aa, 
6, €BL(— Xun’) ]<B,+A8, 


and 


k=1---m 
p=1---n 
and 


an? Caf (—X’) 2 ]Ka,+ Aa,” 

Bu < Bul (—X")t2J< a, + AB, ), 
Since by (49) (— X’) n= — X—n’, (— X’)t2= (— X’)-te and 
by the symmetry properties of the a’s and §’s, R’” is 
the region which defines p2(a™, —B—t, a®, —B@ 
—t). Moreover ¥[H(X) ] is invariant under the change 
of variables. Thus we have 


pa, Bt, a®, —B ts) 
=p(a”, BO—t;, a®, B®), —te). 


We can put this relation in a more perspicuous form if 
we recall that p2 is actually a function of f2.—/, and 
since (—tz)—(—t1)=ti—lz we have (54) 


pa, —BMH, a®), —B te) 
=pxa™, Bt, a, B®, 4). (55) 


We can obtain the symmetry relation for 
T(a™, BOt/a®, Bt.) 


by expressing (51) in terms of the distribution func- 
tion p; and the transition probabilities. We have 


pa, —B)T(a, —B t/a, —Bt2) 
=pi(a®, B®)T(a®, B® t/a, BM t2), 


and remembering that T=0 unless E(a, 8) = E(a®, 
B®) we obtain 


wa”, —BY)T(a®, —Bt,/a® —B®t9) 
=w(a®, B®)T(a®, Bt /a®, Bt), 


Let us now consider the symmetry properties of the 
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E(a, 8). We have 


(v,0.(0))a,-sw(a, —B)AaAB= i) 0,(X)v,(X,)dX 


R 


« f ne —X"on(—[(— Xo aX” 


R 


= f 0<(— X’)v,(— X’_«) dX’ 
R’ 


-f e(X"yn(X A= fi n(XQoa(XsaX’ 
R’ R’ 


Remembering the property (c) of the elements of the 
autocorrelation matrix, we have 


£.x(@1—B) = Ea, (a, 8). (56a) 
A similar argument gives 


Enu(a, —B)= — Exe(a, B) (56b) 
and 


t,(a, —B) = bvy(a, 8). (56c) 


APPENDIX I 


In this appendix we will consider the properties (a), 
(b), (c), (d), of the elements of the autocorrelation matrix. 
We will discuss these properties under the hypothesis 
that the a;(X) are all the single-valued integrals of 
motion of the system. Property (a) is of course an obvi- 
ous consequence of the definition (28). If property (b) 
holds for all functions Q(X), P(X) the system is said 
to have the mixing property.'® The significance of this 
term is that if Q(X) is the characteristic function of a 
region R of phase space and P(X), a probability density, 
property (b) means that the total probability given to 
the region R by the probability density P(X.) ap- 
proaches the ratio of the volume of R to the volume of 
the shell ensemble where the a; have constant values. 
In other words the probability density P(X,) approaches 
(in the sense of weak convergence)'*!7 a uniform dis- 
tribution in the shell ensemble. This property has not 
been proved for any real dynamical system. It is known, 
however, that if the a; are all the single-valued integrals 
of motion, and if there are no angle variables, property 
(c) holds in a wider sense; namely, 


M740 f | wis(o) — (v:){v;)|2do=0. (57) 


This means that w;;(o)—(v,){v;) can differ significantly 
from zero only during a very small fraction of a long 
interval. A system for which (57) is true for all phase 
functions Q(X), P(X) is said to have the mixing prop- 

16 E, Hopf, Ergodentheorie (Chelsea Publishing Company, New 


York, 1948). 
17 J. v. Neuman, Proc. Nat. Acad. Sci. 18, 70 (1932). 
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erty in the wider sense. Since the existence of angle 
variables is an unusual circumstance for a dynamical 
system we can assume that (6d) is true in the wider 
sense (57). 

To prove (c) we turn to the definition (28): 


Yi 
wij(—o) = limes Tf v;(X,)v;(X--2)dr 
0 


T— 
= lim7o. rf 0;(X +40)0;(X -)dr’ (58) 


=e 


T 


=limy..T— f v(Xere0(Xe)dy 


0 


=Ww;i(c). 


To prove (d) is a more difficult problem even when 
it is known that the system has the mixing property. 
Indeed it is probable that (d) is not true in the sense 
stated. We wish, however, to discuss the existence of 
the integral in (d) by relating it to the spectral analysis 
of the random process (v:(c)---v,(¢)). We suppose 
that the mean of each 2; is zero. According to Wiener'® 
the autocorrelation matrix can be represented as the 
Fourier transform of another matrix, S;;(w), the so- 
called coherency matrix. The coherency matrix is 
Hermitian and is a function of an angular frequency. 
Its chief significance is that the spectral intensity dis- 
tribution of any linear combination v(¢) => jc,0(o1) of 
the functions v,;(0) can be represented as a linear com- 
bination of the S;;(w). If AS=S(w2)—S(w;) is the total 
spectral intensity of v(o) between the angular fre- 
quencies we and w; then 


AS(w) - ¢,¢;*AS ;;(w). (59) 


The spectral energy of v(c) is related to its autocorrela- 
tion function w(c), 


w(c)= (on) f exp—iwodS(w). (60) 


—@ 


Similarly 


+2 
Wi;(o)= (ny f exp—iwodS ;;(w). (61) 


The integrals in (60), (61) are to be interpreted as 
Stieltjes integrals since the S;,; need not be differentiable 
or even continuous. We wish, however, to consider cases 
in which (d/dw)S,;(w)=s;;(w) exists. In this case we 
may speak of a density of spectral energy in the neigh- 
borhood of zero. We have now 


+00 
W;(c) = (24) exp— twas i;(w)dw. (62) 


—o 


es, 
*N. Wiener, Acta Mathematica 55, 117 (1930). 


Then 


? 
fy limran f w;;(a)do 
0 


+? exp—itul'—1 
=limr...(27)“ f lenin 


—W 


+” sinwT 
=lim74. en-| f= $i;(w)dw 


+00 
+? 1—coswT 
+ f ——5;; sua) 


Now wi; is real, and therefore s;;(—w)=5s;;*(w). In 
other words if we break s,; up into its real and imaginary 
parts, s:;(w)=:;(w)+i0;;(w), we have u;;(—w) = 1,;(w), 
v;;(—w) = —2;;(w). Moreover, U;5=Uij, Vj — 0j;. Pro- 
ceeding to the limit, the first term is }2;;(0) since 
v;;(0)=0. The second term will involve only the anti- 
symmetric part of w,;; since w(1—cosw7) is anti- 
symmetric. Since cosw7’ is a more and more rapidly 
oscillating function of w for large T, we have 


+00 
Ey= sus) f wv;;(w)dw. (63) 


We have not attempted a rigorous derivation of (63). 
We may suppose, however, that if the quantities on the 
right exist in some sense, £;; will exist in a correspond- 
ing sense. In Appendix III we will give an example in 
which, while the spectral intensity S;;(w) is discontinu- 
ous the expression (2w)(.S;;;(w) —S;;(—w) ] has a quite 
definite value for w small, but not too small. 


APPENDIX II 


In this appendix we wish to prove Eq. (36) of Sec. F. 
Let P(X, t) be a solution of Liouville’s equation 


oP oP 
—+Po u—. r=1---N; 
Ot +. OX; 


the x, are the components of X while the u,(X) are the 
corresponding rates of change. NV is the number of 
degrees of freedom. The dynamical equations of mo- 
tion are 


d 
—x,=u,(X). (65) 
dt 


The u,(X) satisfy the partial differential equation 


Ou, 
=(. (66) 
r OX, 
We have by (66) 
oP 7) 
—=-) —,P. 
ot r OX, 
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Let us multiply (66) by an arbitrary function, g[ A(X) ], 


of the gross variables, and integrate over the whole 
phase space. We have 


én ode oo t)dX, 


r Vp 


d¢(A) 


Oa, 





Gr= 


The second equation is derived from the first by a 
partial integration. The quantity in the curved bracket 
is precisely v,(X) since from (65) 

d Oa, dx, Oax 


=> —,. 


r OX, 





v.=—aQy = —. 
dt r Ox, at 


Thus, integrating over regions (18) and then over dA 
we have 


d 
. f ¢(A)(P(X, t))w(A)dA =o J ¢x(A)(v,P)w(A dA. 

t k 
A second partial integration yields 

é r 
Jarre, npw(ayaa 
0 
=—¥ f (4) —(Pywo(ayaa. 
k Oa). 


Since g(A) is an arbitrary function, 


é | oe 
Pl =— w>, —(v,P)w. (69) 


k 0a}. 





For the case p=1 this becomes 


0 
—(v,)w=0. (70) 
Oa; 


APPENDIX III 


In the course of our arguments thus far we have not 
been able to prove many of our statements by rigorous 
mathematical methods. It will therefore be very worth 
while to examine an example which, while it is not very 
physical, can be carried through in all its details. The 
example which we will consider is the motion of a par- 
ticle on a two-dimensional torus, i.e., on a square 
O<ai<Ka, O<a2<a in which the points («, a)(a, x2) 
are considered to be identical to the points (x1, 0), (0, x2), 
respectively. If there are no forces acting on the par- 
ticle, the trajectories will be segments of straight lines 


MELVILLE S. 








GREEN 





ponents of the momentum of the particle. If p: and p, 
are not commensurable, the trajectory will cover the 
torus everywhere densely. p; and 2 will be two inde- 
pendent integrals of motion and the energy will be 


E(pip2) = (2M)“(pr+ p2”), (71) 


where M is the mass of the particle. 

Let us now consider the case in which there is a small 
perturbing force field with a potential V(xix2) acting 
on the particle. ~; and 2 will no longer be integrals of 
motion, and after a long enough time the direction of 
(pip2) will have all possible values with equal proba- 
bility. Since (71) will still be approximately true, the 
magnitude of (p1p2) will be approximately constant. 
Moreover, if V is small enough ~; and 2 will be ap- 
proximate integrals of motion and we may expect that 
the analysis of the main part of this paper will apply. 
We take #; and pf» to be the gross variables. Equation 
(71) «xpresses the energy as a function of the gross 
variables. 

The equations of motion will be 


dx, pr dp; OV 
dt M dt ax 
dx2 po dp» OV 


dt M dt OX. 





Let us express V as a double Fourier series with com- 
mon period a. 


V (a1x2) 
-x £ 


m=—-oOme=—8 


V mymg exp2ri/a(myx1+mox2); (73) 


we have 





OV 2ri 
F\= -—-—= -—— > mV mymg 


Ox, a mime 





2ri 
Xexp—(myxy+ mox2) (74a) 
a 


OV 2ri 
F,= —-—= —-— > MoV mime 
OX» a mime 
2ri 


Xexp—(myx1+ mex). 
a 


(74b) 


We are interested in the autocorrelation matrix of /1 
and F»,. To determine this we will need to know 4, % 
as functions of /. It will be sufficient for our purposes 
to take 


1 
x(t) waiupiios modulo a, 
M 
(75) 
pi 
x2(t) = x2(0)+—+t modulo a. 
M 







parallel to the vector (pip2), where fp, p2 are the com- 
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We have then 


4 
(FFF {(0))=— > m,m;| V mym2|* 


a” mi,m2 


2ri 
Xexp—(mipitmep2)do. (76) 
aM 


The spectrum of Fy, F2 will thus, to this approxima- 
tion, contain frequencies of the form myw;+mow2 with 
w= 2rp:/aM, wo=2rp2/aM. w@; and we will be of the 
order of the reciprocal of the time the particle takes to 
cross the torus. Now let us specialize the potential 
V(x1x2) to be such that Vmym2= Vo if m+ m2 < m’, 
Vnj mo=0 if m?-+m2>m?* where m is a large integer 
to be specified later. We can suppose that this situa- 
tion is realized physically by a random distribution of 
scattering centers of average size am—. 
Let us consider the integral 


2 


7 


= " 4rV 5 
[ @F@ye=— 
0 a” 


m?e-+-m2< m* 


mm; 


sin(myw1+ mows) T 





(77) 


My@1+ MoW2 


For times T such that m7T(w;?+w2*)-?*<1 this has the 
value 


9 


TR F)& 


4’ V5 
¥ mm,;dm,dm» 
9 
a* mi2-+-m22< m2 


1? Ver 
moo mT 6;;. (78) 


@ 


For times 7 large compared to m—(w;+w,*)-!, Eq. 
(63) of Appendix I gives us an expression for this in- 
tegral in terms of the density of spectral energy in the 
neighborhood of zero. Now clearly the quantity 
Aw'n(Aw), where n(Aw) is the number of terms in 
(76) with frequencies less in absolute value than 3Aw, 
does not approach a limit as Aw—0. However, if w: 
and w. are not commensurable this quantity will have 
a fairly constant value so long as (Aw) is large com- 
pared to 1. We have for n(Aw) 


1 Aw miwi 


+mw2(wi? +w2") ae eo aa 
n(w) = dm, f dm 


—mw2(w1? +2?) +4 a dw nn 
2 we we 


2Awm 
(w1?-+ wo")? 


If w; and we are commensurable the quantity Aw—n(Aw) 
will have a fairly constant value as long as the common 
measure of w; and we is small compared to Aw. Thus 


(79) 


RANDOM PROCESSES 


for times T such that 
m0<T<mé, (80) 


where @= (w;’+-w2”) is the time for the particle to cross 
the torus, will have the value 


4rV pet” sinwT 
. f dw+ Aw! 


° 
a —o ® 


mw2(w1? +-w22) 3 w271( —miwi +} Aw) 
x f f mm ,dmyd 


— mw2(w1? +w2?) -4 


w27!( —mw1 — Aw) 


9 


8 Vo 
=—r'—m' -6(6;;—wiwF). (81) 
3 @ 


Expressing 6 in terms of ~; and 2 we have 


f= Dp (p°6:;— pid;), (82) 


where p= (p+ p2?)— and D=4/32°V.?/aMm'’. We are 
now in a position to write down the Fokker-Planck 
equation. From (73a) and (73b) we see that (F;) 
= (F.)=0 while w(p1p2) = a’= constant: We have 


+ 


0 
> —ti=— pip *D (83) 
Op; 


and the Fokker-Planck equation is 


Op 0 0 
—=D> —| pet 5 —1*(p%— pido} (84) 
Ot i Op; k OP: 


If we make the transformation of variable p= p cos¢, 
p2=p sing p’= pp, we obtain (84) in the more trans- 
parent form 

dp’ /dt= p* Doe? p'/d®. (85) 


We see that we can represent the random process of 
the components of momentum of the particle as a 
simple diffusion process in the angle ¢ with diffusion 
constant Dp~. 

p®D— has the dimensions of a time and can be in- 
terpreted as the time for the direction of the momentum 
to become uniformly distributed. If our analysis of the 
problem is to have sense, this time must be long com- 
pared the time for &;; to converge to (82), i.e., m—@ but 
small compared to time for which (82) ceases to be 
valid, i.e., m6. We must have the inequalities 


maM p®a aM 





K < 
p VeMm' p 
m™>>V.Mp?>m~. (86) 


We see the V» must be a rather small fraction of the 
kinetic energy of the particle. 
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Viscosities of Some Lower Aliphatic Alcohols at Constant Volume 


A. Josiinc,* Department of Inorganic and Physical Chemistry, Imperial College of Science and Technology, London, England 


AND 
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(Received February 29, 1952) 


From an analysis of all the published experimental data for methyl, ethyl, n-propyl, isobutyl, and n- 
octadecyl alcohols, it is shown that, even for these compounds, at constant volume logy is a rectilinear 
function of 1/T and the general pattern of behavior is similar to that described previously. &,, the energy 
of activation of viscous flow at constant volume, is plotted as a function of volume, and the curve for ethyl 


alcohol shows an apparently anomalous minimum. 





T has been demonstrated recently! both by direct 
experiment and by analysis of published viscosity 
and compressibility data, that at constant volume 
there is a rectilinear relation between logy and 1/T for 
a number of simple organic liquids. It has been shown 
that this is to be expected from a study of the fuller 
viscosity theories of Andrade? and Eyring‘ and that 
the slope of the lognjn—1/T isochore is a measure of 6,, 
the energy of activation of viscous flow at constant 
volume, which is a function of volume. 
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Fic. 1. Logion (y in poises) as a function of molecular volume, V 
at constant temperature (n-propyl alcohol). @, Bridgman, 24°C 
[P. W. Bridgman, Proc. Am. Acad. Arts Sci. 77, 115 (1949)]; 
O, Bridgman, 30°C (reference 5); X, Bridgman, 75°C (reference 
5); A, atmospheric pressure, various observers. 


* Senior Student, Royal Commission for the Exhibition of 1851. 

1A. Jobling and A. S. C. Lawrence, Proc. Roy. Soc. (London) 
A206, 257 (1951). 

2 E. N. daC. Andrade, Phil. Mag. 17, 497 (1934). 

3 E. N. daC. Andrade, Phil. Mag. 17, 698 (1934). 

‘Eyring, Glasstone, and Laidler, Theory of Rate Processes 
(McGraw-Hill Book Company, Inc., New York, 1941), Chapter 
IX. 


Strong evidence for the correctness of the genera] 
scheme of viscous behavior outlined in the previous 
paper is the fact that the behavior of those lower 
aliphatic alcohols for which sufficient experimental 
evidence is available is found to conform to a similar 
pattern. The logy—1/T isochores are again rectilinear 
but activation energies calculated from them are much 
larger than those of the corresponding paraffins. 

Figure 1 shows the variation of logy with molecular 
volume at constant temperature for n-propyl] alcohol, 
a typical example. From this, the variation of vis- 
cosity with temperature at constant volume is obtained 
by interpolation (Fig. 2; compare the corresponding 
Figs. 8 and 9 of the previous paper’). 

Bridgman’s measurements? of the viscosity of ethyl 
alcohol at high pressures are supplemented by those of 
Faust® at pressures up to about 3000 atmos but the 














Fic. 2. Logion (y in poises).as a function of 1/T at constant 
molecular volume V (n-propyl alcohol). Legend as in Fig. 1. 


5 P. W. Bridgman, Proc. Am. Acad. Arts Sci. 61, 57 (1926). 
°QO. Faust, Z. physik. Chem. 86, 479 (1914). 
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Fic. 3. Logion (y in poises) as a function of molecular volume V 
at constant temperature (ethyl alcohol). O, Bridgman, 30°C; 
X, Bridgman, 75°C; @, Faust, 0°C; @, Faust, 15.1°C; a, Faust, 
30°C; @, Faust, 53.5°C; A, various observers, atmospheric 
pressure and different temperatures. 





agreement is not very good. Bridgman’ has discussed 
the disparity. The two sets of observations have been 
combined with various atmospheric pressure measure- 
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Fic. 4. Logion (ny in poises) as a function of 1/T at constant 
molecular volume V (ethyl alcohol). Legend as in Fig. 3. 


ES 
"P. W. Bridgman, Physics of High Pressure (Bell and Com- 
pany, London, 1949). 














0-80 0-85 0:90 0-95 00 
Relative volume —> 
Fic. 5. §» as a function of relative volumé (volume relative 


to that at 0°C and 1 atmos pressure). @, methyl alcohol; O, ethyl 
alcohol; X, n-propyl alcohol; A, iso-buty] alcohol. 


ments in Figs. 3 and 4 to illustrate the lack of agree- 
ment. The particular importance of the behavior of 
ethyl alcohol will be made evident later. 

Energies of activation of viscous flow at constant 
volume &,, calculated from the isochores of Figs. 2 and 
4, are plotted as functions of relative volume in Fig. 5 
together with the corresponding curves for methyl and 
iso-butyl alcohols. The literature references to all the 
relevant experimental work on these four alcohols are 
listed in Table I. 

The reason for the minimum in the &, volume curve 
for ethyl alcohol is not clear. It should be borne in 
mind that the accuracy with which &, can be calculated 
is greatly reduced at the higher volumes where the 
isochores are short and errors in the determination of 
the viscosity are more significant. Bridgman’ has stated 


TABLE I. Viscosities and volumes of liquids at different 
temperatures and pressures—collected references. 








Viscosity Volume Viscosity Density 


at high at high at low temperatures at 
Substance pressures pressures atmospheric pressure 


MeOH 
EtOH 

Pr°OH 
BuiOH 











« P, W. Bridgman, Proc. Am. Acad. Arts Sci. 77, 115 (1949). 

b See reference 5. 

© See reference 7. 

4 P, W. Bridgman, Proc. Am. Acad. Arts Sci. 49, 3 (1913). 

eS. Mitsukuri and T. Tonomura, Proc. Imp. Acad. Japan 3, 155 (1927). 
fS, Mitsukuri and T. Tonomura, Proc. Imp. Acad. Japan 5, 23 (1929). 
«M.A. Veksler, J. Exp. Theor. Phys. USSR 9, 616 (1939). 

b G. Tammann and W. Hesse, Z. anorg. u. allgem. Chem. 156, 245 (1926). 
iW. Seitz and G. Lechner, Ann. Physik 49, 93 (1916). 

iS, Mitsukuri and Y. Kitano, Proc. Imp. Acad. Japan 5, 21 (1929). 
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this region, and for other liquids slight deviations of 
his measurements from those of other workers were 
noted previously. However, the depth of the minimum 
seems too large to be accounted for entirely by experi- 
mental error. 

If the effect is genuine, it is surprising that it is not 
observed for methyl alcohol also, since there is some 
that his experimental errors are probably greatest in 


JOBLING AND A. 


Ss. C. LAWRENCE 





rather uncertain evidence that a part of the &, volume 
curve for water also has a positive slope. 

Straight lines are also obtained on plotting logy 
against 1/T from the experimental data of Van Wijk, 
Van der Veen, Brinkman, and Seeder® for n-octadecy| 
alcohol. 


8 Van Wijk, Van der Veen, Brinkman, and Seeder, Physica 7, 
45 (1940). 
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We discuss some recently measured absorption edges of covalent nickel complexes and edges of Cr, Mn, 


and Fe in similar complexes already in the literature. Low energy absorption (generally resolved as a line) 
is observed in all complexes where empty 4/ orbital is expected from chemical or magnetic data. From the 
position of the line it is concluded that the metal ion is near neutral in the covalent complex. Where the 4/ 
orbital is completely used in bonding, no low energy absorption line is observed. The method may be useful 


INTRODUCTION 


HE elements of the first transition series and their 

compounds have been studied by a great many 
x-ray spectroscopists. We will confine the present dis- 
cussion to the K edges!:? which lie in the nonvacuum 
region at 1 or 2A. The following results will be useful. 

In the pure metals the absorption coefficient in- 
creases gradually, with increasing photon energy, from 
a low value where no K shell ionization occurs to a 
maximum, some nine times greater, where K electrons 
are being excited into the empty 4p band of the metal. 
This region of the principal absorption increase has an 
energy extent of 15 or 20 ev in the elements under 
consideration. It is followed by a series of relatively 
small maxima and minima of the absorption coefficient 
which extend for 200 or 300 ev. This is the region of the 
Kronig structure’ with which we are not primarily 
concerned. 

A fairly standard example of a metal absorption 
edge in the region of present interest is that of Ni in 
Fig. 1. In general, no strong absorption lines are found 
before the main 4 absorption at 15 or 20 ev. The 
natural width of the K excited state and a smaller 
contribution from the finite resolution of the crystals 
used in the x-ray monochromator combine to limit the 


* Supported by the ONR and the Wisconsin Alumni Research 
Foundation. 

t+ Now with the Capehart-Farnsworth Corporation, Fort 
Wayne, Indiana. 

1'W. W. Beeman and H. Friedman, Phys. Rev. 56, 392 (1939). 

2V. H. Sanner, thesis (Uppsala, Sweden, 1941). See also 
Y. Cauchois, Les Spectra des Rayons X et la Structure Electronique 
de la Matiere (Gauthier-Villars, Paris, 1948). 
3 R. de L Kronig, Z. Physik 75, 191 (1932). 


as an additional experimental check on the assignment of bonding orbitals. 





resolution in these spectra to about 2 ev. However, 
since the absorption curve can be considered to be the 
sum of a large number of overlapping resonance lines 
of known shape, each of half-width 2 ev, analysis in 
terms of such lines will sometimes reveal finer detail. 
In particular one expects‘ and finds! the initial absorp- 
tion (near zero ev in Fig. 1) to follow an arctangent 
curve. The point of inflection of the arctangent gives 
the photon energy necessary to excite a K electron 
into the first empty level of the Fermi distribution. 
This energy is conveniently chosen as a zero for a dis- 
cussion of absorption edge structure close to the edge 
since only very rarely does an absorption of lower energy 
occur in any of the compounds of the element. The 
point of inflection can be located to about one-half ev in 
most cases. 

The structure of the metal edges can be qualitatively 
understood! in terms of the electron band structure of 
the metal. In a few other simple cases a qualitative or 
semi-quantitative discussion of absorption structure 
within 15 or 20 ev of the edge is available. Parratt’ 
measured the K edge of argon gas and found a number 
of absorption lines which he identified as 1s—p transi- 
tions, n=4, 5, 6, etc. Bearden and Beeman® measured 
the edges of Ni++, Cut+, and Zn++ in aqueous solution 
and found two absorption lines whose separation agreed 
with the assignments 1s—4~ and an unresolved 1s—np, 
n=5, 6, 7, etc. to the transitions. In addition the ex- 
pected separation of the 1s—49 line of the ion from the 


4 Richtmyer, Barnes, and Ramberg, Phys. Rev. 46, 843 (1934). 
5L. G. Parratt, Phys. Rev. 56, 295 (1939). 
6 W. W. Beeman and J. A. Bearden, Phys. Rev. 61, 455 (1942). 
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X-RAY K 


lowest transition in the metal (the inflection point) 
could be calculated from optical term values. The 
experimental separation agreed with that calculated. 

Monovalent copper in the cuprous halides was in- 
vestigated, by Beeman, Forss, and Humphrey.’ As with 
Cut*+ a strong 1s—4 line was found. It occurs about 
10 ev, below the same transition in Cu*+t in agreement 
with calculation. 

In summary then, the absorption edges of free atoms 
or of ions in solution and in the simpler ionic compounds 
consist of a strong 1s—>4 line followed by weaker lines 
made up of partially resolved transitions to higher. p 
states. The lines are usually without subsidiary struc- 
ture but, except for argon gas, are much broader than 
the radiation plus Auger width of the K excited state. 
The broadening results from interaction with the un- 
filled 3d shell, Stark splitting, and also, in crystals, to 
interaction with the other metal ions of the lattice 
(band formation). The positions of the lines agree well 
with the calculations for isolated ions. In terms of our 
energy scale 1s—4p for Nit*+ and Cut* is at about 
17 ev, for Cut at 7 ev, and Mn** 14 ev.® The 1s—4p 
transition in an isolated copper atom would be expected 
at about 4 ev. Details may be found in the cited 
references. 

DISCUSSION 


In general the absorption edges of covalently bonded 
atoms show quite characteristic and not easily explained 
structures. Often a narrow intense absorption line is 
observed at a low energy, about where the 1s—4p 
transition in the neutral atom would be expected. Such 
a line was first observed by Coster® in the Mn edge of 
KMnQ,. Beyond the line the absorption in these com- 
pounds increases gradually and reaches a maximum 
value at 15 or 20 ev. 

In the discussion to follow we wish to associate the 
presence or absence of low energy absorption with 
the presence or absence of unfilled 4p orbital. In the 
compounds discussed, the central absorbing atom is 
either four or six coordinated. The bonding orbitals are 
dsp? for planar four coordination, sd* or sp* for tetra- 
hedral coordination, and d*sp* for octahedral six co- 
ordination. The subject has been quite completely 
discussed by Pauling!® and others from the chemical 
viewpoint. 

From the orbital assignments we expect low energy 
absorption for planar complexes and for tetrahedral 
complexes, involving at least some sd* bonding. No low 
energy absorption is expected for the octahedral com- 
plexes. 

The experimental data confirm these expectations. 
However, some assumptions deserving discussion are 
"Beeman, Forss, and Humphrey, Phys. Rev. 67, 217 (1945). 
*H. Hanson and W. W. Beeman, Phys. Rev. 76, 118 (1949). 

’D. Coster, Z. Physik 25, 83 (1924). 

"L. Pauling, The Nature of the Chemical Bond (Cornell Uni- 
versity Press, Ithaca, New York, 1939); Y. K. Sirkin and M. E. 


Dyatkina, Structure of Molecules and the Chemical Bond (Inter- 
science Publishers, Inc., New York, 1950). 
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Fic. 1. X-ray absorption curves of nickel metal and three 
covalent nickel compounds with square symmetry. 


implicit in the use of the electronic structure of the 
initial state, before the photon absorption, in the dis- 
cussion of absorption edge structure. In the final state 
a 1s electron has been excited to an optical level, and 
we are actually concerned with the wave functions and 
energy levels of a system with one more electron than 
is involved in the treatment of the chemical binding of 
the system. 

It is probable that the original configuration of the 
nuclei will not be stable with the extra electron. How- 
ever, the Franck-Condon principle requires that the 
electronic structure of the final state be determined by 
the original nuclear configuration. Some broadening of 
absorption lines might be expected but a rough estimate 
shows this to be small. Nuclear vibrational amplitudes 
at room temperature will be of the order of 0.1A. 
Slopes of potential curves in the final state will not be 
more than a few ev per A, so line broadenings of the 
order of a few tenths of an electron volt will result. 
This is small compared to the 2 ev line breadth from 
other causes. 

A more important effect is the change in potential 
resulting from the absorption. The shielding effect of a 
1s electron is radically different from that of the same 
electron in an optical orbit. The excitation may increase 
the effective Z by almost unity for some of the outer 
electrons and therefore decrease the radial extent of 
their wave functions. We do not expect such changes to 
invalidate our use of the ground-state wave functions 
since we are mainly interested in whether or not an 
atomic orbital is used in bonding. This depends both on 
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Fic. 2. X-ray absorption curves of four covalent nickel com- 
pounds. The upper two have square symmetry, the lower two 
tetrahedral. 


the energy of the orbital and on the space symmetry 
of the potential. For potential changes no larger than 
those resulting from the excitation of one of a con- 
siderable collection of electrons, the symmetry, which 
remains constant, should be the predominant influence. 
Where resonance between several different types of 
bonds is possible, the replacement of an atom by the 
one of next higher atomic number (which to a good 
approximation is the effect of the x-ray excitation) 
might appreciably change the relative contributions 
made by the various bond types. . 

Finally mention must be made of the fact that when 
low energy absorption lines are observed they are quite 
narrow, seldom more than twice the natural line width. 
This is first an indication that in some molecules at 
least, in agreement with our estimate, nuclear motion is 
not an important source of line broadening. Secondly, 
it shows that the causes of line broadening in ions in 
solution and ionic compounds are not present in the 
covalent complexes. Among these are interaction with 
partially filled shells, Stark splitting, and band forma- 
tion. In most cases the magnetic moment of the complex 
is zero before the absorption and thus there are no 
uncompensated spins (except that of the remaining 1s 
electron, which gives a negligible splitting) for the 
excited electron to interact with. Band formation tends 
to be small because of high dilution of the absorbing 
atoms in the crystal. Identical absorbing atoms will be 
separated by at least a double layer of the immediately 
coordinated groups as well as by the cations and water 
which may be incorporated in the crystal. 
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BEEMAN 


Most of the absorption lines which have been ob- 
served are in the energy range 0 to 10 ev. If we assume 
that the energy of a nonbonding 4% orbital will be 
determined mainly by the degree of ionization of the 
absorbing atom, then the results indicate that the atom 
is neutral or at most singly ionized. This is in agreement 
with chemical expectations. 

We will now discuss the available experimental 
material. 


Chromium 


The K absorption edge of chromium in the metal 
and in K2,Cr.O, has been measured by Sanner? and 
by Kiestra.!! The latter investigator also measured 
K2Cr.0;. In both crystals a narrow intense absorption 
line is observed. It occurs at about 4.0 ev in K.Cr0, 
and 5.0 ev in K2Cr,O;. The line is somewhat more 
intense in the former compound. In fact, in the center 
of the line, the absorption coefficient reaches a higher 
value than in any other part of the K edge. The line 
absorption is thus stronger than that observed in the 
nickel compounds of Figs. 1 and 2. There is evidence 
of a second much weaker line at 12.0 ev in both of the 
chromates. Beyond this line the absorption rapidly 
increases to a plateau at about 20 ev which presumably 
corresponds to complete ejection of the K electron 
from the complex. 

The structure of the CrO,= radical is discussed in the 
book of Syrkin and Dyatkina’ (p. 355). The configura- 
tion is tetrahedral, the magnetic moment zero. The 
bonding is principally sd* with some admixture of 
ionic structures involving singly or doubly charged 
chromium. All of the 4% orbitals are empty, and thus 
the strong absorption line may be explained. Since the 
line is at low energy, the ionic structures do not make 
a large contribution to bonding. Of course, in view of 
the previous discussion, what is really established is 
that in a complex with Cr replaced by a manganese-like 
atom the ionic structures do not make a large con- 
tribution to bonding. 


Manganese 


Crystalline K2MnO, and KMnO, were measured by 
Hanson and Beeman’ and KMnQ, in aqueous solution 
by Shurman (unpublished). Both complexes are tetra- 
hedral. The magnetic moment of KMn0Q, is zero, that 
of K2MnO, corresponds to the spin magnetic moment 
of one unpaired electron. Both show strong low energy 
absorption lines, KMnO, at 4 ev and K,MnQ, at 3 ev. 
It is interesting that the line absorption of K2Mn0s is 
less intense and at lower energies than that of KMnQ. 
The extra electron of MnO,= cannot be assigned without 
making use of 49 orbitals. This will weaken the ab- 
sorption and, because of additional shielding, move !t 
to somewhat lower energies compared to Mn0Or- 
KMn0(, in solid and solution give identical absorption 


1 Dr. S. Kiestra (private communication). 
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X-RAY K ABSORPTION EDGES OF Cr, 


edges through the line absorption and up to about 
15 ev. This is strong evidence that the excited 1s 
electron remains bound to the complex in this energy 
region. 

Iron 


Iron in the metal and several compounds has been 
measured by Yoshida.!* The compounds included potas- 
sium, ammonium and calcium ferrocyanide, and the 
three corresponding ferricyanides. In each case the iron 
is surrounded octahedrally by six cyanide groups. The 
bonding is d*sp* and as expected no low energy absorp- 
tion was observed. A fairly sharp absorption maximum 
at 16 or 17 ev was observed in each of these compounds. 
This may represent a transition to 5p states as pro- 
posed by Yoshida or it may correspond to a release of 
the 1s electron from the complex. The absorption 
maximum occurred at slightly lower energy in the 
ferrocyanide than in the corresponding ferricyanide. 

When only a high energy absorption maximum is 
observed it is possible to say that the absorbing atom 
cannot possess empty 4/ orbital and at the same time 
be near neutral. It is not easy on the basis of the x-ray 
evidence alone to rule out the chemically improbable 
ionic structure, since a 4p absorption in doubly or 
triply ionized iron would be near the observed energy 
region. However, if the binding is ionic one expects a 
larger energy shift of the absorption maximum from 
ferrous to ferric compounds than is observed in the 
ferro- and ferricyanides. Yoshida measured several ionic 
compounds of iron and found the 4 absorption of 
ferrous iron about 7 ev lower than that of ferric iron. 
The shift of the absorption maximum (presumably 
not 4p) between the ferro- and ferricyanides averages 
less than 2 ev. 


Nickel 


We have recently measured a number of covalent 
nickel compounds. The compounds are listed in Table I 
and the absorption curves given in Figs. 1 and 2. 

An attempt was made to get examples of both the 
planar four coordinated dsp? hybridization and the 
tetrahedral sp* hybridization. A discussion of such 
compounds has been given by Pauling’? (Chap. ITI). 
Most of the structures given in Table I have been de- 
termined by magnetic moment measurements although 
x-ray evidence (crystallographic) is available for the 
planar configuration of nickel phthalocyanine. In some 
cases chemical evidence based on the existence of 
isomers is available. 

The references of Table I give further information on 
the structure of these compounds. The four nearest 


"S. Yoshida, Sci. Papers Inst. Phys. Chem. Research (Tokyo) 
38, 272 (1941). 


Mn, Fe, AND Ni 


TABLE I. 








Hybridization 
dsp 


dsp* 
dsp? 


Compound 





Bis-dimethyl-glyoxime nickel* 
Potassium nickel cyanide 
Nickel phthalocyanine® 
Bis-salicylaldehyde-o-phenylene dimine nickel* dsp* 
Bis-N-methy] salicylal-dimine nickel* ds p? 
Bis-8-hydroxyquinoline nickel* sp 
Bis-salicylaldehyde nickel dihydrate* sp 








4 J. B. Willis and D. P. Mellor, J. Am. Chem. Soc, 69, 1237 (1947). 

bL. Pauling, Nature of the Chemical Bond (Cornell University Press, 
Ithaca, New York, 1948). 

¢ J. M. Robertson, J. Chem. Soc. 615 (1935). 


neighbors of the nickel are identical in each of the 
compounds of Table I except for the fourth, fifth, and 
sixth where the nearest neighbors are two oxygen and 
two nitrogen atoms. 

It is seen in Figs. 1 and 2 that low energy absorption 
is observed in the square coordinated compounds but 
not in the tetrahedral in agreement with the assign- 
ment of bonding orbitals. There is an actual resolution 
of absorption lines only in the first three compounds of 
Table I. The fourth and fifth show considerable ab- 
sorption at 7 or 8 ev and the failure to resolve lines 
may be related to the lack of a fourfold symmetry in 
the nearest neighbors of the absorbing atom. The 
reasons for the line doubling in bis-dimethyl glyoxime 
nickel and potassium nickel cyanide are not understood. 


EXPERIMENTAL - 


The nickel absorption curves were taken with a 
double calcite crystal spectrometer with Geiger counter 
registration. The techniques have been described in 
previous publications.”"* The 1-1 width of the crystals 
at the Ni K edge was about 13.0 seconds. 

The points drawn in Figs. 1 and 2 are from single 
runs. However, each sample was run at least four times 
and the solid curves represent structure obtained in 
every run. It is, of course, considerably more difficult 
to get good data on molecules with large organic 
residues than it is on those in which the absorbing 
atom is present in high concentration. 


SUMMARY 


An empirical correlation has been established between 
low energy K edge absorption and empty 49 orbital in 
seventeen covalent complexes of elements of the first 
transition series. The correlation depends on the 
assumption that the tetrahedral bonding orbitals in 
Cr and Mn are largely sd*, and in Ni almost com- 
pletely sp*. 

It is a pleasure to express our thanks to Professor J. 
C. Bailar, Jr., of the University of Illinois who furnished 
many of the compounds measured in this research. 
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A calculation is made of the static dielectric constant of ice using only simple molecular data and with well- 
defined assumptions as to the possibilities of molecular movement in the crystal. The paper serves as an 
illustration of the procedure for calculating static dielectric constants, and it results in a numerical value of 
this quantity for ice which is in reasonable agreement with experiment. 





INTRODUCTION 


HE static dielectric constant of ice is calculated 
making use of Frdéhlich’s general theory of the 
static dielectric constant! and using Pauling’s model for 
ice.” In this model it is assumed that the water molecules 
in an ice crystal considered as a group can take up only 
certain configurations as a result of their interactions. 
The static dielectric constant is obtained for two cases, 
(1) assuming all the configurations to be of equal 
probability, as did Pauling; in this case a computa- 
tionally exact result is obtained ; (2) including the effect 
of electrostatic interaction on the probability of the 
configurations; in this case the accuracy of the result is 
somewhat difficult to estimate. The two values obtained 
straddle the experimental results and show that refine- 
ment of the calculation is likely to lead to a value in 
good agreement with experiment. 


1. THE FORMULA FOR THE STATIC DIELECTRIC 
CONSTANT 


In ice the oxygen atoms are arranged in a lattice of 
hexagonal symmetry. There are therefore two principal 
dielectric constants, which we call e, for the hexagonal 
axes and e, for any axis at right angles. It is evidently 
not correct to use the expression given by Frdéhlich for 
isotropic materials, but we shall consider this formula 
first and the required modifications to it later. 

Frohlich considers a spherical region inside the speci- 
men large enough for the material outside to be treated 
macroscopically. Within this sphere one chooses a 
smaller region in any position not close to the surface 
which has the electric moment m(x;) when the ele- 
mentary charges within it are fixed in positions charac- 
terized by x;. The average moment of the sphere, 
immersed in its own medium, when x; is fixed is called 
m*(x;). More specifically, 


m*(x;)= farco exp(— U(X)/kT) 


dX; / f exp(—U(X)/kT)dX;, (1-1) 


1H. Fréhlich, Trans. Faraday Soc. 44, 238 (1949); Theory 
of Dielectrics (Oxford University Press, London, 1949), p. 36. 
2 L. Pauiing, J. Am. Chem. Soc. 57, 2680 (1935). 
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where M(X) is the moment of the whole sphere when the 
elementary charges are in configuration X and the 
energy of the system is U(X), the integration being 
carried out over all XY provided that the charges in m are 
fixed at xj. 

The average of m-m* for all possible x;, taking due 
account of the probability of each configuration, gives 
(m-m*),. The static dielectric constant is then related to 
this microscopic quantity as follows: 


€,— n= 3e,/(2e,+n?)-44No/3 





n?+2\ 2 (m-m*)s, 
(” ) a, 
3 kT 
in which e, is the static dielectric constant, »? is the 


dielectric constant due to electronic polarization and Vy 
the number of small regions per unit volume. Equation 
(1.2) is a specialized form of the general equation in 
which the electronic polarization (corresponding to n’) is 
treated macroscopically and in the calculation of 
(m-m*),, vacuum dipole moments are used. The latter is 
only strictly true if the molecule may be considered as a 
point dipole embedded in a sphere of uniform polariza- 
bility corresponding to 1”. 

The validity of (1.2) required that certain conditions 
be fulfilled, namely : 

(1) The group of molecules must be spherical, al- 
though deviations of molecular magnitude are per- 
missible. 

(2) The sphere must be so large that the material 
outside it is adequately characterized by its macroscopic 
dielectric constant. In this case (m-m*), and, hence, €s is 
independent of the size of the sphere. 

(3) (m-m*),, should be independent of the position of 
the small region within the sphere provided it is not near 
the surface. 

Alternatively, one may consider a spherical group of 
molecules in vacuum, and in this case also a quantity 
which we call (m-Myac*)a may be obtained in an 
analogous manner. However, the relation between this 
microscopic quantity and the macroscopic dielectric 
constant is now 





€,—n? Am (n?+2) 
Sinonis “No: 


e+2 3 3 kT 


(M+ Myae had (1.3) 
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STATIC DIELECTRIC CONSTANT 


This equation is again a special case in which the 
electronic polarization has been treated macroscopically, 
and the polarization of the molecules by neighbors is 
treated as in (1.2). The conditions of validity of (1.3) are 
as for (1.2), except that condition (2) must be that the 
sphere of molecules is so large that the addition of 
another “shell” of molecules may be accounted for 
satisfactorily macroscopically. 

The difference between (m-m*), and (m-Myac*)ay 
arises from the different values taken up by U(X) in 
Eq. (1.1). 

Equation (1.2) requires modification for an anisotropic 
material such as ice.’ If €,, k=1, 2, or 3, are the principal 
dielectric constants, then the large region should be an 
ellipsoid with its principal axes parallel to the principal 
dielectric axes and of length proportional to \/e; in the 
k-axis. One then has for the e;, corresponding to (1.2): 


3ex 4aNo 3(mymi*) ny 


“ine 2 kT 





, k=1,20r3, (1.4)T 


é.—1 


where m, and m,* are the components of m and m* in 
the k axis and for the ellipsoidal region. 

In practice, the shape of the ellipsoid must be modi- 
fied until the values of the (m,m,*)s, and the e; in (1.4) 
are consistent. However, an estimate of the anisotropy 
may be obtained by taking a spherical region and noting 
the dependence of (m ,m;.*)s on the axis. In Sec. 3 we 
shall find that the anisotropy is probably quite small, 
and we shall use Eq. (1.2), hence a sphere, in order to 
obtain an average value e, for the dielectric constant. 
Since the anisotropy is not large, the direct comparison 
of e, and the measured dielectric constant (of a mass of 
small crystals) is legitimate. No reliable estimate of the 
anisotropy results from Sec. 4. 

An equation corresponding to (1.4) can be obtained 
for the “free’’ ellipsoid. 


2. THE STRUCTURE OF ICE AND PAULING’S 
CONFIGURATIONS 


The crystalline structure of ice is a four coordinated 
lattice in which the oxygen nuclei have the arrangement 
of the silicon atoms in the tridymite form of silica. A 
projection of a portion of an ice crystal, showing the 
arrangement of the oxygen atoms only, is given in 
Fig. 1; it also shows the puckered hexagons, typical of 
the structure. Neutron diffraction data on ice (actually 
heavy ice) show that the hydrogen nuclei are in positions 
such that each oxygen atom is surrounded tetrahedrally 
by four half-hydrogen nuclei.’ The neutron diffraction 


*J. G. Powles, E. R. A. Report, L/T, 269 (1951); Trans. 
Faraday Soc. (to be published). 

t This is the general form in which induced moments are in- 
cluded in m, and m;,*; allowance for the electronic polarization 
macroscopically leads to a less simple equation than (1.2), and we 
do not discuss it here since we shall not employ Eq. (1.4) in the 
calculations. 

‘W. H. Barnes, Proc. Roy. Soc. (London) A125, 670 (1929). 

*Wollan, Davidson, and Shull, Phys. Rev. 75, 1348 (1949). 
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Fic. 1. Projection of portion of ice crystal showing oxygen 
nuclei only. 


experiments are not able to distinguish between a static 
disordered structure and a dynamic one of the oscil- 
latory type. 

Pauling* has proposed in order to explain the residual 
entropy of ice at low temperatures that the crystal can 
take up, with equal probability, any of a number of 
configurations consistent with the conditions that there 
is only one proton between any two oxygen atoms nearer 
the one than the other and that at any instant there are 
two protons near each oxygen atom. In this paper a 
calculation of the static dielectric constant is based on 
this fluctuating structure proposed by Pauling. We shall 
not be concerned here as to how one configuration 
changes to another, whether by rotation of molecules or 
by proton exchange or both, but merely that all such 
configurations are taken up with a probability depending 
on the energy of the configuration. For ice, therefore, the 
integrals in (1.1) become sums, and we write 


(1.1)’ 


i i 


where i defines the configuration. 

Pauling obtains the experimental value for the resid- 
ual entropy of ice by assuming that all the configurations 
are taken up with equal probability. Although this is a 
very difficult assumption to justify, we shall first calcu- 
late the static dielectric constant making this same 
assumption, i.e., U/; is constant for all 7 in (1.1)’. We find 
in Sec. 3 that it is possible to compute accurately in this 
case the value of (m-m*),, and inserting this in Eq. (1.2) 
gives e,. Later in Sec. 4 we take a more realistic case in 
which the relative probability of the configurations is 
determined by the intermolecular electrostatic inter- 
action, since once the configurations are assumed these 
are the only forces leading to dependence of U ; on i. It is 
found that the computation can only be carried out 
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Fic. 2. Average number of positions per molecule as a function of 
the size of the group. 


approximately, but, nevertheless, it shows that the 
assumption of equal probabilities for the different 
configurations is not such a ridiculous one as it may 
seem at first sight. 

We assume further that the dipole moment of the 
water molecule in ice is the same as that of the free 
molecule apart from polarization by surrounding mole- 
cules. The total dipole moment yu, may be conveniently 
resolved for the purpose of computation into two 
elementary moments > directed along the lines joining 
the oxygen and hydrogen nuclei which are inclined at 
the tetrahedral angle (1093°), and therefore p,/p, 
= 3/2. The neutron diffraction experiments’ are not yet 
able to determine the HOH angle of the water molecule 
in ice (private communication from Dr. C. G. Shull). 


3. THE COMPUTATION OF (m-m*),, ASSUMING ALL 
CONFIGURATIONS OF EQUAL PROBABILITY 


(a) Central Molecule as Unit for m 


We take as the small unit m, one water molecule, and 
calculate successive approximations to the dielectric 
constant as the size of the larger region or “‘group”’ of 
molecules is increased. 

In illustration of the calculation of (m-m*),, take first 
a single molecule as the group such as molecule 1f in 
Fig. 1. For this molecule there are four possible direc- 
tions of the elementary dipoles a, 5, c, and d. All possible 
directions in the ice crystal are given by including the 
vectors e, f, and g. The molecule can take up any one 
of six positions when its dipole moment is m= (a+) 
etc. For this group m*=™m for all m, and all m are of 
equal probability ; hence, 


(m-m*) n= (4/3) mo? = be”. (3.1) 
It is convenient to consider the value of (m-m*)4/y,2=F 
(and later 3(m,m;*)/u,2=F;) since this quantity is 
roughly proportional to ¢, in ice because ¢,>n*. The 
same result as (3.1) is obtained for freely rotating 
molecules, and (2.2) is then Onsager’s equation.® 


t Only the oxygen atoms are shown and they are not to scale. 
*L. Onsager, J. Am. Chem. Soc. 58, 1486 (1936). 
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F is easily calculated for a central molecule and its 
four nearest neighbors (Group JJ, molecules 1-5 in 
Fig. 1), and we find F=2.33. This corresponds to 
Kirkwood’s calculation for water,’ except that we have 
fixed the directions of the outermost bonds in directions 
appropriate for ice. 

It is interesting to note that for any fixed position of 
the central dipole, the dipole moments in the acceptor 
directions to the other two neighbors are also fixed, 
Hence, thé contribution of the first layer of bonds to m* 
is, for example, 


a+b—c—d=2(a+5b)=2y,; F=2. 


The difference between this value and that for a large 
group gives, therefore, the effect of the outer bonds. 

It is appropriate at this stage to consider how nearly 
our small groups approach in properties those of a 
macroscopic crystal. The number of available con- 
figurations M of a crystal of NV molecules approaches 
(3/2) if N is large, or n= (9t)'/Y—>3. For small V, n>3, 
e.g., for Group J] n-~3.5. Values of m are given in Fig. 2. 
Even for our largest group x is far from its asymptotic 
value 1.5; in spite of this we shall show that for Group V 
the material outside the group may be treated macro- 
scopically. 

Adding twelve second-nearest neighbors gives Group 
ITI containing seventeen molecules (1-17 in Fig. 1), and 
the calculation is still comparatively simple since each 
“leg” of the group may be treated independently. The 
group is still isotropic, and we find F=2.78. This figure 
is still not suitable for computation of €, since there is no 
marked improvement in “”” in passing from Group // 
to Group /// ; neither has the characteristic structure of 
ice, built up of puckered hexagons, yet appeared. For 
Group [JT %=2.5X 10°. 

Adding four third-nearest neighbors (18, 19, 20, and 
21 in Fig. 1) to J/J gives JV with a marked reduction in 
““n,” and six hexagons appear. Now, however, compu- 
tational difficulties have greatly increased as a result of 
the interconnection of different parts of the group. 

We have developed special methods to deal with this 
situation, which consist essentially in breaking down the 
group into smaller portions so that the enumeration of 
the configurations becomes less laborious. Even by this 
method the work required becomes prohibitive for 
groups of more than 24 molecules. The amount of 
calculation can often be reduced by symmetry con- 
siderations; for instance, Groups JV and V are sym- 
metrical about the c axis. One need only calculate m”, 
therefore, for two m, e.g., m1=(a+b) and m2=(c+d). 

We find for Group JV: 


m,*=2.98a+2.446 and m*=—(2.96a+2.44b+0.03¢). 


The fact that m,*~~— m,* is not fortuitous since m2: may 
be obtained from m, by reversal of the four bonds 
surrounding the central molecule. If we further reverse 
all bonds throughout the group, there is a one-to-one 


7J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939). 
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correspondence of each configuration contributing to 
m;* and m,*, except at the surface of the group where 
we must count only bond moments directed outwards 
(bond moments directed inwards arise from protons in 
the “continuum”). However, if the group is large 
enough, the contribution of the outermost bonds to m* 
will be negligible. The numerical similarity of m,* and 
m>* is therefore an indication that our group is getting 
large enough.§ Again m and m* are not parallel, which 
indicates anisotropic properties. We find 


F.=3.25, Fa=2.44, and F=2.70. 


The true anisotropy may well not be as great as implied 
by these figures, since Group JV has a lower portion 
which deviates from the spherical form and is, moreover, 
not well connected with the upper part of the group. 
These faults are remedied in Group V. 

Group V includes molecules 1-24. In view of our 
experience with Group JV we calculate m for m;= (a+b) 
only. The final result is 


F,.=2.62, Fa=2.71, and F=2.65. 


In this case the anisotropy of (mm ;*) is much smaller, 
and its magnitude evidently depends rather critically 
both on the accuracy of computation and on the shape 
of the group chosen. It seems probable in view of the 
results for Group V that the anisotropy of ice is not 
large, but we are unable to give a specific value. This 
being so, it is convenient to consider the values of F that 
are plotted in Fig. 3, as a function of the number of 
molecules in the group. For Group V the asymptotic 
value is almost reached. Little improvement in accuracy 
can be expected unless a considerably larger group is 
taken, and then the computation required becomes 
prohibitive. In view of other possible sources of error 
(Sec. 6) a more exact calculation of F is unnecessary. 


(b) Off-Central Unit for m 


As stated in Sec. 1, (m-m*),, should be independent of 
the position of the reference unit defining m. We have 
therefore calculated F taking as the reference unit the 
molecule below the one previously used (molecule 5 of 
Fig. 1) and the result is given in Fig. 3. This reference 
molecule is not the next best after the central molecule, 
but it is suitable for computation on account of its 
symmetrical position. For Group V, the new F is only 63 
percent below the value for the central molecule. We 
conclude, therefore, that the result for a group of this 
size is substantially independent of the reference mole- 
cule chosen (excluding molecules at the surface of the 


group). 


(c) A Two-Layer Approximation for m 


It was pointed out in Sec. 3(a) that the first layer of 
bonds alone gives F=2. The calculation may be ex- 


§ m-m* is necessarily independent of m in the very symmetrical 
Groups IJ and JIT. 
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tended to include the second layer, and this has been 
done for Groups /I7, IV, and V. This quantity should 
also approach an asymptotic value but different from 
that of Secs. 3(a) and (b). Figure 3 shows that this is so, 
and for Group V the difference from the correct value is 
only 3 percent. This suggests that the first two layers of 
bonds gives a good approximation to the dielectric 
constant of ice, although interactions have to be ac- 
counted for out to the third nearest neighbors. 


4. COMPUTATION OF (m-m*),, WITHOUT THE 
ASSUMPTION OF EQUAL PROBABILITIES 


The energy U; in (1.1)’ may be divided into two parts 
(1) that due to interactions of molecules within the 
sphere, U; int, and (2) that due to the interaction of 
these same molecules with the material outside, U; ext: 


U;= Us intt U : ext. (4.1) 


For the free sphere U; -xe=0 and since most of the 
computational difficulty arises in the evaluation of 
U; ext, it might seem preferable to calculate ¢, using 
(1.3). However, inspection of (1.3) shows that for large 
€,, aS in ice, the left-hand side approaches a limiting 
value, and e¢, is very sensitive to an error in (m-Myac*)a 
and also to the way in which the electronic polarization 
is accounted for. This may be particularly serious for a 
small group in vacuum. On the other hand, Eq. (1.2) for 
€,>>n’ shows that e, is almost proportional to (m-m*),,. 
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Fic. 3. Variation of F with size of group assuming all configura- 
tions of equal probability. 


The difference between (1.2) and (1.3) illustrates the 
importance of the term U;; ext in (4.1). Insertion of the 
experimentally determined quantities in (1.2) and (1.3) 
gives for e,=80 the experimental values 


F=(m-m*)y//w?2=2.9 
and 
Fyac=(M: My ac) m/ po? =0.19 at rc. (4.2) 


We shall now follow the same procedure as in Sec. 3 of 
calculating F (and F,,-) and taking groups of molecules 
of gradually increasing size and obtain asymptotic 
values. 











Fic. 4. Point 
charge model for the 
water molecule. 
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(a) Group IJ, 5 Molecules 


Consider first the calculation of U; int. It is evident 
from a study of the molecular arrangement that the 
differences in energy for different configurations may be 
ascribed to the change in electrostatic energy alone. In 
order to calculate the change in U; int with configura- 
tion we shall use the point charge model of the molecule 
shown in Fig. 4. This is a somewhat simpler model than 
those used to calculate the heat of sublimation of ice 
etc.,>-" but it has the advantage that many of the 
interaction energy terms remain the same for all con- 
figurations. The only important contribution to U; int 
is that resulting from the interaction of nearest neigh- 
bors both because of the greater separation of second- 
nearest neighbors (although the terms are more numer- 
ous) and because this interaction energy is reduced 
roughly by a factor 1/n’, since the interacting molecules 
are separated by other polarizable molecules. U; int can 
therefore be calculated exactly for the 81 configurations 
of the five molecule group—consistent with a given 
model of the molecule. Fy,¢ may then be found 


Fync=0.76. (4.3) 


The calculation of U; ext is more difficult. If the 
sphere is uniformly polarized and of total dipole moment 
M, then the reaction field due to the material outside 
the sphere is 2(e—1)/(2e+1)-M/R*® where R is the 
radius of the sphere. The energy of the sphere on this 
account is therefore —M?/R® if «&>1. However, the 
material outside the sphere is polarized by the dipole 
distribution M, and it may be shown that this requires 
an energy }M?/R’. Finally, therefore, 


U i ext= — 3M ?/R’. (4.4) 


Using Eq. (4.4) m* can be calculated for €,>>1 exactly 
for the five-molecule group by enumerating each of the 
81 terms and using (1.1)’. This gives 


F=4.,7. (4.5) 


The approximate results (4.3) and (4.5) show clearly 
the difference between the free and immersed spheres. 
For the immersed sphere the reaction of the surround- 
ings on the sphere increases the probability of con- 
figurations of large dipole moment, and since in a small 
group these all have their dipole moment roughly 


8 E. Bauer and M. Magat, J. phys. et radium (7) 9, 319 (1938). 
§ J. S. Rowlinson, Trans. Faraday Soc. 47, 120 (1951). 
10 J. A. Pople, Proc. Roy. Soc. (London) 205, 163 (1951). 
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parallel to m, a large value of F results. In a larger group 
larger values of M; occur, but there are many con- 
figurations for which M; is not in the direction of m and 
in taking the average F does not become inordinately 
large; in fact, it approaches an asymptotic value as the 
size of the sphere is increased. There are, however, other 
factors which modify this simple picture, and these are 
considered later. On the other hand, for the free sphere, 
in general, configurations of low dipole moment have the 
lowest energies and this leads to the low numerical value 
for Fyac. 


(b) Group JIT, 17 Molecules 


The 5-molecule group is evidently too small, and as in 
Sec. 3 we proceed to the 17-molecule group. Consider- 
able computational difficulties arise as the configurations 
are very numerous. It is necessary, moreover, to in- 
vestigate the validity of (4.4) giving the energy U; ext. 

Consider first the “free sphere.” A first approximation 
for Fya- may be obtained by assuming that the con- 
figurations of any one of the outer twelve molecules is 
determined solely by the configuration and interaction 
energy with the inner molecule to which it is attached, 
e.g., molecule 7 in Fig. 1 is determined by molecule 2. 
For any configuration j of the five inner molecules taken 
as a group, we get an average moment M ; to add to M; 
and an average energy U; int to add to U; int; we then 
use (Mj+M;) and (U; int +U;, int) in (1.1)’ in place of 
M ;and U; int. Taking first the most probable configura- 
tion of the five-molecule group and then the next most 
probable and so on, m* may be found to a sufficient 
approximation without evaluating all 81 configurations. 
This leads to Fya-=1.1. This is evidently a poor ap- 
proximation, and we now calculate new values of M; 
and U; taking the outer molecules in groups of three 
attached to each of the inner molecules, e.g., 6, 7, and 8 
attached to 2. For a given orientation of 2 there are 27 
configurations of the triplet 6, 7, and 8, and we de- 
termine the mean moment and energy and also for the 
other triplets, in order to determine the M; and U; for 
all 7. Only a few calculations of this sort have to be 
made since other results can be derived by suitable 
rotations. The new values of (Mj;+M,) and (U;+Uj) 
are then used in (1.1)’, and we find F,,.=0.04. In 
judging these results we must compare the differences 
from the experimental value (for ¢,= 80), i.e., 0.9 for the 
first approximation and —0.15 for the second; hence, 
the latter is a much improved value. Fya- is rather 
sensitive both to the exact molecular model assumed 
and to the accuracy of the computation, as it must be 
since m* is the resultant of a rather delicate balance of 
large terms. We shall therefore be satisfied in finding the 
correct order of magnitude since it cannot in any case 
lead to an accurate value of e,. 

For the immersed sphere the evaluation of all the 
configurations is evidently quite impracticable. We have 
therefore made a similar approximation to that for the 
free sphere; that is to say, we have assumed that the 
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configuration of the outer molecules is determined by 
that of the inner one to which it is attached to obtain M; 
and U; int. The energy of any configuration j of the 
inner five molecules is then taken to be 


U ;= (Uj ine + U; int) — (1/2R*)-(Mj+M,,), (4.6) 
with the appropriate value of R. We then have 
m*= do (M;+M;) 
xXexp(—U;/kT)/L. exp(—U;/kT), (4.7) 
i 


and we find 


This calculation underestimates the terms in (1.1)’ 
having high moment values, so that in so far as (4.4) is 
correct our result is low (although it is still higher than 
the experimental value). It is found that the Uex term 
is, in general, more important than U int. 

Consider now the validity of (4.4). In the case of ice 
the delineation of a sphere about the 17-molecule group 
is rather arbitrary. The dependence of the result on the 
magnitude of “‘R”’ in (4.4) is illustrated in Table II(a). 
A more serious objection is that (4.4) is only valid if the 
sphere is uniformly polarized. (It is also true if there is a 
point dipole of the same moment at the center of the 
sphere! or if the spherical cavity contains a uniformly 
polarized sphere of the same total moment but of 
smaller radius.) Inspection of Fig. 1, shows that the 
polarization of the groups of molecules with which we 
are concerned is manifestly non-uniform. In order to 
investigate this, we have calculated the energy U; ext 
for the simple case of seven dipoles, one at the center of 
the spherical cavity and the six others in the six posi- 
tions (+d, +d, +d). It is found (Fig. 5) that when the 
dipoles all point in the same direction Eq. (4.4) is valid 
for this group of dipoles for d/R<} (corresponding to a 
uniformly polarized sphere of radius smaller than the 
cavity radius).|| However, the introduction of non- 


TaBLe I. Comparison of experimental values of Fyac, F and “n” 
with those calculated in Sec. 4 for 0°C. 








Theo- 
retical 
Experi- values 
mental for Theoretical values 
values Group JJ for Group II] 
for (5 mole- (17 molecules) 


€s =80 cules) using R3/a? =7 





Peas 0.19 0.76 ist approx., 1.1 
2nd approx., 0.04 
F 2.9 4.7 3.5 
- for free sphere 1.5 2.3 1.9 
. for immersed sphere iS Lf 1.8 





'' See reference 1, p. 165. 

| When d/R>}, this arrangement is no longer even approxi- 
mately a region of uniform polarization, and we ought to take a 
larger number of dipoles distributed through the volume. 
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Fic. 5. Dependence of Uext (see Eq. (4.1)) on the arrangement of 
dipoles within the sphere. 


uniformity by turning one of the dipoles increases the 
numerical value of the energy relative to that given by 
(4.4) so that the configurations of high dipole moment 
are relatively less favored than would be expected from 
(4.4). There is little doubt that a similar result would be 
obtained with an arrangement of dipoles as in ice. A 
further factor is that the molecules themselves cannot be 
approximated by point dipoles and this would lead 
again to the sphere possessing quadrupole and higher 
moments. It must be concluded, therefore, that use of 
(4.4) attributes too great an importance to the con- 
figurations of high dipole moment. However, the ap- 
proximation involved in using (4.7) has just the reverse 
effect in that it attributes too little importance to 
configurations of high dipole moment while assuming 
that (4.4) is correct. The two errors are therefore 
compensatory, and the resultant value of F is not 
necessarily a poor approximation. It would be necessary 
to take a larger group to obtain a satisfactory appraisal 
of the situation. 

It seems, therefore, that introducing electrostatic 
interaction does not invalidate the assumption that the 
configurations are of equal probability to the extent that 
might first have been anticipated. The result of Sec. 3 
is still valuable in that it is probably a lower limit to F, 
and it shows in addition that not much further variation 
in F is to be expected in taking a larger group than 17 
molecules. 

The possibility of anisotropy introduces a further 
uncertainty. 

The entropy values derived in a similar manner to 
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Fic. 6. Comparison of experimental and theoretical values of the 
static dielectric constant of ice. 


that employed in Sec. 3 are not far removed from 
Pauling’s value, again illustrating that the assumption 
of equal probabilities of configurations in a large group 
is not a bad approximation, at least for the calculation 
of residual entropy. 


5. COMPARISON WITH EXPERIMENT 


The value of F obtained in Sec. 3 is independent of 
temperature and together with y,=1.85 Debye and 
n?= 1.72 in (1.2)’ gives 


e,=20,500/T+1.7; thus, ¢€,=77.3 at 0°C. 


F from Sec. 4 is slightly temperature dependent 
(Table II(b)). We find e,= 103 at 0°C. 

These values are compared with the experimental 
ones" in Fig. 6. 

Table III gives the experimental values of F calcu- 
lated from the experimental results of Cole and Auty” 
which seem to be the best available at present. F is seen 


TABLE II. Effect of choice of R and of temperature on F for 











Group ///. 
(a) Effect of R at O°C. (b) Effect of temperature when 
R3/a3 =7. 
R3/a8 5 7 9 Temp.°C 0 —30 —60 
F 3.7 3.5 3.4 F 3.52 3.57 3.53 








2C, P. Smyth and C. S. Hitchcock, J. Am. Chem. Soc. 54, 
4631 (1932). 

18H. Wintsch, Helv. Phys. Acta 5, 126 (1932). 

4 E. J. Murphy, Trans. Electrochem. Soc. 65, 309 (1934). 

18 Robert P. Auty and Robert H. Cole, J. Chem. Phys. 20, 
1309 (1952). 
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to be substantially independent of temperature, and 
this is in agreement with our results of Sec. 4 (and of 
course of Sec. 3). The fact that our results show the 
correct variation of e, with temperature is important in 
view of their poor absolute accuracy. Measurements at 
even lower temperatures would be very desirable. 


6. DISCUSSION AND CONCLUSIONS 


There are a number of factors that can lead to error in 
the numerical results obtained. 

It has been assumed that the dipole moment of the 
water molecule in ice (apart from polarization by 
surrounding molecules) is the same as that in the free 
molecule in spite of a possible change in HOH angle. If 
it is assumed that the elementary moment y» is un- 
changed, the calculated values of €, are some 9 percent 
lower. 

Equation (1.2) involves the assumption that the 
water molecule may be considered as a point dipole 
immersed in a sphere of polarizability corresponding to 
n*. Although this can hardly be true for H,O, a more 
precise calculation of the polarization of a given mole- 
cule by its neighbors, similar to that given by Kirk- 
wood,’ suggests that the representation of this effect by 
the inclusion of the factor [(m?+ 2)/3 in (1.2) is a good 
approximation. 

The advantage of the calculation in Sec. 3 is that it 
gives a result which is computationally exact since we 
have complied very closely with the conditions laid 
down in Sec. 1. The calculation in Sec. 4 suggests that 
the result in Sec. 3 is a lower limit to the true value. 

In introducing the interaction energies we have not 
been able to obtain a result whose accuracy is known. It 
is evident, however, that the true value is not far 
removed from that given in Sec. 4 and suggests that the 
assumptions used are essentially valid. These may be 
summarized by saying that ice can take up a number of 
configurations as envisaged by Pauling and that the 
probability of any one of these configurations is de- 
termined by essentially electrostatic forces calculated 
assuming a point charge model for the water molecule. 

A recent report that ice is piezoelectric and possibly 
ferroelectric’® is difficult to reconcile with the present 
paper. The possibility is not, however, excluded because 
the procedure for calculating the static dielectric con- 
stant would then be quite different. There would, how- 


ever, be some difficulty in explaining the residual 


entropy. 


TABLE III. Variation of F with temperature from experimental 
data of Cole and Auty. 








—-108 -209 -—44.7 658 


F from data of Cole 3.19 3.19 3.23 3.05 3.54 
and Auty® 


Temperature in °C 0 








16 F, Rossman, Experientia 6, 182 (1951). 














Th 
Liver 
and ' 
Resea 
versit 


THE 


S”° 
a 


tric c 
frequ 
the \ 
near 
repor 
40 pe 
perat 
cies, | 
cient] 
dielec 
melti 
the re 
the 
origir 
Tw 
sugge 
voids 
of co 
supp 
whicl 
that 
posse 
incre 
pecia 
was | 
* T 
partia 
Philos 


7 





and 
id of 
the 
nt in 
ts at 


or in 
the 


free 
e. If 
un- 
cent 


the 
pole 
ig to 
nore 
0le- 
-irk- 
t by 
rood 
ut it 
> we 
laid 
that 


not 
1. It 

far 
the 
r be 
r of 

the 

de- 
ited 
ule. 
ibly 
sent 
juse 
son- 


lual 


ntal 


5.8 
3.54 








ACKNOWLEDGMENTS 


This work was carried out in part at the University of 
Liverpool under the supervision of Professor H. Fréhlich 
and with the financial assistance of the “Electrical 
Research Association” and in part at Princeton Uni- 
versity with Professor C. P. Smyth. The author is 


STATIC DIELECTRIC CONSTANT OF 


1309 





ICE 





grateful for a Visiting Fellowship supported by a Grant- 
in-Aid to the Chemistry Department of Princeton Uni- 
versity from E. I. du Pont de Nemours & Company. 

The author wishes to acknowledge the stimulus he 
received in being able to consult Dr. J. A. Schellman’s 
thesis on the dielectric properties of ice (Princeton, 
1950). 





THE JOURNAL OF CHEMICAL PHYSICS 


VOLUME 20, NUMBER 8 


AUGUST, 1952 


Dielectric Properties of Ice and Solid D,O* 


Rosert P. Autyf AND RoBert H. Coie 
Metcalf Research Laboratory, Brown University, Providence, Rhode Island 


(Received February 1, 1952) 


Complex dielectric constants have been measured for ice from the melting point to — 65°C, and for solid 
D0 to —35°C, by a combination of bridge and transient methods. For both, the dispersion is described by 
the simple Debye formula, and the relaxation times 7 by the simple rate expression r= A exp(B/RT). For 
ice, A=5.3X10~* sec, B=13.2 kcal/mole; and for solid D.O, A=7.7X10~* sec, B= 13.4 kcal/mole. The 
equilibrium dielectric constant for ice is 91.5 at 0°C and increases at lower temperatures; the values for solid 
D.0 are only slightly smaller. Measures taken to minimize errors from voids in the sample and direct current 


conductance are discussed. 


I, INTRODUCTION 


INCE the original investigations of Errera! in 1924, 

a number of workers have reported results of dielec- 
tric constant measurements on ice at audio- and radio- 
frequencies. The agreement among these is rather poor, 
the values given for equilibrium dielectric constants 
near the melting point ranging from 70 to 95, and the 
reported relaxation frequencies varying by as much as 
40 percent at — 20°C and having rather different tem- 
perature dependences. In addition to these discrepan- 
cies, most of the measurements did not extend to suffi- 
ciently low frequencies to define the equilibrium 
dielectric constant with any accuracy except near the 
melting point, nor is it possible to decide from them if 
the relaxation process is really accurately described by 
the familiar dispersion and absorption equations 
originally described by Debye. 

Two principal sources of systematic error have been 
Suggested as causes for the discrepancies mentioned: 
voids or flaws in the solid dielectric, and the presence 
of conducting impurity. The first of these is ordinarily 
supposed to lead to dielectric constant and loss values 
which are too small, although one can readily show 
that too large values are also possible if the dielectric 
possesses appreciable direct current conductivity. The 
increase in apparent dielectric constant and loss, es- 
pecially at low frequencies, as a result of dc conductance, 
was shown directly by Smyth and Hitchcock’ by the 

* This paper is based on a thesis presented by R. P. Auty in 
Partial fulfillment of the requirements for the degree of Doctor of 
Philosophy in the Graduate School of Brown University. 

t Present address : Dow Chemical Company, Midland, Michigan. 

me Errera, J. Phys. (U.S.S.R.) 5, 304 (1924). 


(1932) P. Smyth and C. S. Hitchcock, J. Am. Chem. Soc. 54, 4631 


addition of a small concentration of KCl to the liquid 
water before freezing. As a result they took especial 
precautions to obtain water of high purity and found 
rather smaller values of dielectric constant than other 
workers. Murphy’s’ measurements are more compre- 
hensive from the point of view of frequency and tem- 
perature range and give considerably larger static 
values, but were obtained using distilled water not 
further purified. The question as to whether the differ- 
ences are occasioned by sample inhomogeneity or by 
conductance effects or both is thus unanswered. 

In view of recent interest in the magnitude of the 
equilibrium constant of ice and in the relaxation process 
by which it is realized, the work reported here was 
undertaken with the especial aim of precluding errors 
from either of the possible causes mentioned. To mini- 
mize formation or development of voids and cracks, two 
special forms of cells were used. In both of these, the 
process of freezing the sample between the measuring 
electrodes could be observed and readily controlled, 
and the electrodes could follow the subsequent con- 
traction of the sample on cooling. 

The possibility of ambiguity or errors arising from 
anisotropy and preferred crystallite orientations in the 
specimens was investigated by examining a sample 
between crossed polaroids which was grown under 
similar conditions. This showed the visibly clear mass 
to consist of aggregates of single crystals extending 
through the sample in the direction of the lines of force, 
with no preferred orientation of their crystalline axes. 
This is a reasonable consequence of the freezing process 
employed, and together with the excellent agreement 


3 E. J. Murphy, Trans. Electrochem. Soc. 65, 309 (1934). 
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Fic. 1. Drawing of essential features of the two cells used. 


between measurements on different samples leads to 
the conclusion that the results are characteristic of a 
mass of randomly oriented crystals. 


II. EXPERIMENTAL METHODS 
A. Electrical 


The wide-range conductance-capacitance bridge used 
has been described in detail elsewhere‘ as has the 
method for recording transient polarization.’ Of some 
importance for the success of the cell arrangements used 
is the fact that both instruments are intended for cells 
employing guard electrodes in which only a limited, 
well-defined volume of dielectric is measured, and can 
be used to measure capacitances as small as 1 uwuf with 
reasonable precision. 

Temperatures were measured by copper-constantan 
thermocouples in the grounded guard electrodes of the 
cells and a Leeds and Northrup Type K potentiometer. 
Temperature control to 0.1°C was effected by adding 
powdered dry ice to acetone baths in thermal contact 
with the cells, and all measurements were made as a 
function of frequency or time at each of a number of 
constant temperatures. 


B. Cells 


The essentia! features of the two cells employed are 
shown in the drawings of Fig. 1. In cell I, the low poten- 
tial electrode and the surrounding guard electrode are 
attached to a Hydron metal bellows mounted on a 
copper can, and the bellows can be held in compression 
by the screw and nut arrangement. The high potential 
electrode is attached rigidly to the base of the can 
holding the bath liquid by support rods, and insulated 
from its supporting frame by a Teflon washer. A Plexi- 
glas ring contains the liquid to be frozen, and permits 
observation of the process through the windows in an 
outer container. 





*R. H. Cole and P. M. Gross, Jr., Rev. Sci. Instr. 20, 252 
_ (1949). 
5 Davidson, Auty, and Cole, Rev. Sci. Instr. 22, 678 (1951). 
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In cell I, the water was first frozen, then allowed to 
melt until a clear layer of ice developed at the upper 
electrodes only. On cooling, this layer grew as a clear 
solid, except for a few small trapped bubbles, until the 
electrode space was filled. The bellows compression was 
then released to permit the upper electrode to follow 
subsequent contraction of the sample. Electrode spac- 
ings from 5 mm to 10 mm were used, corresponding to 
air capacitances in the range 0.60 uuf to 0.36 uuf for the 
low potential electrode diameter of 21 mm. 

Although this cell gave satisfactory results for large 
dielectric constants and required only a small quantity 
of sample, the relatively narrow guard ring led to some 
uncertainty in cell capacitance for dielectric constants 
less than about ten with the gaps of several millimeters 
needed for negligible conductance effects. To insure 
that no serious errors were so incurred, cell II (Fig. 1) 
was also used. In this cell the guarded electrode as- 
sembly was supported, until the sample was frozen, by 
German silver tubes clamped by set screws to a Plexi- 
glas cover on the glass container. Then, by loosening the 
set screws, the electrode was allowed to rest freely on 
the frozen sample. The guarded electrode diameter is 
43.6 mm and the guard ring width is 9.6 mm, giving air 
capacitances in the range 1.5 to 2.5 wuf for the separa- 
tions of 8 to 5 mm used. 

In cell II, which was placed in a large Dewar con- 
taining an acetone bath, freezing began at the bottom 
and continued until a solid clear layer filled the elec- 
trode space. The sample was thus formed in quite a 
different fashion than in cell I. 

In both cells, frozen samples could be cooled for some 
distance below the melting point before any cracks ap- 
peared. When these did develop, they invariably began 
at or beyond the outside periphery of the electrodes ina 
direction parallel to the lines of force. At temperatures 
as low as —50°C no change in capacitance was ob- 
served when these occurred, indicating that their 
effect was confined to the guarded region of the sample. 
At lower temperatures some nonreproducibility was en- 
countered, which was minimized if the sample was 
cooled still further and allowed to warm slowly to the 
temperature of interest. Even so, the lowest tempera- 
ture for which reliable data could be obtained was 
defined primarily by strain effects rather than electrical 
measurement limitations, even though the time scale of 
the relaxation process becomes very long. 


C. Preparation and Handling of Materials 


Because of the possible serious effects of even small 
amounts of conducting impurity, some effort was 
devoted to insuring cleanliness of the cell. Thorough 
steaming of all parts of the cells to come in contact 
with the liquids was followed by prolonged soaking in 
conductivity water. When equilibrium was _ reached, 
specific conductances for the liquid of the order of 
1—3X10-* mho/cm were realized. After freezing, much 
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DIELECTRIC PROPERTIES OF 


smaller but measurable dc conductances were observed 
of the order 1X10-® mho/cm or less at the melting 
point. Further evidence as to purity is the fact that con- 
sistent data showing no sign of ‘‘premelting” were ob- 
tained only 0.1° below the melting point. 

In cell I, all metal surfaces (brass) in contact with 
liquid were heavily gold plated, and this procedure 
was planned for cell II until it was found that prolonged 
cleaning and soaking of the brass electrodes gave con- 
sistent dielectric data and as good conductance be- 
havior as was possible in cell I. The agreement of data 
from the two cells is thus evidence that the nature of the 
electrodes had no effect. 


Ill. EXPERIMENTAL ERRORS 


The errors resulting from voids and electrode polari- 
zation are conveniently shown by considering the com- 
plex dielectric constant loci found when their effects are 
significant. As is well known, simple theories of dielectric 
relaxation predict a complex dielectric constant ¢* of 
the form 


et = ¢' —ie’ = €,+(€o—€x)/(1+iwr), (1) 


where €) and e, are the equilibrium and limiting high 
frequency values, w= 27 frequency, and r is a relaxa- 
tion time. The complex plane locus of e* is then a semi- 
circle as shown in Fig. 2. 


A. Sample Interface 


The various curves of Fig. 2 show for solid HO at 
-10°C the observed deviations from the true locus 
(curve 6) as a result of an interface which developed to 
the extent of about half the electrode area across one 
sample normal to the lines of force (curve a), and as 
results of electrode space charge effects occasioned by 
sample conductance (curves c and d). Considering first 
curve a, one can readily show that the effect is just 
what one expects from an air gap of fractional width 6 
in series with the dielectric and condenser plates, the 
apparent dielectric constant €ap»p* being given by the 
series condenser formula 








=—+46. (2) 


* 
€app € 


The complex locus of ,€app* is easily shown from this 
to be a semicircle but the apparent values of €, €., 
and 7 are all too small. The order of the errors incurred 
for high dielectric constants can be seen from the fact 
that the observed values represented by curve a are 
accounted for quantitatively by an air gap of average 
width, 6, 1/300 of the electrode separation. 

This particular form of void in the sample is, of 
Course, the most serious one, but one can see very easily 
by approximate calculations for other forms of defect 
that rather minute cracks can have serious effects if 
they lie across the lines of force. That this sort of thing 


ICE 1311 


can and does happen in dielectric measurements on 
solids has often been recognized, but often is not con- 
sidered as carefully as it should be. 


B. DC Conductance 


The effect of dc conductance indicated by curves c, 
d is not simply an additive one to make the observed 
loss, expressed by ¢’’, too large, as the apparent values 
of ¢’ are also too large, the errors in both quantities 
increasing at low frequencies. That the larger apparent 
dielectric constants are not real, but rather result from 
conditions at the electrode-dielectric interface, was es- 
tablished by the fact that they decreased with increas- 
ing electrode separation. For the conductances involved 
here, negligible error in e’ resulted if the spacing ex- 
ceeded 6 mm, as was verified by measurements using 
spacings as large as 10 mm. What might be called the 
“direct”? conductance error, namely the additive con- 
tribution to «’’ from dc conductance, was corrected for 
by subtraction of the measured limiting low frequency 
conductance Gz, from values G(w) at higher frequencies, 
the expression used being 


” a = (G(w) _— Gac)/wCo, 


the values of G being expressed in yumho and of cell 
capacitance Cy in wf. The value Ga, for the results 
reported here never exceeded one percent of the total 
absorption conductance realized in the limit w= ~. 

Both the magnitude and insidious nature of errors 
from sample inhomogeneity or electrode effects are 
evident from Fig. 2. The locus for the cracked sample is 
identical in form with the true curve, as are curves ¢ 
and d for frequencies above 600 and 1500 c/s, but the 
values of ¢’ and ¢’’, even for points on the loci, are in 
error by as much as thirty percent. 


C. Other Errors 


We believe that errors resulting from faulty samples 
or space-charge limited conductance are small in our 
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Fic. 2. Complex plane dielectric constants of ice samples at 
— 10.8°C. Curve (a), sample with interface parallel to electrodes; 
curve (b), true locus; curves (c) and (d), samples with electrode 
polarization arising from dc conductance. Numbers beside points 
are frequencies in kc/sec. 
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Fic. 3. Complex dielectric constant of ice at —40°C, 


results. The accuracy of the data reported here is 
limited primarily by slight uncertainties in the cell 
constants, measurement and control of temperatures, 
and frequencies of the bridge oscillator. A reasonable 
figure for accuracies of equilibrium dielectric cons tants 
€9 and relaxation times 7 is of the order 2-3 percent. 


IV. RESULTS 


In the measurements reported, some ten runs at 
temperatures in the range —0.1 to —65°C were made on 
solid H,O and three on solid DO in the range +1° to 
— 35°C. The reproducibility of data is illustrated in 
Table I, in which are given values of e¢’, e’’ at half the 
frequencies of measurement for three samples at 
—10.8°C. Some of these data were used in plotting 
curve 6 of Fig. 2. The data are evidently in good agree- 
ment, except for slight incipient electrode effects at 
the lowest frequencies for the third run. In Fig. 3 are 
plotted data for ¢’ and e’”’ at —40°C, the lowest tem- 
perature for which the bridge measurements sufficed 
to define the complex plane locus adequately, and in 
this case also a semicircle fits the results within ex- 
perimental error. 

The fact that the bridge data are quantitatively 
fitted by the simple dispersion Eq. (1) has been further 
confirmed by an analysis which explicitly verifies the 
frequency dependence of e* and also serves to determine 
the relaxation time 7. From Eq. (1), it is readily shown 
that what might be called the dipole loss factor tang is 
given by 

tang= e’/(e'—€n) =wr. (3) 


From this equation, a plot of experimental values of 
tang versus frequency should give a straight line, and 
the frequency f, for which tang=1 gives the relaxation 
time 7 from the relation, r=1/27f,. Plots of this kind 
for solid H,O and D.O at two temperatures are shown 
in Fig. 4, log scales of tang and frequency f being 
used to represent the data symmetrically. The data are 
fitted without systematic deviation by the straight 
lines drawn with the unit slope required by Eq. (3). 
The definitely larger values of + for DO as compared 
with those for H,O at the same temperatures are also 
apparent. 
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Fic. 4. Plots for determining relaxation times in ice and solid 
D.O at —10 and —32°C. The intercepts with the dashed line give 
the critical frequencies in kc/sec indicated. 


At temperatures much below —40°C, the lowest 
frequency of bridge measurement (20 counts/sec) was too 
high to give reliable values of €9 and 7; hence the tran- 
sient method already mentioned was used. In effect, this 
method gives a record of transient charge following 
application of a step voltage to the dielectric, or what 
might be called the “transient dielectric constant,’ (i), 
which for a dielectric satisfying Eq. (1) is readily shown 
to be given by 


e(t) = €x + (€o— €x)[1—exp(—t/r7) ]. (4) 


After correction for dc conductance, the value of ¢ is 
given by the final equilibrium charge, of ¢. by the 
initial value and of 7 by the time for e(/), to reach a 
value 1/e short of the final value, if the data are fitted 
by Eq. (4), as was true in all cases. The bridge and 
transient methods gave results in agreement at —50°C 
and the latter was used at lower temperatures. 

Representative values of €0, €., and 7 at several tem- 
peratures are listed in Table II for solid H,O and D,0. 
Plots of logr versus reciprocal temperature are given in 
Fig. 5. The data for 7 are fitted within their ac- 
curacy over the range of temperatures by rate expres- 
sions of the form r= A exp(B/RT), the constants A 
and B having the values A=5.30X10~ sec, B= 13.25 
kcal/mole for H.O and A=7.7X10-* sec, B=13.4 
kcal/mole for D.O. 


TaBLE I. Dielectric constant data for ice at — 10.8°C. 








Run 2 Run 3 


0.64 cm 


Run 1 
Electrode 
spacing 
Specific : 
conductance 2.1 X107!° mho/cm 1.9 X107!° mho/cm 7.4 X107!° mho, cm 
Frequency f é aad é é’ é € 


0.52 cm 0.79 cm 





50 counts/sec 94.8 1.7 95.0 2.0 97.58 ia 
100 94.6 3.2 94.6 3.6 95.48 3.5 
200 94.1 6.4 94.0 6.8 94.2 6.9 
500 91.6 16.4 91.3 16.8 91.3 16.9 

1 kc/sec 83.4 29.1 83.0 30.3 83.1 30.2 
2 61.7 44.3 60.6 44.1 61.1 44.5 
5 23.0 38.3 22.5 37.8 23.2 39.3 

10 9.55 22.9 9.50 22.8 9.55 23.1 

20 4.75 12.2 4.71 11.9 4.76 12.1 

50 3.32 5.0 3.28 4.9 3.29 5.0 








« Incipient electrode polarization makes ¢’ large. 
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TABLE II. Parameters of dielectric relaxation formula 
for ice and solid D.O. 





DIELECTRIC PROPERTIES OF ICE 








(a) Ice (b) Solid D20 


T T 
°C €0 &o (105 sec) eC €0 €&o (105 sec) 








- 0.1 91.5 3.10 2.2 12 990 3.06 3.4 
- 10.8 95.0 3.08 6.0 —2.7 89.0 3.06 5.0 
—20.9 97.4 3.10 16.4 —10.4 92.0 3.03 9.15 
-32.0 100 3.00 57 —21.7 95.5 3.06 33 
-44.7 104 3.10 9 252 —27.3 97.9 3.03 48 
-568 114 3.1 1200 —33.0 100 3.03 91 
-658 133 3.1 4500 











The values of relaxation time 7 found for H,O are in 
fair agreement with the results of Smyth and Hitch- 
cock and of Murphy, but differ considerably from those 
of Wintsch.® In any such comparisons, differences in 
definition of t should be noted. We have here computed 
t from the central frequency of the dispersion region, 
but a number of other workers express their results by a 
“Lorentz-field corrected”’ rp differing from ours by the 
factor (€o+2)/(€2+2) which is of dubious significance. 











V. DISCUSSION 





The values of equilibrium dielectric constant €9 near 
the melting point are larger than those reported by 
most other workers, but are a little smaller than those of 
Murphy.* The value of 91.5 at 0°C is definitely larger 
than the figure for water at 0°C, despite the decrease 
in density on freezing, and increasingly large values are 
found as the temperature is decreased if sufficient time 
is allowed for equilibrium. 

The large values of €9 indicate both the existence of a 
strong local coordination of neighboring molecules in 
the lattice and the existence-of mechanisms by which 
their rearrangement in an external electric field can be 
accomplished. For an adequate model of the molecule 
and its environment, the theories of Kirkwood’ and 
Fréhlich® provided a basis for calculation of the equi- 
librium dielectric constant. Calculations of this kind 
have been made by Powles® on the basis of Pauling’s 
model for ice,!° in which those configurations are per- 
mitted which place two hydrogen atoms close to each 
oxygen atom and two close to its four nearest oxygen 
neighbors. The complexity of properly taking account 
of electrostatic interactions makes the calculations 
hecessarily approximate. They do show, however, that 
values comparable with the observed can be obtained 
on the basis of a point charge electrostatic model, and 
indicate that all configurations compatible with two 
Protons near and two far from any oxygen atom are 
tealized with comparable, if not substantially equal, 


HL Wintsch, Helv. Phys. Acta 5, 126 (1932). 
J. G. Kirkwood, J. Chem. Phys. 7, 911 (1939). 
“a. Fréhlich, Theory of Dielectrics (Oxford University Press, 
New York, 1949). 
iJ; & Powles, J. Chem. Phys. 20, 1302 (1952). 
L. Pauling, Nature of the Chemical Bond (Cornell University 
tess, Ithaca, New York, 1939), p. 281. 
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probability. This raises the question, implicit in any 
case in the fact that the equilibrium dielectric constant 
is so large, of how necessary proton displacements to 
realize the different configurations can occur. 

In an ideal lattice, displacements by proton shifts 
from one bond to another, no matter how devised, 
either have improbable energy requirements or lead to 
no net polarization. If instead one supposes that the 
displacements occur by proton shifts from one oxygen 
atom to another, as considered in some detail by 
Latimer," equally serious difficulties with energy re- 
quirements, absence of net polarization, or the im- 
probable consequence of a space-charge type of polariza- 
tion are encountered. 

The difficulties with various such mechanisms have 
been examined in detail by Schellman,” who proposes, 
as a way out of the difficulty, that actually one has 
missing bonds between a few of the oxygen atoms from 
lattice defects or vacancies, and that molecular re- 
orientations through the lattice are then made possible 
by propagation of the missing bonds. 

Although the experimental data on the relaxation 
process in ice of themselves give no decisive confirma- 
tion of any of these various points of view, they do 
show well-defined and experimentally simple behavior. 
The frequency dependence of the dispersion is quantita- 
tively described by a single relaxation time over the 
temperature range studied, from which one infers that 
a single simple mechanism is probably involved, a 
situation not often encountered in real dielectrics. 
The temperature dependence of the relaxation times is 
accurately described by a simple unimolecular rate law, 
again suggesting a simple mechanism. Any intrinsic 
volume conductance in ice is very minute, which argues 
against proton jumps followed by molecular reorienta- 


11 W. M. Latimer, Chem. Rev. 44, 59 (1949). 

2]. A. Schellman, Ph.D. thesis (Princeton University Press, 
Princeton, New Jersey, 1951); see also J. A. Schellman and W. 
Kauzmann, Phys. Rev. 82, 315 (1951). 
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tions. The equilibrium dielectric constant increases with 
decreasing temperature. One should not expect this for 
any processes involving transitions to metastable equi- 
librium positions of higher energy, as is the case for the 
model of relative orientations of molecular pairs dis- 
cussed by Bauer" and for ionization by proton transfer. 
Thus, the general picture of polarization by molecular 
reorientation made possible by lattice imperfections 
seems the most reasonable one yet proposed. 

From Fig. 5 it is apparent that the relaxation process 
is considerably slower in heavy ice at all temperatures 
of measurement, a difference which could arise from 
larger activation energy B, lower frequency factor 1/A, 
or both. Because the data for 7 are over a quite limited 
range of the significant variable 1/T in the case of 
heavy ice, caution must be exercised in deciding be- 
tween these possibilities. 

Least squares treatment of the data gives a larger 
value of A for D,O than for H,O and a slightly larger 
activation energy. That the activation energies should 
be nearly the same is understandable if essentially the 
same electrostatic configurations are involved, and the 
difference of 0.25 kcal/mole is in the proper direction 
to be explained as resulting from a difference of zero 
point energies. 

The ratio of the constants A calculated from the best 
fits of the data is 1.5, but the precision of the measure- 
ments is not good enough to establish decisively the 
difference from the value unity{ one would expect 
from absolute rate theory. If the value of A for D,O is 
assumed to be the same as for H,O, the best, slightly 
larger, value of activation energy to fit the data gives 
slightly poorer agreement as judged by the mean-square 
deviation. The improvement by using the least squares 
fitted value of A is, however, too small to be considered 
significant. A more accurate determination from more 
extensive data would be of some interest in deciding 
whether the conventional calculation of the frequency 
factor, which leads to no isotope effect, is adequate in 
the present case. 

A proper interpretation of the absolute values of the 
parameters A and B for the relaxation process must 
await a theory in which the mechanism of dissipation of 
energy into lattice modes is adequately represented, 
but Schellman’s observation” that an activation energy 
of 13 kcal/mole corresponds to breaking of three hydro- 
gen bonds on the basis of 4.5 kcal/mole bond energy in 
ice! seems pertinent. 

The behavior of the equilibrium dielectric constant 
with decreasing temperature deserves mention. There 

18 E. Bauer, Cahiers phys. 20, 1 (1944); 21, 37 (1944). 

t It should be recognized that seemingly large changes of the 


constant A correspond to small differences in logA, which is the 
quantity directly derived from the measurements. 
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is no evidence of approach to any finite limiting value. 
rather the increase becomes more marked. As discussed 
below, difficulties encountered in obtaining reproducible 
results below —60°C appear to be related to strain in 
the sample, and as a result we felt that continuing to 
still lower temperatures was unwarranted without care- 
ful study and better mechanical state of the sample. 
The present results thus give no in-Jication of the 
limiting behavior as the temperature approaches abso- 
lute zero, a subject which merits further study when 
suitable experimental procedures have been devised. 

In two recent papers,'"* Murphy has discussed an 
interpretation of his measurements of high frequency 
absorption conductance in ice in terms of two absorp- 
tion processes in ice, the first corresponding to volume 
polarization dominant at temperatures not too far be- 
low the melting point. The existence of a second process 
was inferred from the fact that for temperatures below 
about —35°C, his observed high frequency conduc- 
tances were larger than continuation of the high tem- 
perature rate law would give, and could be represented 
by a second rate law with smaller activation energy. 

In our measurements, we have found no evidence for 
the coexistence of two absorption processes, but have 
found that the frequency range of dispersion was in 
several cases displaced to higher frequencies than pre- 
dicted by the rate expression at temperatures below 
—50°C, by amounts depending on the sample and 
its previous thermal history. These displacements gave 
rise to larger values of high frequency conductance§ as 
reported by Murphy, but the dispersion was still quan- 
titatively described by the Debye equations (1) with 
smaller values of r, and the equilibrium dielectric con- 
stant values found were essentially the same. We 
found that these values of 7 were not reproducible from 
one sample to another, and moreover, that values fitting 
the higher temperature behavior resulted in some cases 
from “annealing” the samples by holding them at still 
lower temperatures for a few hours. 

As a result of these observations, we conclude that 
the effects must have resulted from strains or disloca- 
tions developed on cooling the sample which could be 
partially or wholly relieved, and that there are no indi- 
cations of a second relaxation process. 

We are indebted to Professor Kauzmann for helpful 
discussion, and to Drs. Powles and Schellman for per- 
mission to quote some of their results. 


4 E, J. Murphy, J. Chem. Phys. 19, 1516 (1951); Phys. Rev. 7, 
396 (1950) ; see also E. J. Murphy and S. O. Morgan, Bell System 
Tech. J. 38, 502 (1939). ' 

§ This follows from the fact that the absorption conductance s 
proportional to we’, which in the limit wr>>1 has the value 
(e9—€.)/r for a single relaxation time. 
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The Absolute Quantum Yields of the Fluorescence of Chlorophyll Solutions* 


LEsuiE S. ForsTeErt AND ROBERT LIVINGSTON 
School of Chemistry, Institute of Technology, University of Minnesota, Minneapolis, Minnesota 
(Received February 18, 1952) 


An integrating sphere has been adapted to the measurement of the quantum yield of the fluorescence of 
solutions of pigments. The intensities of the fluorescence and of the absorbed light were determined sepa- 


Chlorophylls a and 6 dissolved in various solvents have been studied with this apparatus over a range of 
concentrations, and the measured yields corrected for autoabsorption. The yield for chlorophyll a is 0.25 
and is in general independent of solvent and excitation wavelength. The yield for chlorophyll 6 is 0.11 for 
ether solutions and 0.06 for methanol solutions. The absolute fluorescent yields of solutions of fluorescein, 
eosine, magdala red, and rubrene were also measured. These results are in reasonable agreement with the 
published values of the yields for the same compounds. 





INTRODUCTION 


T appears plausible that some insight into the pri- 

mary act of photosynthesis! can be obtained from a 
study of the photochemical properties of homogeneous 
solutions of purified chlorophyll. While the absolute 
quantum yield of fluorescence is an important property 
of this type, the commonly accepted value of ten per- 
cent is based upon a rough estimate? in which apparently 
noattempt was made to correct for autoabsorption or to 
distinguish between chlorophylls a and 8. 

Few reliable determinations of absolute fluorescent 
yields have been published. Vavilov’ made the first 
measurements of the absolute yields of fluorescent dye 
solutions. He compared visually the fluorescent intensity 
with the intensity of light scattered by a “perfect” 
diffuser. These comparisons were made for small wave- 
length intervals, covering the entire fluorescent band, 
and the total fluorescent intensity was obtained by 
summation. The method is difficult and laborious, and 
the apparent reliability of his results is a tribute to his 
skill and care. 

For wavelengths shorter than 4400A the necessity for 
this summation over wavelength may be avoided by 
the use of Bowen’s‘ ingenious “relative quantum 
counter.”’ This consists of a phototube provided with a 
strongly absorbent, fluorescent filter. The output of the 
phototube is proportional only to the total number of 
quanta striking the filter per second. 

Almy and Gillette’ determined the absolute yield for 
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biacetyl vapor by directly measuring the light absorbed 
in a small volume and the fluorescence emitted from this 
volume in a small solid angle. These authors demon- 
strated that great care must be taken to minimize the 
errors due both to the estimation of the solid angle and 
to the calibration of a selective detector, such as a 
phototube. . 

In all of the aforementioned measurements it was 
assumed that the fluorescence was emitted uniformly in 
all directions. However, if the degree of polarization® 
differs from zero, the angular distribution is not uniform 
throughout the solution. In principle, these errors due to 
non-uniform distribution can be eliminated by using an 
integrating sphere, and the errors inherent in the 
calibration of a selective receiver can be avoided by 
employing a thermopile. 


EXPERIMENTAL METHODS AND MATERIALS 


Materials 


Chlorophylls a and b were prepared by a modifica- 
tion’ of the method of Zscheile and Comar.® Pheophytin 
a was prepared by treating chlorophyll a with hydrogen 
chloride, tenfold in excess of the stoichiometric amount. 
The resulting pheophytin was purified chromatographi- 
cally on powdered sugar using petroleum ether A con- 
taining 0.5 percent of isopropanol as the developer. Pure 
samples of magdala red and of rubrene were kindly 
furnished by Professor E. J. Bowen (Oxford). The 
mesoporphyrin dimethyl ester was prepared and puri- 
fied by Dr. Schwartz of the University of Minnesota 
Medical School. The eosine was a purified? sample, and 
the fluorescein which was Eastman Kodak reagent 
grade material was used without further purifications. 
The several solvents were all carefully dried and frac- 
tionated shortly before use. 


6 P, Pringsheim, Fluorescence and Phosphorescence (Interscience 
Publishers, Inc., New York, 1949); T. Férster, Fluorezenz Or- 
ganischer Verbindungen (Vandenhoek und Ruprecht, Géttingen, 
1951). 

7 Livingston, Sickle, and Uchiyama, J. Phys. & Colloid Chem. 
51, 775 (1947). 

8 F. P. Zscheile and C. L. Comar, Botan. Gaz. 102, 463 (1941). 

°F. Hurd and R. Livingston, J. Phys. Chem. 44, 865 (1940), 
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Apparatus 


The apparatus is shown diagrammatically in Fig. 1.!° 
For exciting light of wavelength less than 6000A, the 
light source (A) was a GE AH6 high pressure mercury 
arc, provided with a heat absorbing filter (B) consisting 
of 2.5 cm of saturated copper sulfate solution. When red 
exciting light was desired, the light source was a 1000- 
watt tungsten projection lamp," and the copper sulfate 
solution was replaced by a saturated ferrous ammonium 
sulfate solution. The spherical glass condensing lens (C) 





Fic. 1. Schematic diagram of the integration sphere 
and auxiliary apparatus. 


was followed by a shutter (D). Since the image of the 
AH6 arc was several times longer than it was wide, a 
cylindrical lens (E) was introduced to render the spot 
of light falling on the cell (G) roughly circular. The de- 
sired spectral region was selected by an appropriate 
interference or Wratten filter (F) before the beam en- 
tered the sphere through a circular opening 3.2 cm in 
diameter. The sphere, which was 45.5 cm in diameter, 
was lined with barium sulfate, a highly reflective matt 
_ surface. The two glass cells (G and G’) were so mounted 
on a rod (L) that either cell could be rotated, repro- 
ducibly, into the light beam, the other cell disappearing 
into a whited cell holder (H). A Moll surface thermo- 
pile (K) was placed in a bushing in the sphere wall in 
such a manner that it received light reflected from a 
fixed portion of the wall. A whited screen (N) prevented 
direct radiation from the cell striking the thermopile. 

The thermopile was used as a null instrument, its 
output being opposed by a potential obtained from a 
Leeds and Northrup K-2 potentiometer and dropped 
across a voltage divider having a ratio of 1:1000. The 
response of the L and N HS galvanometer (whose sensi- 
tivity was 0.17 microvolts per mm) in the thermopile 
circuit was amplified by a simple optical electronic 
amplifier.!°” With this galvanometer and amplifier an 
unbalance of 0.01 microvolt in the thermopile circuit 
could be readily detected. 


10 For additional details see Ph.D. thesis, Leslie S. Forster, 
University of Minnesota, 1951. Available on microfilm from 
University Microfilms, Ann Arbor, Michigan. 
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Standard Procedure 


In order to measure the intensity of the light ab- 
sorbed by the solution a filter was placed in front of the 
photocell. This filter transmitted a large fraction of the 
exciting light and was opaque to the fluorescent light. 
Under these conditions the change in thermopile output, 
which occurred when a cell containing the solution was 
substituted for one containing the solvent, was propor- 
tional to the “total intensity” (ergs/sec) of absorbed 
light. The following filters were used: for the chloro- 
phylls, pheophytin, mesoporphyrin, and rubrene— 
Corning #9788; for fluorescein and eosine—Wratten 
#34A; and for magdala red—Wratten #40. Similarly, 
the total intensity of the fluorescent light was deter- 
mined by placing a cut-off filter which transmitted uni- 
formly and efficiently in the range covered by the 
fluorescent band but which strongly absorbed the ex- 
citing light. The following filters were used: for the 
chlorophylls, pheophytin, mesoporphyrin, and rubrene 
—Corning # 3484; for fluorescein and eosine—Wratten 
#5; and for magdala red—Wratten # 22. In all cases a 
thin plate of clear glass was placed between the thermo- 
pile surface and the cut-off filter. Since the glass strongly 
absorbed long wavelength infrared, it eliminated a 
troublesome drift which was caused by the heating of the 
first filter by the light which it absorbed. 


METHODS OF CALCULATION 


Light emitted by a source at the center of a closed 
sphere undergoes an infinite number of reflections be- 
fore being absorbed by the wall. It has been demon- 
strated" for such a system that the indirect illumina- 
tion E, (i.e., the light which has been reflected one or 
more times) striking any area of the wall is given by the 
following expression : 


E=cl[(1/a—1] (1) 
or for small values of a, 
cI /a, (2) 


where J is the intensity of the source, a is the absorp- 
tion coefficient of the wall, and c is a constant of pro- 
portionality. The indirect light is uniformly distributed, 
despite any lack of uniformity in the angular distribu- 
tion of the emitted light. 

In the present experiments the sample (or solvent) 
vessel may be treated as the light source.!°'* The in- 
tensity 7’ of the light which strikes the front surface of 
the thermopile filter is 


T’=cI/a. (3) 


When the filter which transmits the exciting light is in 
place, the intensity 7, striking the thermopile proper 
can be written 

T r=cGrl r/ QE, (4) 


13 E, B. Rosa and A. H. Taylor, Natl: Bur. Standards, Sci. 
Paper 447 (1922). 
4B. Kok, Enzymologia 13, 1 (1948). 
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where the subscript £ refers to light having the wave- 
length of the exciting beam, and Gz is the transmission 
coeficient of the thermopile filter for this light. Simi- 
larly when the filter which transmits the fluorescent 
light is used, 

T r=cG rl p/ ap. (5) 


The intensity 74 of the light absorbed by the pigment 
is proportional to the difference in intensity 


T x(solvent) — T z(sample) 


striking the thermopile when the solvent cell is substi- 
tuted for the sample cell. Since the output of the thermo- 
pile is directly proportional to the intensity of the light 
falling on its surface, the difference in thermopile out- 
put A, corresponding to the substitution of the cells, 
is given by the following relation: 


~c'Gel s4/az (6) 
or 
L,=A az/c’'Gr. 


Similarly, if F is the change in thermopile response 
corresponding to the substitution of the solvent cell for 
the sample cell when the filter which transmits the 
fluorescent light is in place, 


I p=Far/c'Gr. (7) 


By definition the energy yield of fluorescence is J r/J 4, 
and the quantum yield of fluorescence ¢ is 


g=Iprd\r/TaXz. 


Accordingly, the quantum yield is related to the 
measured quantities as follows: 


¢=F)\parGz/AdrarG pr. (8) 


Since the fluorescence is emitted over a wavelength 
interval, Eq. 8 should be written 


FGrz S ar(d)I r(A)Ardd 
ae : 
AGyaprX\r ST r(a)dr 


the integration being carried over the entire fluorescence 
band. Fortunately, the product ar(A)Ar was constant 
within one percent over the wavelength interval 5000 to 
7200A, and Eq. 8 is sufficiently accurate for the present 
purpose. 

The transmission coefficients Gz and Gr were meas- 
ured directly with a Beckman spectrophotometer. The 
factor ar/ag was evaluated for various wavelengths, 
by comparing the response of the thermopile in the 
sphere to that of a second thermopile which was placed 
'o intercept the incident beam as it entered the sphere.'° 
The thermopile filter and the cells were removed when 
the comparison was made. 





ERRORS 


The experimental determinations of ar/ag have a 
Probable error of about seven percent. The probable 
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error of Gz/Gr is less than one percent and that of F/A 
in most cases is five percent. The probable error in ¢ re- 
sulting from random errors is then less than ten percent. 

Systematic errors arise because the sphere is non-ideal. 
If the wall pigment is not a perfect scatterer, the non- 
uniform distribution of light emitted from the “source” 
can influence the measurements. Since direct light does 
not reach the thermopile and light which has suffered 
more than one reflection is uniformly distributed, such 
an error can only be due to light which has undergone 
only one reflection. The contribution of the first reflec- 
tion to the total indirect illumination has been shown™ 
to be equal to a, which for the present measurements is 
0.05. Even if the distribution of the exciting light were 
such that none of the once-reflected light reached the 
thermopile and the distribution of fluorescence were 
uniform, this error could not exceed five percent. A 
rough analysis indicates that the measured values of ¢ 
may be from one to three percent too high due to this 
error. 

Other systematic errors are also introduced by im- 
perfections in the sphere. If the sphere contains an 
object whose absorption coefficient is a’ and which 
intercepts a fraction 8 of the directly emitted light, it 
will absorb the fraction a’8 of this light. The various 
fittings inside the sphere were coated with a white 
enamel whose absorption coefficient was about 0.10. 
Estimated values of 8 for absorption and fluorescence 
measurements are, respectively, 0.10 and 0.15. The frac- 
tion of indirect illumination intercepted would be very 
nearly the same for both measurements and accordingly 
does not affect the measured values of yg. The presence 
of these objects would be expected to reduce the meas- 
ured yield by less than one percent. 

Holes in the wall must be considered as areas of zero 
reflection coefficient. Walsh'® has shown that the per- 
cent reduction r in the illumination within the sphere 
due to a hole is 


[6+(1—«)(B—@) ] 
= 100 


a 





r 


’ 


where B is the ratio of the area of the hole to the area 
of the sphere, and @ is the fraction of the directly emitted 
light which falls upon the hole. In the absorption 
measurements no direct light falls upon the hole and 
64=0. In the fluorescence measurements the angular 
distribution is approximately uniform and @r=8. In 
spite of this difference in initial distribution the value 
of r is about two percent for both the absorption and 
fluorescence measurements, and the effect on ¢ is ac- 
cordingly negligible. 

The effect of incomplete shielding of the sample cell 
by the cell house has been considered and found to be 
negligible. Some of the fluorescent light may be re- 
flected by the cell holder back into the sample cell and 


16 J. W. T. Walsh, Photometry (Constable, London, 1926). 
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TABLE I. Absolute quantum yields of fluorescence at 25°C. 











Exciting 
wave- 
length, Conc., 

Dye Solvent A g/cc ¢y Authors 
Fluorescein Aq. NaOH 4360 4X10-5 0.7740.06 FandL 
Fluorescein Aq. NaOH 4360 1X10-5 0.7940.06 FandL 
Fluorescein Aq. NaOH 0.84 V(3) 
Fluorescein Aq. NaOH 0.85 H(16) 
Fluorescein Aq. NaOH 1.05 G and S-G(17) 
Fluorescein Aq. NaOH 0.85 U and LaM(18) 
Eosin Water 4360 1X10- 0.12+0.02 FandL 
Eosin Water 0.16 Vv 
Magdala Red Ethanol 5460 1X10 0.43+40.03 FandL 
Magdala Red Ethanol 5460 1X10-5 0.494+0.04 FandL 
Magdala Red Ethanol 0.56 Vv 
Rubrene n-Heptane 4360 1X10-5 1.02+0.08° F and L 
Rubrene n-Heptane 1.0b B(19) 








* This measurement was made in oxygen-free solution. 
b This estimate is relative to Vavilov’s value for magdala red. 


be partially absorbed. This error should be negligible 
in those yields that were obtained by extrapolation to 
zero concentration, but directly measured yields may 
be about five percent too low. 


EXPERIMENTAL RESULTS 


_ As a check on the reliability of our experimental 
method we have redetermined the absolute quantum 
yields of solutions of compounds whose values have been 
determined by other investigators. These results and the 
corresponding previously published values are given in 
Table I.'*!° The published values have in several cases 
been given as energy yields. In these instances a con- 
version to quantum yields has been made before tabula- 
tion in Table I. None of the quantum yields determined 
by us have been corrected for autoabsorption and ac- 
cordingly are too low, especially where the observed 
yield is small. The agreement between the present values 
and the more reliable of those previously published is 
quite satisfactory. Since the substances were chosen to 
cover a wide range of absolute yields and of wavelengths, 
the general reliability of the method and of the pub- 
lished results appears to be confirmed by these measure- 
ments. 

The results for the chlorophylls, pheophytin a, and 
mesoporphyrin dimethyl ester are listed in the follow- 
ing table. All measurements were made in oxygen-free 
solutions, approximately at 25°C. The exciting light 
was of \4360A for the chlorophylls and of 4060A for 
pheophytin and mesoporphyrin. The values of the 
quantum yields decrease with increasing concentration 
presumably, in these dilute solutions, due only to auto- 
absorption. An approximate analysis'® of this effect 
indicates that at low concentrations 


¢/ pol ion Um, 


where m is the molarity and U is a factor which can be 
evaluated (graphically) if the absorption and emission 


16H. Hellstrom, Arkiv. Kemi, Mineral. Geol. 12A, 17 (1937). 

a 5) C. Ghosh and S. B. Sen-Gupta, Z. Physik. Chem. B41, 117 
(1938). 

18 i Umberger and V. LaMer, J. Am. Chem. Soc. 67, 1099 
(1945). 

19 E. J. Bowen and D. Norton, Trans. Faraday Soc. 35, 44 (1939). 
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TABLE II. Absolute quantum yields for chlorophy]l thougl 
and related compounds. better 
: The 
Pigment Solvent Molarity 106 ¢ 
could : 
Chlorophyll a Methanol 20.0 0.15 +0.02 betwee 
Chlorophyll a Methanol 14.0 0.14 +0.02 
Chlorophyll a Methanol 11.0 0.17 +00 The fc 
Chlorophyll a Methanol 10.0 0.18 +9.02 first ste 
Chlorophyll a Methanol 8.6 0.17 +0.02 s F;) 
Chlorophyll a Methanol 6.2 0.18 +0.02 yd 
Chlorophyll a Methanol 5.5 0.21 +0.02 stant, 
Chlorophyll @ Methanol 2.7 0.21 +0.02 fitted \ 
Chlorophyll a Methanol (0) 0.24 +0.028 hot 
Chlorophyll a Ethyl ether 21.0 0.15 +0.02 photoce 
Chlorophy]l a Ethyl ether 7.2 0.20 +0.02 of the s 
Chlorophyll a Ethyl ether 5.0 0.20 +0.02 The W 
Chlorophyll a Ethyl ether 2.3 0.22 +0.02 ; 
Chlorophyll a Ethyl ether (0) «0.24 £0.02» +‘ waveler 
Chlorophyll a Acetone 9.7 0.21 +0.02 descent 
Chlorophyll a Acetone 30 0.24 +0.02 ting int 
Chlorophyll a Acetone (0) 0.26 +0.04* 8 
Chlorophyll a Benzene (wet)® 3.9 0.23 +0.02 source. 
Chlorophyll a Benzene (0) 0.26 +0.048 replacen 
Chlorophyll a Cyclohexanol 5.0 0.20 +0.02 dsteren’ 
Chlorophyll a Cyclohexanol (0) 0.26 +0.04* erm 
Chlorophyll } Methanol 15.0 0.043+0.005 photoce| 
Chlorophyll b Methanol 6.5 0.048+0.007 tities ar 
Chlorophyll b Methanol (0) 0.06 +0.018 
Chlorophyll 5 Ethyl! ether 12.0  0.090-£0.010 Zschei 
Chlorophyll Ethyl! ether 9.0 0.074+0.007 spectra 
Chlorophyll } Ethyl] ether (0) 0.11 +0.018 wavelen 
Pheophytin a Methanol 10.0 0.14 +0.02 
Pheophytin a Methanol 25 0.13 +£0.03 ff therefore 
Mesoporphyrin Benzene 20.0 0.10 +0.03 ties for L 
Mesoporphyrin Benzene 10.0 0.10 +0.03 the corre 
a These are computed values of ¢°. 
b Livingston, Watson, and McArdle, J. Am. Chem. Soc. 71, 1542 (1949). 

Since in 
curves are known. For ether solutions of the chloro- & the absor 
phylls this information is available,*° and such an 
evaluation of U leads to a value of ¢ at infinite dilution 
(i.e., g°) of 0.025. Graphical extrapolation of the dat B The mea. 
to m=0 leads to the value 0.24 of y° which is given i" F the light 
Table II. The value of ¢° for chlorophyll a in methand 
was also obtained by graphical extrapolation. For the 
other solvents where data was insufficient to permil Comhin; 

" : ombinin 
extrapolation, g° was computed on the assumption that followin 
U is inversely proportional to the difference between the puted "ng : 
absorption and fluorescence maxima. For pheophytin / 
and mesoporphyrin the effect of autoabsorption 4p 
pears to be small, and it is probably justifiable to assume 
that the values of ¢° are 0.14+0.03 and 0.10+0.0i 
respectively. 

The extra 

EFFECT OF WAVELENGTH OF EXCITING LIGHT calculated 

. 11 sme entration. 

It has been reported”! that the fluorescence yield 0 using “9 
chlorophyll is about twofold greater when red rathe! =(g/ ‘b 
than blue exciting light is used. This claim is based up it ‘op ) 
preliminary results obtained by Dr. W. Watson in tht ment fee 
laboratory. Since this finding differs from those 0 missi 
lon m: 










tained with solutions of fluorescein, etc.,® whose quar 
tum yield is largely independent of wavelength, it W# 
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20 F. P. Zscheile and D. Harris, J. Phys. Chem. 47, 623 (194: 

2 E. I. Rabinowitch, Photosynthesis (Interscience Publishes 
Inc., New York, 1951), Vol. II, part 1. 

2 R. Livingston, J. Soc. Dyers and Colourists 65, 781 (1949): 
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thought worthwhile to repeat the measurements under 
better experimental conditions. 

The procedure used with exciting light of \4360A 
could not be employed since there is a strong overlap 
between the fluorescence and the red-absorption bands. 
The following indirect method!® was employed. The 
first step was to determine F (in the following indicated 
as F;) as before. Keeping the incident radiation con- 
stant, the thermopile was replaced with a photocell 
fitted with a Wratten 88A filter, and the change in 
photocell output P, corresponding to the substitution 
of the sample cell for the solvent cell, was determined. 
The Wratten 88A filter transmits appreciably only at 
wavelengths greater than 7200A. A 1000-watt incan- 
descent projection lamp provided with a red-transmit- 
ting interference filter was substituted for the 4360A 
source. The change in output, corresponding to the 
replacement of the solvent by the sample cell, was then 
determined severally by the thermopile-filter and 
photocell-filter combinations used before. These quan- 
tities are designated, respectively, as R and P,. 

Zscheile and Harris”® observed that the fluorescence 
spectra of the chlorophylls are independent of the 
wavelength of the exciting light. We may assume, 
therefore, that the relative (total) fluorescent intensi- 
ties for blue and red excitation are equal to the ratio of 
the corresponding photocell response differences. 


F,/Fy=P,/ Po. (10) 


Since in these experiments the average wavelengths of 
the absorbed and emitted light are nearly coincident, 


(11) 


The measured quantity R is equal to the intensity of 
the light absorbed minus that emitted 


R=A,—F,=A,(1—¢). (12) 


Combining Eqs. (10), (11), and (12), we obtain the 
following relation with the aid of which g may be com- 
puted in terms of measured quantities: 


F.P, FyP,\ 
e= ( 1+ ) . 
RP, RP, 
The extrapolated values ¢g® given in Table III were 
calculated from the values of ¢ (corresponding to con- 
‘ntrations ranging from 6X10-® to 1.4X10-'m) 
using the very probable assumption that (¢/o)red 
=(¢/y)blue. 

It is apparent that, with the exception of the experi- 
ment made with the interference filter having a trans- 
Mission maximum at \6980A, there is no appreciable 
fect of the exciting wavelength upon the yield. This 
onclusion was confirmed by a more direct but less 
“curate method which is discussed in reference 10. 

¢ falling off of the yield, when exciting light of wave- 
Hngth greater than the fluorescent maximum is em- 


g=F,/A,. 


(13) 
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ployed, has been observed® for several different dye 
solutions. While its explanation is not apparent, it is 
certainly not a unique characteristic of chlorophyll. 


DISCUSSION 


The absolute quantum yields of the fluorescence of 
infinitely dilute solutions of chlorophylls @ and 6 in 
etheral solutions are 0.25 and 0.10, respectively. While 
these values are distinctly greater than Prins’ estimate?” 
of 0.1 (for a mixture of chlorophylls a and 6?), this dis- 
crepancy is not surprising in view of the apparent 
crudity of the earlier experiments. 

It is somewhat surprising that the yield for chloro- 
phyll a is the same for several different solvents, while 
that for chlorophyll 6 is 40 percent less in methanol than 
it is in ether. This may be related to the relatively large 
effect of changing solvent upon the absorption spectrum 
of chlorophyll 6.” 

The present results which indicate that the quantum 
yield for chlorophyll fluorescence is independent of the 
wavelength of the exciting light (for wavelengths shorter 
than that of the emission maximum of chlorophyll) is 
consistent with the reports® of earlier measurements on 
the fluorescence of dye solutions. They demonstrate 
that a chlorophyll molecule in its second excited (singlet) 
state reverts to the first excited singlet state, by a 
process of internal conversion in a very short time, 
probably less than 10~!° second. The probability of a 
nonradiative transition from the second excited (singlet) 
state to a triplet or any other nonemissive state must 
be relatively very small. 

At first sight the present relatively high fluorescent 
yield for chlorophyll solutions appears incompatible 
with the observed quantum yields of (practically) unity 
for chlorophyll-sensitized reactions, whose reactants 
do not strongly quench fluorescence. The inconsistency 
is probably more apparent than real. Due to the severe 
limitations of the Warburg respirometer method, 
which was used in the photochemical studies,™ rela- 


TABLE III. Effect of the wavelength of the exciting light 
upon the quantum yield of fluorescence. 








Exciting 
wavelength, 
Solvent A ¢? 


MeOH 4360 0.24+0.02 
MeOH ~6275 0.24+0.03 
MeOH ~6440 0.25+0.04 
MeOH ~6620 0.26+0.03 
MeOH ~6980 0.11+0.04 
Et,0 4358 0.24+0.02 
Et.0 ~6275 0.21+0.03 
Et,0 ~6440 0.24+0.03 
Et,0 ~6620 0.24+0.03 
Et,0 4358 0.11+0.01 
Et,0 ~6440 0.11+0.02 


Pigment 


Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll a 
Chlorophyll 6 
Chlorophyll 6 











% T). G. Harris and F. P. Zscheile, Botan. Gaz. 104, 515 (1943). 
* H. Gaffron, Ber. deut. chem. Ges. 60B, 755 (1927). 
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tively high concentrations of chlorophyll were used. 
In most of the measurements the concentration was 
greater than 10-*m. At such high concentrations the 
autoabsorption of chlorophyll fluorescence is very 
efficient and may well have reduced the escape (as 
fluorescent light) of energy of excitation by a factor of 
four or more. When this effect is taken into considera- 
tion the fluorescence and photochemical yields appear 
to be consistent within their limits of accuracy. 
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On the Calculation of Diffusion Coefficients from Sorption Data 
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The general equation of diffusion in which the diffusion coefficient D(c) is given by Do(1+ac+Bc?+---), 
where a, 8: ++ are small, can be solved by the method of successive approximation: The solution has the form 


€(€) =co(1—P(£)) tea (E) +c08La*xi(t)-+Bx2(t) J+---, 


where #(£) is the error function and y(é), xi(&)--- may be computed by numerical integrations. On the other 
hand, one knows from the sorption experiments the quantities defined by Keo= 2D fo” c()dé as a function 
of co. Thus, by the above solution one may obtain a set of linear equations, from which the constants 
Do, a, B-++ can be found with a reasonable amount of labor. 

For practical purposes it would be necessary to tabulate the functions ¥(£), x:(#), ---, because they are 


needed for all the problems of this kind. 


INTRODUCTION 


N a process of sorption the weight of vapor taken up 
by some material can be measured with high accu- 
racy in a simple way.! For this reason, several investi- 
gators'~* have attempted to determine the dependence 
of the diffusion coefficient on concentration, by making 
use of these sorption data. Of these methods, the step 
function method devised by Prager! seems most tracta- 
ble, but, unfortunately, it becomes inapplicable in the 
region of higher concentrations. 
This paper presents an alternative method based upon 
an approximate formal solution of the diffusion equation. 


FORMAL SOLUTION OF THE DIFFUSION EQUATION 


If a substance is placed in an atmosphere of the vapor 
at a pressure p so as to make the diffusion take place 
only from one surface, then the diffusion equation takes 


the form 

Oc oa Oc 

<=—| po | (1) 
ot ax Ox 


Before the concentration on the opposite side of the 
surface attains an appreciable value, we may regard the 


1S. Prager, J. Chem. Phys. 19, 537 (1951). 

2 J. Crank and G. S. Park, Trans. Faraday Soc. 45, 240 (1949). 

3 J. Crank and M. E. Henry, Trans. Faraday Soc. 45, 636 (1949) ; 
45, 1119 (1949). 


substance as a semi-infinite solid, so that the boundary 
and initial conditions are 


c(0, f)=co, c(~,t)=0 
c(x, 0) =0. (1a) 


Here, c(x, /) is the concentration of the vapor at time / 
and a distance x into the substance normal to the sur- 
face, D(c) is the diffusion coefficient, and co is the 
equilibrium concentration corresponding to the pressure 
p of the vapor. 

Assuming D(c) in the form 


D(c)= Do(1+ act Be?+ y+ ---), (2) 


where a, 8, y*:+ are small quantities, Eq. (1) with the 
boundary conditions (1a) may be solved by the method 
of successive approximations.‘*.° If we introduce the 
new variable = x/2(Dot)!, Eq. (1) may be written as al 


4H. Bateman, Partial Differential Equations of Mathematical 
Physics (Cambridge University Press, London, England, 1932), 
. 497. 
ii K. Hidaka, Methods of Numerical Integrations (Iwanami Book 
Store, Tokyo, Japan, 1943), Vol. 2, p. 43. 

‘6K. Hidaka, Geophys. Mag. Central Meteorol. Observ. 
Japan 5, 361 (1932). He solved the equation Copo(1+0) 30/4 
= @[Ko(1+a6)00/dx Jax appearing in the problem of the heat 
conduction in a semi-infinite solid. 


ordinary 


with the 


To sol 
in ascen 


where 6; 
the follo 


Substitu 
Coy Co’, Co 


with the 
The in 


where 


Hence, t 


Which ex 
ho conce 


When 
a6, a 


ee a 
ip 





e fol- 
‘ourse 
vas of 
ental 
ersity 
dispo- 
ent of 
ample 


DIFFUSION COEFFICIENT CALCULATIONS 


ordinary differential equation 


d dc dc 
—}(1+ac+Bc?+ yc'+---)—}+2&—-=0 = (3) 
g dé dé 


with the conditions 
c(0)=co, c(~)=0. (3a) 
To solve Eq. (3), we assume that c(#) can be expanded 
in ascending powers of ¢o, i.e., 
c(E) = c091(E)+-C0°82(E) + c0°O3(E)+ - °° - (4) 


where 6;(£), 02(£)--- are all functions of &, and satisfy 
the following conditions: 


02(0) = 02( )=0 
63(0) = 63( oO ) =() 


(2% )=0 


(4a) 


Substituting (4) in (3) and equating the coefficients of 
(0, Co’, Co’ ++ to zero, we have 


(5) 


a a6; 
2 d# 
d76,02 6 d70;* 


3 dé 





d°61°02 
—— ar 62")—B 


Y d?6;4 
dé? ee dé? 





with the boundary conditions (4a). 
The integral of Eq. (5) is evidently 


= i— #(£), 
where 


é 
(8) = (2/n4) f exp(—2)dd. 


Hence, the first approximation to c(é) is 
c(€)=co(1—¥()), 


which exactly coincides with the solution of the case of 
no concentration dependence D(c)= 
When one substitutes (6) into (5a), 


" 2 
le bl 
pte tal 01-9) 


— 2§*) 
Xexp(— eel (8) 


> TT 


th *Some descriptions concerning the proof of the convergence of 
8 series are seen in reference 4. 


To solve this equation put 


d62/d§=u(E) -v(€) ; 


then we have 
du dv 
u(—+ 2) 
dé dé 


exp(— 2é?) 


us 


: 
- 4a] — (1-8) exp(—£4)+ | (10) 


Determining v by dv/d§+2i=0, we get v=exp(— #.) 
Substituting in (10), we have 


du 


xp(— & 
—= ~4o| “1-a1@)4 
dé i 


T 


Jat? 4a ft 2a 
f Ab(A)dA——- &(E) +c", 
rw P mal 


Tv 
where ¢c’ is an integration constant. Then from (9) 
dO, 2aé? 


a taal n+ exp(-£) 
T 


t 2 
xf AP(A)dA— = exp(-- &”)-@(€)+c’ exp(— é?). 
0 Tv 


The general integral of 2 is, therefore, 


2a 
6.= a 
3 


us 0 


‘ Le ot 
d? exp(— r’)d+— f exp(—A?)dv 
Tv 0 


r y) t 
x f s(6)ds—— f (A) exp(—A*)dA+c,O(E) +02, 
0 Tv 


0 


where ¢1, cz are constants of integration. 
Now with the relations 


g & ie 
f d? exp(—)2)dd= —— exp(— #*)+—0(E) 
0 2 2 


ee: 
f O(N)dd=—O()+— exp(—#)— 10) 


f exp(—rdar ft s®(s)ds 


e (—28) 1 
= ~~ exp(—-)()-— 


4r} 4ri 
gE rr? 
f exp(—*)(A)dA=—(E)) 


the expression for 6. which satisfies the condition (4a) 
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becomes 


F 1 
sal |—exp(—F)+-+400 | 

— 2¢2 

x4 | 

= av (2). (11) 


Substituting (6) and (11) in (5b) and repeating the 
same procedure, one would obtain the higher approxi- 
mations in the formt 


03= ax1(~)+ Bxo(€), 
O4= 0° Q,(E)+ aBQe(E)+ yQ3(E) 


i 


therefore, the approximate formal solution of (1) with 
(1a) is given by 


c(E) =co(1— B(E)) + cea) + co*La*x1() + Bx2(é) ] 
+ cofLa®Qs(£)+ aBQ2(~)+ yQ3(é) J+---, 


where the analytical expression of function, x1(€), x2(é), 
0,:(£)--+, is in general very complicated. We therefore 
evaluate all 6,’s (w=2, 3---), by numerical integration 
and tabulate the functions ¥(&), xi(€), x2(é)-- - against &. 
Since the Eqs. (5a), (5b), --- all have the same form, 


d6n dn 
dg? dé 
6n(0)=0,(%)=0, 


(12) 


(13) 


their solution may be obtained by the same approach as 
that used from (9) to (11), and it takes the form 


ny 


gE 
n= f exp(—d*)dd f R,(s) exp(s*)ds— ®(€) 


h 


xf exp(— ar f R,(s) exp(s?)ds. (14) 


t Using Eq. (14), 
=f exp(—¥)ar f° { ~aLav(n)(1-29)) 7” 


—§1—a(n))"} exp(atidn—0(e) J exp(—29)dr 
xf {—aLavin)(t—e))Y'—8a—a¢m))"} explaPdn 
= —oe{ f* exp(— arf.’ C40) (1-26) J" expla) dn— 08 
» 
xf" exp(— rar f° L¥n)(1- 86) Y" exp (aPdn} 
—8f [exp(—r0)ar f° (1—9(@))” expla? dn— #0 
x f° exp(—»9)0r,” (1-0(9))” exp(a?hdn} 


= a?x1(t)+Bx2(é). 


J. L. HWANG 


Some remarks concerning the mechanical quadrature of 
(14) will be found at the end of this paper. 

Here, it must be remarked that each of the functions 
W(E), xi(€), x2(€)--- in the Eq. (12) is independent of 
the coefficients Do, a, 8---; this is the very thing that 
makes it possible to determine the diffusion coefficient 


D(c). 


DETERMINATION OF D(c) FROM SORPTION DATA 


If Sis the area of the surface normal to the direction of 
diffusion, the weight Qco of the vapor taken up by the 
substance becomes, with our assumptions, 










l ) 
Qos f c(x, dae=s f c(x, t)dx, 
0 0 





a function of ¢ for a given value of equilibrium concen- 
tration co. Since &=x/2(Dyt)}, 






Qeo(#) = 2D, 3? ‘ sf c(é)dé= Sth . Keo, 





where 


4) 


Ke=2Dz3 f (é)dé (15) 
0 






may be found from the initial slope of the plotting of 
Qco against #3. 
Substituting (12) in (15) yields 








Kep=2D¢ f (ede 





=2D3!0 f (1-4(®)dé-+cota f v(e)de 


toiferf cede f x(t }+ ve | 


= 2Do{ oA +00°Batco[Cia*+C28 ] 
+co'[Dia?+D208+Dsy]+:-+}, (10 







where 





af (1—®(€))dé, a= ff v(é)dé, 





Cs f xi()dé,-++ (1) 
0 





may be computed by numerical integration. 

Now, our problem is to find the coefficients Do, a, 8°"’ 
from this information. For the various values of ¢o an 
Keo, say co(n) and Keo(n) (n=1, 2, 3--+), we can estab- 
lish a simultaneous linear system 


Keo(n) = nXi1tbnXetCnXst+dnxat ++ *, 
(m=1,2,3--+) (162! 
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DIFFUSION COEFFICIENT CALCULATIONS 


where %1= Do}, x2= Do'a, x3= Dota”, x4= DoiB- - + are the 
unknowns, and a,=2Aco(n), bn=2Bee?(n), Cn= 2Cic0°(n), 
d,=2C2co°(m)--- are the coefficients. The number of 
unknowns of this system is apparently large, but those 
which we really want are only the first few ones, 
Dy, a, 8: -+. Thus, the solution is not so laborious. 


CONCLUDING REMARKS 


In the process of numerical evaluation of the inte- 
grals (14), 


ny 


gE 
an(2)= J exp(—d2)dd f Ra(s) exp(s?)ds—#(E) 


ny 


x f exp(—A?)dv f R,(s) exp(s?)ds, 


we should avoid the numerical differentiation for the 
computation of R,(£) because its accuracy is far less 
than that of integration. We would rather choose the 
following scheme. Suppose we want to calculate 62(é), 
and the values of 


R2(é) = — (a/2)d°07/d? 
are desired; then, since 


a6," d0:;\? 70; 
—= no (n= »(—) +0-—], (18) 
dé dé dé? 
and 


0," 
=4nf 1-4) 


dg 


n—1 E 

| exp(— 2é’)+—(1— (€)) exp(—£)} (19) 
T i 

there is no question in computing R2(é). But, if we are 

going to calculate 63() and need the values 


d70,0. 6B d76,? 
Ri({)= —a———— 
di? 3 dé 





a question would arise in finding d?0,62/dé, since 62(£) is 
given in the form of a table. However, this question can 


be easily settled. Since 


d6;"0; 


a6; 


d 
+n6;"—'0;—+ 6;” (20) 
dé 


26102 


a6, 
— 
dé 


dO. 


dé; dO, 
= le 


dé? dt dt 
and 


d0. é 


2 — 
elias R2(d) ett 


0 Tv 


AY 


xf exp(—D?dr f R2(s) exp(s?)ds 


0 


4) 


a°6; ’ 
= —2t exp(—£?) J R2(d) exp(A?)dA+ R2(E) 
0 . 


4 ven ( £2 0 r 
a | exp(— aa f R,(s) exp(s?)ds, 


rw 


d?6,02/d# could be computed from the course of calcu- 
lating 02(¢). In a similar way, the other R,,(é)’s may also 
be computed to any accuracy, for the derivatives ap- 
pearing in R,(é), R;()--- always take the forms of (18), 
(19) and (20). 

Needless to say, if the coefficients Do, a, B--- were 
determined, the approximate solution of c(x/t*) could be 
immediately written down, and the results might be 
compared with those of other methods.!?. 

The values of the functions 1—#(é), ¥(é), x(&), 
Q()--- together with their integrals (17) are obviously 
universal for all problems of this kind. In other words, if 
once they are calculated, we can use them in any 
particular problem. 

As we lack adequate calculating equipment, we can- 
not carry out the necessary numerical computations 
that would give our method a practical value. 








THE JOURNAL OF CHEMICAL PHYSICS 


Letters to the Editor 








HIS section will accept reports of new work, provided these are 

terse and contain few figures, and especially few half-tone cuts. 

The Editorial Board will not hold itself responsible for opinions 

expressed by the correspondents. Contributions to this section should 

not exceed 600 words in length and must reach the office of the 

Editor not later than the 15th of the second month preceding that 

of the issue in which the Letter is to appear. No proof will be sent to 

the authors. A publication charge of $10.00 per Letter is made which, 
when honored, will entitle the Institution to 100 free reprints. 





The Infrared Spectrum of Methyltrichlorosilane 


Louts BURNELLE AND JULES DUCHESNE 
Department of Chemical Physics, University of Liege, Liege, Belgium 
(Received June 16, 1952) 


N recent papers by Anspach, Duchesne, Monfils, and Roosens,! 
various silane derivatives have been studied by either Raman 
or infrared spectroscopy. In this note further results which have 
been obtained in the study of the infrared spectrum of methyl- 
trichlorosilane will be given. The spectra were recorded on a 
Perkin-Elmer spectrometer (Model 12 C) using NaCl and KBr 
prisms, and on a Beckman spectrometer equipped with LiF optics. 
Measurements were made on the substance in both gaseous and 
dissolved states. An absorbing path of 9 cm with pressures varying 
from 3 to 150 mm Hg was used for the vapor. For the solutions in 
CS, and CCl, cell thicknesses of 0.1 and 1 mm were used, and the 
concentrations were 10 and 50 percent, respectively. 

The molecule CH;SiCl; belongs to the point group C3v whether 
the two groups have staggered or eclipsed structures. According to 
group theory, it is easily shown that these structures give rise to 
five totally symmetric vibrations A), six doubly degenerate vibra- 
tions Z, and the twisting vibration A». Except for the last one, all 
are active in the infrared as well as in the Raman spectrum. The 
assignment to the normal modes is given in Table I together with 
a comparison between the Raman frequencies of Shimanouchi, 
Tsuchiya, and Mikawa? and the present infrared measurements. 

The infrared frequency values in Table I refer to the gaseous 
state except for 2915 cm™ which corresponds to a very weak ab- 
sorption band which appeared only in the solutions. There is 
satisfactory agreement between the Raman and infrared results. 
Shimanouchi, Tsuchiya, and Mikawa also observed the frequencies 
2912, 1265, 2983, and 1405 cm™ in their Raman experiments. Be- 
cause these authors did not make any assignment, these fre- 
quencies have been omitted from Table I. They can be identified 
with 1, v2, vz, and vgs in the infrared spectrum. A shift towards 
higher frequencies of up to about 10 cm™ occurs on going from the 
liquid to the gas, except in the case of v7 which is shifted in the 


TABLE I. Assignment of fundamentals of CHsSiCls. 











yin cm™ 
vin cm! Raman 
infrared data (liq.) 
data Shimanouchi, 
(present Tsuchiya, 
Normal modes Notation work) Mikawa 
Symmetric CH stretching vi(a1) 2915 
Symmetric CHs deformation v2(a1) 1271 see 
Symmetric Si—C stretching v3(a1) 764 761 
Symmetric Si —Cl stretching va(a1) 457 450 
Symmetric SiCl; deformation v5(a1) see 229 
Twisting ve(a2) see 
Degenerate CH stretching vi(e) 2977 
Degenerate CH: deformation va(e) 1416 
Degenerate CHs rocking vg(e) 807 ee 
Degenerate Si —Cl stretching vi0(e) 578 576 
Degenerate SiCls deformation vi(e) see 164 
Degenerate SiCls rocking vi2(e) 229 
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opposite direction. The v» vibration has been identified with a band 
at 807 cm™ in the infrared spectrum. No corresponding line js 
present in the Raman effect. However, Goubeau, Siebert, and 
Winterwerb® have observed a line at 805 cm™ on their Raman 
plates. They did not make any assignment of this line as they sug. 
gest that it is of questionable origin and perhaps should be 
ascribed to an impurity. The fact that this band is very intense in 
the infrared spectrum and that no decrease in its intensity was 
observed by repeated fractionations of the compound seems, how- 
ever, to be greatly in favor of its belonging to CH;SiCl,. 

Besides the fundamentals discussed, the following overtone and 
combination bands have been recorded: 967, 1033, 1163, 1531, 
1718, 2016, 2055, 2662, 2822, 3140. These bands, except 967 and 
1163 cm™, correspond to the dissolved state and all of them could 
be interpreted according to Table I as v9+11, vs+v9, 210, 25, 
votv4, Votvs, votv9, vot+va, 2vs, vi+vi1, respectively. 

We are greatly indebted to Professor E. Rochow, who generously 
gave us a sample of methyltrichlorosilane. We also wish to express 
our gratitude to Professor L. D’Or for kindly putting at our dis- 
posal the spectrometers and to Mrs. Jachner and Dr. G. Michel for 
help during the laboratory work. 





















1C, Anspach and J. Duchesne, J. Chem. Phys. 16, 1006 (1948); 17, 110 
(1949); J. Duchesne and A. Monfils, J. Chem. Phys. 16, 1009 (1948); 17, 
110 (1949); A. Monfils, J. Chem. Phys. 19, 138 (1951); A. Roosens, thesis, 
University of Liége, Liége, Belgium (1951). 

2 Shimanouchi, Tsuchiya, and Mikawa, J. Chem. Phys. 18, 1306 (1950). 

3 Goubeau, Siebert, and Winterwerb, Z. anorg. Chem. 259, 240 (1949), 
















The Effect of the Isomeric Transition in Br*° on Its 
Reactivity with the Tetrachlorides of Carbon, 
Silicon, Germanium, and Tin 


C. C. CorFiIn AND W. D. JAMIESON 
Department of Chemistry, Dalhousie University, Halifax, Nova Scotia 
(Received June 16, 1952) 











HE effect of the isomeric transition in Br® on its reactivity 
with the tetrachlorides of carbon, silicon, germanium, and 
tin in the liquid state at room temperature has been studied in this 
laboratory. The main object of the work was to see if the ratios of 
chemical to nuclear events (reaction efficiencies) could be corre- 
lated with any of those properties of the tetrachlorides which 
might be expected to have a bearing on their reactivities with 
“hot” bromine atoms. No obvious parallel between the transient 
equilibrium amounts of 20-min Br® activity acquired by the differ- 
ent tetrachlorides and any one of their properties likely to be 
chemically significant has been noted. This work, which is planned 
to include the halides of other elements, has had to be temporarily 
suspended, and it is considered advisable to present the results in 
summary at this time. 

As these tetrachlorides (except CCl) are readily hydrolyzed, all 
operations in which they were involved were carried out in vacuum 
or in an atmosphere of dry nitrogen. Radiobromine was prepared 
by overnight irradiation of 8 kg of ethylene dibromide with 4 
500-mg Ra-Be neutron source. The aqueous extract (with NaBr 
carrier) was rapidly evaporated to a volume of about 1 ml from 
which free bromine was obtained by oxidation with KBrO; and 
H;PO,. This “tagged” bromine was swept over phosphorus 
pentoxide with a stream of dry nitrogen, condensed in dry ice and 
distilled to a liquid air trap, where it was degassed by repeated 
melting and freezing in vacuum. From here it was evaporated into 
a measuring volume and condensed into a bulb containing the 
already distilled and degassed tetrachloride. 

After the sealed-off reaction bulb (containing about 1 millimole 
of bromine and from 2 to 20 ml of tetrachloride) had remained it 
the dark at room temperature for about two hours, it was opened 
and its contents divided into two parts. One of these, the reaction 
mixture, was counted in a jacketed G-M tube at intervals & 
tending over a period of more than twenty-four hours. The other 
was freed from elemental bromine by distilling from metallic 
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TABLE I, Some properties and reactivities of CCl«, SiCl«, and GeCl.. 








3 
Num- 
ber of 
experi- 
ments 


6 


—_ 
ensity 
Compound at 20°C 


5 
Bond 
char- 
acter 

% ionic 


4 
Bond 
strength 
kcal/g 
atom 


Reaction 
efficiency 





CCla 0.32 (+0.04) 12 66 12 1.60 
SiCl4 0.44 (+0.03) 7 85 41 1.48 
GeCla 0.19 (0.01) 5 104 52 1.88 








mercury in a stream of nitrogen at atmospheric pressure or by 
rapid passage in vacuum through a tube packed with freshly 
amalgamated copper wool. This bromine-free portion which (ex- 
cept for SnCl,) never showed other than-.the 20-min activity was 
counted at intervals over a period of about two hours, and, as in 
the case of the reaction mixture, its activity at the time of bromine 
removal was obtained by extrapolation. Counts were made in the 
same G-M tube and where necessary were corrected for the 36-hr 
Br® activity. 

Column 2 of Table I gives the reaction efficiencies for the first 
three compounds of the series. Stannic chloride is not included 
because the effect, if any, of the isomeric transition is entirely 
masked by an exchange reaction which is complete in less than two 
hours at room temperature. This is probably due to the formation 
of an ionizable complex made possible by the large volume and 
coordination number of the central atom. 

Of the three compounds listed such internal molecular prop- 
erties, e.g., bond strength (column 4) and ionic character (column 
5), as might be expected to affect the replaceability of Cl by Br 
atoms do not show any evidence of falling in line with the values in 
column 2. A comparison of the latter with the appropriate activa- 
tion energies, if such data existed, would probably be of greater 
significance. 

Those properties of a medium which determine whether or not a 
cooling atom and its associated molecular fragments will remain 
within reaction distance of one another should be of importance in 
this connection. There is indeed experimental evidence on this 
point. In recent papers Willard and co-workers? have shown that 
the reaction of certain high energy radioactive halogen atoms with 
carbon tetrahalide (e.g., CClsBr) solvents increases as the tempera- 
ture is lowered. The fact that this increase roughly parallels that 
of the solvent density suggests that it may be due to more effective 
“caging” of potential reactants at the greater densities. As is 
evident from Table I, the reaction efficiencies in the compounds 
studied here also vary regularly with their densities (column 6), 
but in the opposite direction to that observed by Willard. 

Financial aid from the National Research Council of Canada 
and a scholarship from the Government of Nova Scotia is grate- 
fully acknowledged. 


1 Goldhaber, Chiang, and Willard, J. Am. Chem. Soc. 73, 2271 (1951). 
*S. Goldhaber and J. E. Willard, J. Am. Chem. Soc. 74, 318 (1952). 





Isotope Effects in the Exchange Reaction between 
Uncomplexed Carbonate-Bicarbonate Ions and 
Carbonate-Bis-Ethylenediamine-Cobalt (III) 
Ion 


PETER E. YANKWICH AND JOHN E. MCNAMARA 
Department of Chemistry, University of Illinois, Urbana, Illinois 
(Received May 29, 1952) 


TRANKS and Harris! have determined the equilibrium con- 

stant under a variety of conditions for the isotopic exchange 
reaction 

Co(NHs3),C"O3+++HC"“0;- = HC"0;-+Co(NHs3)sC"O3*, (1) 


where n represents the normal admixture of stable carbon nuclides; 
K was found to be 0.875+0.002 at 0°C and 0.900+0.004 at 30°C. 


1325 


In the course of an investigation? into the kinetics and mecha- 
nism of the similar exchange reaction 


Co(en)2C*O3*+ HC*03-= HC"O3-+Co(en)2C703*, (2) 


where x is 13 or 14, we have had occasion to determine both the 
equilibrium constants and the relative rates of exchange for C™ 
and C™ tracer nuclides. Results were analyzed from twenty-four 
runs at 25.0°C which involved variations in concentrations over 
the following ranges: complex, 0.01-0.05 molar; free carbonate 
+bicarbonate, 0.01-0.05 molar; hydrogen ion, 2 10-“—9x 10-” 
molar. Carbon 13 concentrations were determined with a Con- 
solidated-Nier Isotope-Ratio Mass Spectrometer; carbon 14 
specific activities were determined with an Applied Physics Corpo- 
ration Vibrating-Reed Electrometer. At least ten exchange half- 
times elapsed before the samples for equilibrium constant de- 
termination were taken.* 

The equilibrium constants found for reaction (2) are C¥ 
exchange—0.99;+0.01,; C! exchange—0.99)+0.019. The average 
ratio of rates of exchange was 1.033++0.02s, the lighter isotope 
exchanging the more rapidly ;* since line drawing or fitting opera- 
tions were involved in the determination of this quantity, it is 
subject to a rather larger error than the equilibrium constant 
values. 

If one ascribes the difference between equilibrium constants for 
reactions (1) and (2) entirely to differences in lability of the 
exchanging ligand in the complex ions, one would expect more 
rapid exchange in the bis-ethylenediamine system. When data for 
similar runs in the tetramine system are examined, it is found 
that the exchange of C“ in the wholly bidentate system is faster, 
sometimes by a factor as large as 2. It is interesting to note that 
information concerning the exchange of two tracer nuclides enables 
one to predict with some accuracy the rate of the unobservable 
exchange reaction in which x=n, the normal isotope mixture. 


1D. R. Stranks and G. M. Harris, J. Chem. Phys. 19, 257 (1951); Sym- 
posium on Electron Transfer and Isotopic Reactions, University of Notre 
Dame, June 11-13, 1952. 

2 Supported by the AEC. 

3 The kinetics of reaction (2) bear little resemblance to those reported 
for reaction (1) by Harris and Stranks, Trans. Faraday Soc. 48, 137 (1952). 
A complete report on the kinetics investigations is in preparation. 

4 The appended errors are standard deviations. 





The Dielectric Constant of Some Chlorine 
Derivatives of Ethane in the Liquid 
and the Solid States 


Masast YASUMI AND MICHIO SHIRAI 
Institute of Science and Technology, University of Tokyo, Tokyo, Japan 
(Received June 5, 1952) 


IELECTIC constant e of 1,2-dichloroethane, penta- 
chloroethane, 1,1,2,2-tetrachloroethane and 1,1,1,2-tetra- 
chloroethane were measured in the liquid and the solid states. 
Measurements were made at the frequency of 2 megacycles with 
resonance method and at the frequency of 2 kilocycles with alter- 


TABLE I, 








1,2-dichloroethane 
temp. (°C) -50 -—40 —38 -—36 -—35 -—34 -—32 -—20 0 20 


€ 2.74 3.04 3.29 3.61 





3.75 14.99 14.80 13.72 11.96 10.60 


pentachloroethane 
-50 -40 -30 -28 —-—10 10 
2.62 2.62 2.63 4.60 4.20 3.97 


1,1,2,2-tetrachloroethane 
-—60 -—55 -—52 -—48 -—46 -—45 -—44.5 -—44 —42 —30 
2.48 2.79 222 256 S307 315 3.24-:3890 1435 129 


1,1,1,2-tetrachloroethane 
-78 -70 -67 -66 -60 -50 -—40 
2.65 2.63 2.67 9.22 9.02 8.55 
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nating current bridge. Both of the values were fairly consistent, 
and we can conclude that the dispersion effect does not exist. 

The results are shown in Table I. 

As shown in the tables the values for these four substances are 
considerably great in the liquid state, but very small in the solid 
state. 

By crystallization, the value of e for pentachloroethane suddenly 
falls to a very small value of 2.7 which remains constant down to 
very low temperatures. Similar behavior is observed for 1,1,1,2- 
tetrachloroethane. 

On the other hand, the value for 1,2-dichloroethane falls from 
14.8 to 3.8 by crystallization and decreases continuously in the 
range of 10°C below the melting point until it attains a constant 
value of 2.75. A similar result is obtained for 1,1,2,2-tetrachloro- 
ethane. 

The small values of ¢ for these four substances in the solid state 
suggests that the rotation of the molecules as a whole in the 
crystal are hindered almost completely. 

In the liquid state 1,2-dichloroethane and 1,1,2,2-tetrachloro- 
ethane have two forms, i.e., ‘rans and the gauche. In the solid 
state, however, only the trans molecules exist. Therefore, electric 
polarization of these substances in the solid state may be due to the 
oscillations of electrons and atoms, i.e., electronic and atomic 
polarization. The greatest contribution to the atomic polarization 
is made by the internal hindered rotation, for the latter has low 
frequency and is optically active. 

At the melting point these molecules may oscillate like the trans 
molecules in the liquid state. As the temperature is lowered, the 
field due to neighboring molecules becomes stronger and the 
frequency of the internal rotation becomes greater. Therefore, the 
lower the temperature the smaller the atomic polarization and 
dielectric constant. 

On the other hand, the hindered internal rotations in the mole- 
cules of pentachloroethane and 1,1,1,2-tetrachloroethane are 
optically inactive if we assume that the H—C—C-— plane of 
pentachloroethane and one of the H—C—C— planes of 
1,1,1,2-tetrachloroethane are fixed in space, respectively, so that 
they have no contribution to the atomic polarization and the di- 
electric constant. If the internal rotations in the molecules of 
1,2-dichloroethane and 1,1,2,2-tetrachloroethane take place about 
the —C—C-— axis, the calculated frequencies at their melting 
points in the solid state are as follows: 


33 cm™ for 1,2-dichloroethane, 
23 cm for 1,1,2,2-tetrachloroethane. 


The assumption in the above calculation is so approximate that 
the values obtained above may be considered to give only the 
order of magnitude. 

Detailed discussion will appear elsewhere. 





Absorption Spectra of Crystalline Chlorophyll 
Derivatives 


Ear_ E. JAcoss AND A. STANLEY HOLT 


Photosynthesis Research Project, Department of Botany, 
University of Illinois, Urbana, Illinois 


(Received June 16, 1952) 


HLOROPHYLLS have not been successfully crystallized, but 
alkyl chlorophyllides, in which the long phyty! side chain is 
replaced by a methyl or ethyl group, are crystallizable. Colloidal 
suspensions of chlorophyllide crystals were prepared by diluting 
acetonic solutions with water. The size of the crystals could be 
varied by changing the concentration of chlorophyllide and the 
amount of water added. 

The suspensions did not settle appreciably and their absorption 
spectrum could be measured in transmitted light. Scattering did 
not affect the results strongly, as indicated by good transparency 
of the crystal suspension in the green (Fig. 1.) The shaded area is a 
rough estimate of the contribution of scattering. It is highest in the 
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Fic. 1. Extinction curves of ethyl chlorophyllide in acetone (solid line) 
and in microcrystals (dashed line). Shaded area: estimated contribution of 
scattering to the crystal extinction curve. 


two absorption bands because it is caused mainly by reflections 
from crystal surfaces. 

The absorption spectra of the crystals differ significantly from 
the solution spectra. Figure 1 shows that the red band of micro- 
crystalline ethyl chlorophyllide a is shifted far to the red compared 
to its position in acetone (658 my). The exact position and shape of 
the bands depends on the size of the crystals. A limit is reached 
when the crystals exceed a certain size; the red peak is then 
stabilized at about 745 mu. The crystals to which Fig. 1 refers are 
equilateral triangular plates, not much under 1 in two dimensions, 
but with a much smaller (and variable) thickness; their red peak 
lies at 738 mu. 

More properly, comparison should be made not with acetonic 
solution but with isolated chlorophyllide molecules. The position 
of the red band has been extrapolated by Katz‘and Wassink (1939) 
to approximately 648 my for chlorophyll @ vapor; the same value 
should be approximately correct also for ethyl chlorophyllide a. 
Transition from free molecule to crystal thus causes the red band 
of ethyl chlorophyllide @ to shift by 97 (+5) mu, or about 2300 
cm", 

This shift can be attributed to resonance interaction between 
identical chromophores arranged in a regular array. The same 
phenomenon also can be described in terms of excitation energy 
migration through this array. This interpretation explains the 
above-mentioned observations (to be described in detail later) that 
the band gradually shifts toward longer waves with increasing 
dimensions of the crystal. 

A similar explanation has been given to the spectra of linear 
polymers (one-dimensional crystals) of cyanine dyes (Manly, 
Scheibe), and to the ultraviolet absorption spectra of naphthalene 
and anthracene crystals (Davydov). 

The response of the blue-violet band (‘Soret band”) of chloro- 
phyllide to crystallization is more complex than that of the red 
band, because of its doublet structure. In Fig. 1 it appears as if 
both components have been shifted by about 1500 cm~ towards 
the red, without change in relative intensity. However, the relative 
intensity of the two components is quite different in smaller 
crystals. It has been suggested that these components correspond 
to dipole vibrations in two mutually perpendicular directions in 
the porphin plane; this would make their different behavior in the 
crystal lattice plausible. 

Similar transformations have been observed with ethyl] chloro- 
phyllide 5, where the band is shifted from about 630 my in vapor 
and 644 my in acetonic solution, to 725 my in crystals, and also 
with the pheophorbides a and 6 and with bacterio-chlorophyllide. 

These observations offer the possibility of determining from 
experimental data the resonance energy and the probability 0! 
energy exchange between chlorophyll molecules; they are therefore 
of some interest for the theory of energy transfer in photosynthes's. 

This work has been carried out with the assistance of the Office 
of Naval Research under contract ONR 565(00). 
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Theory of Catalysis of Nucleation by 
Surface Patches 


Davip TURNBULL 
General Electric Research Laboratory, Schenectady, New York 
(Received June 18, 1952) 


ECENTLY the kinetics of solidification of small supercooled 
liquid mercury! and tin? droplets coated with various films 
were investigated. In some cases the isothermal data on droplets 
coated with a given film were satisfactorily described by a single 
nucleation frequency per area (J;) or volume. However, for 
mercury coated with mercury laurate but infected with patches of 
HgX (an unidentified decomposition product of the laurate) and 
oxide-coated tin, the fraction x of droplets solidified approached 
an asymptote x,<1 with increasing time ¢ that was larger the 
greater the supercooling AT. 

To explain x,<1 Kimball’ proposed that each droplet contained 
on the average m units or patches equally effective in catalyzing 
crystal nucleation. If m is of the order unity or less there will be 
marked variations between significant fractions of the sample in 
the number of patches per droplet. Assuming a Poisson distribu- 
tion of patches among uniform droplets Kimball derived 


dx/(1—x)dt= f=cm exp(—ct), (1) 


where c is the nucleation frequency per patch and m= —In(1— <a). 

Pound and La Mer? found that «= /(/) approximately followed 
Eq. (1) but with m increasing with AT. The Kimball theory 
provides no explanation for the dependence of m on AT or why m 
should often be of the order unity. To explain these results we 
propose the following hypotheses: (1) The radius R of a patch is 
of the order of the critical radius r* for the growth of a nucleus 
into the supercooled liquid. (2) There exists a statistical distribu- 
tion of patch sizes described by na=/(R), where ma is the number 
of patches per area with radius $ R. No transformation nuclei can 
form from patches for which R<r*; hence, when R=r*, naap=™m, 
where @p is the area of the droplet. 

In order to describe their data Pound and La Mer found it 
necessary to assume a steady nucleation frequency per droplet », 
in addition to patch nucleation. Equation (1) then becomes 


f=om exp(—cl)+v, (2) 


In(f—v) =In(cm) —ct. (3) 


By suitable selection of v, good straight line relations were ob- 
tained between In(f—v) and ¢ for four of Pound and La Mer’s 
isotherms, corresponding to the largest A7’s. ¢ and m were 
evaluated from the constants of these lines. From the variation of ¢ 
with AT and assuming a,*~10-" cm~, where a,* is the area of a 
patch of radius r*, we find for the nucleation frequency (7p) per 
area of patch surface 


c/ap* =I p= 10"+*5 exp[— 1.74 10°/(AFy)2kT ] cm sec™, 
where AF, is the bulk free energy (ergs) of transformation per 
volume (cm)*. Assuming that v is due to heterogeneous nucleation 


on the inactive part of the droplet surface we find from the 
dependence of v on AT 


»/ap=1,= 108-46 exp[—2.60X 108/(AFy)*kT] cm™ sec. 


The values of the pre-exponential terms in the expressions for Jp 
and 7, are in good agreement with the value 10°75 cm~ sec 
predicted by the theory of heterogeneous nucleation.‘ From the 
dependence of m on AT, 


m=6.22X 10 exp[0.238AT], 


and assuming r* = — 2¢/AFy, where a is the liquid-solid interfacial 
energy estimated by Pound and La Mer, we obtain 


na=1.41X 10-6 exp[3.14X 10-*/R] cm™. 
¢ for HgX is very large so that the patches are covered with 


crystalline mercury before any are supercritical. Patches of radius 
R become transformation nuclei immediately when the tempera- 
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ture is lowered sufficiently so that r* SR. Hence xx, immedi- 
ately with little isothermal time dependence. This mode of 
nucleation is “athermal” and is analogous to athermal nucleation® 
in the martensite type of transformation in crystalline media. c 
cannot be evaluated but n4=/(R) was obtained from x,= /(AT) 
measured for a dispersion in which 42 percent of the droplets were 
infected with HgX. The distribution was described by 


dna/dR=7.7X 10" exp[—1.80X 10"(R—Rw)?], 


where R»=3.3X 10~* cm and m4=5.3X 10° cm at R= R». The o- 
value from an earlier publication! was used in this calculation. 

The author gratefully acknowledges valuable conversations on 
this subject with E. W. Hart of this laboratory. 


1D. Turnbull, J. Chem. Phys. 20, 411 (1952). 

2G. M. Pound and V. K. La Mer, J. Am. Chem. Soc. 74, 2323 (1952). 

3G. E. Kimball, private communication to Pound and La Mer, see 
reference 2. 

4D. Turnbull, J. Appl. Phys. 21, 1022 (1950). 

5 Fisher, Hollomon, and Turnbull, Trans. Am. Inst. Mining Met. Engrs. 
185, 691 (1949). 





An Effect of the Anion on the Conductive Properties 
of Triphenylmethane Dye Salts* 
R. C. NELSON 


Department of Physics, Ohio State University, Columbus, Ohio 
(Received May 23, 1952) 


HE chlorides of crystal violet (XV)Cl and methyl violet 
(MV)CI have previously been reported to be photocon- 
ductive and to have very large dark resistivities.12 The bisulfates 
of these dyes (DY)HSO,, show about the same order of dark 
resistivity as the chlorides but very much less photoeffect. 
Surprisingly, it has been found that the normal sulfates (DY)2SO, 
and oxalates (DY)2C.O, are not only very strongly photocon- 
ductive in visible light but have also a rather low dark resistivity, 
~10° ohm-cm, as against ~10" ohm-cm for the chlorides. For the 
dark conduction the thermal activation energies are (MV)2SOu,, 
0.39 ev; (XV)2SOu, 0.36 ev; (MV)2C20,, 0.31 ev; (XV)2C20,, 
0.28 ev. 

In their general behavior the sulfates and oxalates are very much 
alike. When prepared as a thin continuous film on glass by 
evaporation of an aqueous or alcoholic solution, they show the 
characteristic bright yellow-green metallic luster displayed by the 
chloride. A preparation strongly illuminated with a 100-watt 
incandescent bulb shows a conductance about three times the dark 
conductance. In its general features the photoconductivity re- 
sembles that of the chlorides; after a brief illumination the initial 
decay rate is rapid, but when the cell has been exposed to light 
long enough to have come to a steady state, perhaps half an hour, 
the decay is very slow. If the photoconductance is considered to be 
in parallel with the dark conductance, its decay from the steady 
state obeys a second-order law; that is, 


(Ki— Ka) — (Ko— Ka) = mt, 


where Ka is the dark conductance and m the rate constant. For a 
cell having a dark resistance of a megohm and a resistance 
illuminated of 0.3 megohm, m is ~200 ohms/sec. 

After the solid dye film has been formed, irreversible decay of 
dark conductivity takes place in the presence of air or oxygen. All 
of the.dark conductivity may be destroyed in this way, but under 
certain circumstances ~10 percent of the photoconductivity may 
remain. The dark conductivity may also be destroyed thermally. 
For (MV)2SO, this process is of the second order with respect to 
conductance and has a heat of activation of approximately 30 kcal. 
In 48 hours at 100°C the dark conductance of a preparation went 
from 3-10-* mho to <10~* mho, while the photoconductance was 
still >10-* mho. 

Measurements on several preparations of (MV)2SO, show it to 
obey Ohm’s law to within 1 percent for fields from 0.125 v/cm to 
1100 v/cm. 
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The thermoelectric powers of these materials lie close to —0.15 
mv/°C and being negative, indicate conduction predominantly by 
electrons. f 

It is difficult to understand the semiconductivity of the dye 
sulfates and oxalates in terms of a picture in which the conduction 
band is associated with the ionic domains of the film structure, as 
was earlier proposed by the writer.? Extensive studies of the 
kinetics of the build-up and decay of photoconductivity in the 
chlorides made at this laboratory have also cast doubt upon this 
hypothesis, and it now seems more likely that in the triphenyl- 
methane dyes the conduction band is an extended mutual excited 
state of the dye cations. On this basis the sulfate or oxalate ion 
becomes a donor “impurity” level in the ordinary terminology of 
semiconductivity, and the primary process is the thermal excita- 
tion of an electron to the conduction band. This view is supported 
by the fact that a chloride film containing 5 percent of the oxalate 
shows a markedly lowered dark resistivity, ~10’ ohm-cm. 

The writer wishes to acknowledge his indebtedness to Dr. Josef 
de Heer and Dr. J. W. Weigl for profitable discussions of these 
problems. 

* This work was supported by the Charles F. Kettering Foundation. 

+ The measurements of thermoelectric power were made by Mr. Clifford 
Schroeder in this laboratory. He has also found consistently negative values 
for (XV)CI, indicating electron conduction for this substance as well, in 
contrast to the writer's earlier statement (see reference 2) made on the basis 
of ve 3 crude preliminary experiments 

T. Vartanyan, J. Phys. Chem. (U.S.S. R.) 20, 1065 (1946); Chem. 


Abstracts 41, 2988 (1947). 
7R.C, Nelson, J. Chem. Phys. 19, 798 (1951). 





Influence of Chain Length on the Symmetry of 
Conjugated Molecules 


J. D. Dunitz 
Chemical Crystallography Laboratory, University Museum, Oxford, England 
AND 
L. E. ORGEL 
Magdalen College, Oxford, England 
(Received June 5, 1952) 


AIRLY detailed crystal structure analyses have been carried 
out for the dihydrates of oxalic acid, acetylene dicarboxylic 
acid, and diacetylene dicarboxylic acid ;! the three structures are 
very similar with the exception of one important feature—the first 
two molecules are coplanar (symmetry C2,), while the third 
deviates markedly from coplanarity, opposite carboxyl groups 
being inclined to one another at an angle of about 57° (symmetry 
C2). This difference is emphasized by a change in space group, 
from P2,;/a(Ce2s°) to 12/¢(Con*) and a doubling of the unit-cell size. 
One might reasonably expect that, as the two carboxyl groups 
become more distant from one another, the dependence of the 
molecular energy on their relative orientation should decrease, and 
this expectation is confirmed by a simple molecular orbital 
calculation. We neglect resonance within the carboxyl group and 
regard the carbonyl bond as a carbon-carbon double bond. We do 
not believe that quantitatively significant results could be obtained 
by the inclusion of various refinements, and we have therefore 
restricted ourselves to this over-simplified model. 

The molecular symmetries C2, or C2 will result from alternative 
methods of combination of the z, and z, atomic orbitals into 
molecular orbitals, as shown in Fig. 1. We have calculated the 
delocalization energies for both configurations, and we find that the 
energy difference decreases rapidly as the number of triple bonds is 
increased; the extra stability of C2, is 0.478 for oxalic acid, 0.048 
for acetylene dicarboxylic acid, and only 0.018 for diacetylene 
dicarboxylic acid. 

A somewhat similarly simplified model is applicable to the series 
CH:(C),CHe, where the preferred molecular symmetry is D2, or 
Dea, according as n is even or odd. Although the ground state of 
the unfavorable configuration is now a triplet, it is still found that 
the energy difference between D2, and Dog decreases to zero as n 
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Fic. 1. Alternative arrangements of ry and xz atomic orbitals, leading 
to molecules of differing symmetries, (a) acetylene dicarboxylic acid, 
(b) allene. 


increases, but much more slowly than for the acetylenes. Thus, 
Dea is favored by 1.178 for n=1 (allene) and by 0.248 for n=11; 
Dz is favored by 2.08 for n=0 (ethylene), by 0.828 for n=2, and 
by 0.228 for n=12. Experimental evidence for the molecular 
symmetries of the higher members of this series is, however, not 
available. 

In general, in such molecules containing only a short conjugated 
chain, we expect molecular energies to determine the configuration 
in the crystal; as the chain length increases, the influence of 
intermolecular forces (packing considerations, hydrogen bonds, 
etc.) is likely to become more important in determining the 
molecular configuration. 

One further point of interest emerges from our calculation. The 
x-ray analysis gave the length of the central bond of diacetylene 
dicarboxylic acid, formally a single bond, as 1.3320.02A, the 
distance customarily adopted as the double bond standard. For 
this bond our simplified model ascribes a bond order 1.976 and 
1.966 for the C2, and C2 configurations, respectively. 


1J. D. Dunitz and J. M. Robertson, J. Chem. Soc. 1947, 142, 148, 1145. 





Errata: The Physical Properties of Molecules in 
Relation to Their Structure. I. Relations 
between Additive Molecular Properties 

in Several Homologous Series 
[J. Chem. Phys. 20, 263 (1952)] 
H. J. BERNSTEIN 
Division of Chemistry, National Research Council, Ottawa, Canada 


N error has been found in Table IV on page 265 for the 
substituted ethanes. There should be an entry of 3 under 
AYYz2 for Pi, 1, 1, C2X3¥3, whereas the entry under A xyz should 
be zero instead of 3. In the left-hand column on page 265 lines 13 
and 14 under the table should be deleted. In line 7 under the table 
in the right-hand column on page 265 read “‘of the five unknowns, 
Pc2X¢, a, B, y, and 6,” instead of ‘of the six unknowns, PC2X¢, @, 
B, y, 5,and e. In Table V at the top of page 266 there should be zero 
and 3 under a and 8, respectively, for P1, 1, 1, CeXs¥¢ instead of 1 
and 2; also the entire column under e is to be deleted. In line 21 
under the table of the right-hand column on page 266 read 
“a, B, y, and 8” instead of “a, B, y, 6, and e.” In line 25 and 26 
under the table of the right-hand column on page 266 read “may 
be reduced to 4 of the 5 given above, namely, PczHe, a, 8, and 7 oF 
8” instead of “may be reduced to 5 of the 6 given above, namely, 
Pcxke, a, B, €, and ¥ or 6.” 
This simplifies the relations for the substituted ethanes by 
reducing the number of unknowns by one, since ¢ is to be replaced 
by a—8. 
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Effect of Various Gases on Potassium Ion Emission 
from Hot Platinum 


CHARLES F. ROBINSON 
Consolidated Engineering Corporation, Pasadena 8, California 
(Received May 7, 1952) 


RADY and Zemany' have published a paper on this subject 

in which they state, “A proof that the oxygen did not cause 

the potassium to be emitted in a non-ionized state was obtained by 

turning on the ionizing mechanism of the mass spectrometer with 

oxygen in the system. There was no change in the potassium peak 
height.” 

This argument seems to have overlooked a tremendous differ- 
ence in, the efficiencies of the two ionization processes involved 
here, the first being direct emission of potassium ions from a heated 
platinum surface and proceeding with an efficiency approaching 
100 percent? and the second of which, being ionization by electron 
impact with the vapor phase, proceeds at an efficiency that in a 
typical mass spectrometer is well below 10~‘ for permanent gases 
and that may be orders of magnitude lower for condensable or 
reactive vapors such as potassium vapor. Consequently, a confi- 
dent assertion of a negative result in the experiment described here 
would require detection of a change in the potassium peak height 
which might well be beyond the current limits of precision in the 
art of mass spectrometry. 

It seems important to point out the weakness of this argument 
because by so doing, one readmits the possibility that the principal 
eflect of oxygen, CCl,, and bromine on the platinum filament was 
so to reduce the work function that the potassium was emitted 
principally as uncharged atoms, in which case the results would be 
amenable to simple qualitative explanation. 


1E. L. Brady and Paul D. Zemany, J. Chem. Phys. 20, 294 (1952). 
*], Langmuir, Revs. Modern Phys. 2, 123 (1930). 





Effect of Various Gases on the Emission of 
Potassium Ions from Hot Platinum 
P. D. ZEMANY AND E. L. Brapy 


General Electric Research Laboratory, Schenectady, New York 
(Received May 19, 1952) 


[’ is quite true that failure to detect potassium atoms by 
measuring the potassium ion current in the mass spectrometer 
after electron bombardment does not definitely prove their ab- 
sence, as C. F. Robinson states in the preceding letter. It does, 
however, put a significant limit on the fraction of atoms that 
evaporated in the place of ions. 

There are, as Robinson points out, two different ionization 
processes with very different probabilities. These two processes, 
however, may have very different efficiencies of measurement in 
the mass spectrometer. In the first case, ions emitted directly from 
the platinum filament are focused, accelerated, deflected, and 
finally collected and measured. The potassium ion currents 
measured here were of the order of 10- amps. A similar filament, 
heated to about the same temperature, and hence emitting only 
potassium ions, when completely surrounded by an ion collector 
showed currents of the order of 10-* amps, indicating a collection 
efficiency of 1 in 10° for the K+ ions evaporated from the platinum 
and collected in the spectrometer. 

The second ionization process is that of electron bombardment 
of neutral atoms to provide ions, and their acceleration, etc., to a 
final collection and measurement. Experiments recently performed 
show that about 1 ion in 1.65 10‘ molecules of nitrogen that pass 
through the spectrometer are collected.! This is in agreement with 
the value of about 104 given by Robinson. 

Potassium atoms evaporated from the filament should behave in 
much the same manner as nitrogen molecules admitted from 
outside. Hence, we should collect about 1 ion for every 1.6104 
atoms emitted. Since we originally collected only 1 out of 10° ions, 
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the ion beam with the spectrometer ionization mechanism turned 
on should be 7g of the original current. This is about 100 times the 
minimum detectable current. Since no additional ion current was 
observed due to the electron beam, not more than a small fraction 
of the potassium was evaporated as atoms. 

Plumlee and Smith? in a somewhat similar experimental arrange- 
ment noted the evaporation of alkali atoms and ions from nickel. 
They state, “The alkali metal evaporation was detected roughly as 
follows from nickel alloys: K* above 500°C, Na* above 600°C, K° 
and Na° about 850°C, the evaporation of all species increasing 
with temperature, and the ratio of the atoms to ions increasing 
sharply with temperature.” In other experiments in this laboratory 
in an arrangement similar to the one described, where sodium was 
being observed at a higher temperature, both atoms and ions were 
noted, in agreement with Plumlee. In our original experiments we 
would expect to have found the potassium atoms as readily as the 
sodium atoms, had they been present. Our temperature was 
presumably too low to cause measurable evaporation of atoms. 

It is certainly true that if the emission of potassium ions by 
heated platinum is governed by the laws of thermionic emission, 
an hypothesis not yet adequately demonstrated, then the phe- 
nomenological explanation of changes of emissivity would be 
ascribable to changes in work function. The usual effect of oxygen- 
and halogen-containing compounds is to increase the work function 
of platinum. It does not follow that any decrease in ion emissivity 
would be compensated by an increase in atom evaporation, for the 
two processes are quite different. 

Robinson’s comments would clearly apply if ‘our experiments 
involved a constant beam of potassium directed from outside onto 
a metal surface of known work function. This is not the case here, 
for the source of ions and geometry of collection have a very im- 
portant effect on the experimental observations. 


1P, D. Zemany, J. Appl. Phys. (to be published). 
2R. H. Plumlee and L. P. Smith, J. Appl. Phys. 21, 811 (1950). 





The Surface Contribution to the Heat 
Capacities of Solids* 


J. T. Law 


Cryogenic Laboratory, The Pennsylvania State College, 
State College, Pennsylvania 


(Received May 23, 1952) 


N view of the recent interest in the contribution of the surface 
to the heat capacity of solids' it may be worthwhile to men- 
tion the work of Tarrasov.*® He derived equations for the heat 
capacity of one- and two-dimensional molecules and used the 
latter to explain the experimental values obtained by Nernst® for 
graphite at temperatures below 100°K.+ If an equation of the 
Montroll type! can be fitted to the graphitic results, it should also 
be applicable to the heat capacities of adsorbed films which are 
effectively two-dimensional solids of a graphite type. Therefore, an 
experimental proof of Montroll’s equation should be possible. 
Tarrasov, using an equation of the form C,=86.5(7/6)? calcu- 
lated the values of @ required to reproduce the experimental heat 
capacities. These are listed [@(7) ] in Table I and may be seen to be 
remarkably constant. The writer has also calculated @-values from 
the experimental data using Montroll’s' limiting equation of the 


TABLE I. 








Cp (Nernst) 0(T) 
1430 
1310 
1300 
1330 
1370 
1410 
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form C,=464.5(7T/6)*+(7/6)?, (where y is calculated from the 
ratio of the surface area to the volume of the solid) and the known 
molecular dimensions of graphite, assuming that the graphite 
sheets are infinite in area. These values are also listed in Table I 
[@(M)] together with those obtained from the Debye equation 
[a(D) ]. 

It will be seen that the values from both the equations including 
a 7? term are much more constant than those obtained from the 
Debye equation. 

Even the simple 7? equation used by Tarrasov holds over a wide 
temperature range. The steady increase in 6(M) at higher tempera- 
tures may be due to the breakdown of the limiting equation as in 
this region a different 0(D) is obtained from the limiting and the 
complete Debye equation. 

It may be suggested that an equation of the form Cp=aT 
+464.5(7/0)* could also be used to explain the experimental re- 
sults as graphite contains conduction electrons. From the intercept 
of a plot of C,/T against T? a value of 1.0X 10- was obtained for 
a. This gave fairly constant values of @ which ranged from 900 
to 1100. 

From the Sommerfeld® equation 


C.=3.26X 10-*g!(A/p)iT cal mole deg™ 


assuming that carbon has two conduction electrons per atom (from 
the atomic structure the number cannot exceed two) we find that 
a=1.36X10~ which is far too small to reproduce the observed 
change of C, with temperatures. 

Because of the fact that the heat capacity of graphite can best be 
reproduced by an equation containing a 7? term, we are at present 
investigating the heat capacities at liquid helium temperature of 
films adsorbed on a compressed block of lampblack. As was 
mentioned above the structure of these films is comparable to the 
layer structure of graphite. 

The major difficulty in heat capacity measurements at liquid 
helium temperatures is heat transfer through the material. At 
higher temperatures helium gas can be used as the amount of 
adsorption is small, but below 4°K almost complete condensation 
will occur on the solid. Desorption of gas during a measurement 
may introduce a heat correction which is large compared to the 
heat capacity. 

A block of carbon can be used both as a heater and thermometer. 
Since the heat will be generated in the adsorbent itself, no exchange 
gas will be required. The attainment of thermal equilibrium will be 
limited only by the thermal conductivity of the carbon block which 
should be quite adequate above 1°K. 

* This research was carried out under Contract N6 ONR 269, Task 
Order X, of the ONR 

+ The heat capacities used were not obtained as Tarrasov reported, by 
Simon and Swein (see reference 7). These workers measured heat capacities 
of an activated charcoal, which were somewhat higher than the results 
es for graphite. 

W. Montroll, J. Chem. Phys. 18, 183 (1950). 

ny paper presented at the American Chemical Society Meeting, 
March, 1952. 

3H. Koppe, J. Chem. Phys. 18, 638 (1950). 

4 Tarrasov, Compt. rend. U.R.S.S. 46, 20 (1945). 

5 Tarrasov, Compt. rend. U.R.S.S. 46, 110 (1945). 

6 Nernst, Ann. d. Phys. 36, 395 (1911 


). 
7 Simon and oa Z. physik. a 28, 189 (1935). 
8 Sommerfeld, Z. Physik 47, 1 (1928) 





Some Observations on the Mass Spectrum of CO, 


Amos S. NEWTON 
Radiation Laboratory, University of California, Berkeley, California 
(Received May 26, 1952) 


N carefully checking the mass spectral pattern of CO: in some 

experiments in which traces of air impurities were undesirable, 

it was found that the most carefully purified CO2 gave a small but 

definite mass 32 peak, apparently due to O*. Since it is not obvi- 

ous how an O,* fragment can arise from a rearrangement of the 

linear CO, molecule during fragmentation, this has been investi- 
gated further. 
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TABLE I, Effect of pressure on 32/44 ratio in normal CO». 








Sample 
pressure 
(microns) 


Ratios 
32/44 X100 


0.0198 
0.0203 
0.0190 
0.01978 
0.01875 
0.01918 


Pk. ht. Pk. ht. Pk, ht. 
m/q=32 m/q=22 m/q=44 


0.215 22.9 1206 
0.255 26.6 1398 
0.402 40.2 2100 
0.94 97.5 >3000 
1.49 146.9 >3000 
1.70 170.6 >3000 


22/32 


104.5+10 
106.7 +10 
100.0 +7 
103.6+5 
98.6+3 
100.6 +2 











® Calculated from 22/44 ratio of 0.0190. 


A check of the variation of masses 32/44 ratio with pressure 
shows no change as illustrated in Table I. In this table the ratio of 
masses 22/32 and masses 32/44 are both calculated since mass 44 
soon goes off scale on the mass spectrometer used (Consolidated 
Engineering Corporation Model 21-103). However, the constancy 
of ratio of masses 22/32 and masses 32/44 over a considerable 
pressure range shows the occurrence of O2* to be independent of 
pressure, hence’a first-order process. Since each figure represents a 
separate introduction of highly purified carbon dioxide which was 
further carefully frozen and degassed before introduction, it 
appears highly unlikely that this represents an oxygen impurity. 
The instrument used does have a mass 32 background of 0.22 
division with no gas in the sample bottles because of a leak in the 
isatron unit. This is quite reproducible over long time periods and 
has been subtracted in all figures given since it is independent of 
pressure in the sample bottle, because it occurs on the high vacuum 
side of the leak. All measurements of the mass 32 peak were made 
at 5 times sensitivity (50 wa emission current compared to a 
normal of 10 wa) and calculated back to normal sensitivity. 

The filament represents a possible source of oxygen from some 
such reaction as CO2+MO-0,+CO, which would give rise toa 
first-order dependence with pressure and not necessitate postu- 
lating a rearrangement. Treatment of the filament overnight with 
100 microns of butene-1 in the sample bottle lowered the ratio of 
22/32, i.e., raised the 32 peak as shown in Table II. This is in the 
opposite direction expected from interaction with the filament. 
The following day the 22/32 mtio was back to its “normal” value 
of 100. 

Through the kind cooperation of Professor Richard Ogg of 
Stanford University a sample of CO2 enriched in oxygen 18 was 
obtained. This contained 13.5 percent O'* and only a very small 
amount was available. While larger samples and higher isotope 
content would be desirable for a completely unambiguous answer, 
the results indicate that only half the oxygen of the 32 peak comes 
from COs, the other half arising from some source of normal 
oxygen. The O"* in the sample as measured by the 46/44 ratio was 
13.45 percent, while the ratio of oxygen content of the O2* peak 
from the 34/32 ratio was 6.91 percent. A second run gave values 
of 13.45 percent and 7.71 percent, respectively. It is not quite 
clear where the source of normal oxygen which gives rise to the 32 
peak can be, but it is certain that half of it arises from the CO: 
molecule. If carbonization with butene removes oxygen from the 
filament, this would suggest that the filament is not the source, 
since the 32 peak actually increased with such treatment. This 
leaves the instrumental source of oxygen unanswered at the 
present time. 

One feature of the spectrum of CO"*0"* noted was an apparent 
discrepancy in the ratios 44/22, (CO0"*)+/(CO'0")** and 


TABLE II. Effect of carbonizing spectrometer filament on 22/32 ratio. 








Sample 
pressure 
(microns) 


Time after 
butene 
treatment 


Pk. ht. 
m/q =32 


5 min 135 1.31 
30 min 121 0.99 
60 min 118.6 0.92 
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46/23, (CO*O'*)*/(CO“O"*)**. In two runs, values of 51.05 and 
51.76 were found for the ratio of 44/22, while the ratio of 46/23 in 
these runs was 54.93 and 56.35, respectively, the discrepancy being 
about 8 percent in each case. This is well outside the experimental 
error, the pattern stability on normal CO2 being about 2 percent 
for the 22 peak over short time intervals, leading to the conclusion 
that (CO'*O'8)** has about 8 percent lower probability of forma- 
tion than (CO'*0!*)++, Ton discrimination effects? due to use of 
voltage scanning were shown to be negligible by use of magnetic 
scanning for each series of peaks which affected no significant 
difference in the ratios; and by calculation of the effect from 
discrimination curves on the 22 and 44 peaks, showing the effect to 
be negligible on the ratios over the small voltage increments con- 
cerned. It is probable that this is due not to a difference in the 
ionization probability (loss of two electrons) but to the greater 
probability of fragmentation of the doubly ionized molecule con- 
taining O'8 which is unsymmetrical in character and possesses a 
small dipole moment and less stability than the symmetrical 
molecule, thus reducing the effective yield of the 23 peak. 

This postulate cannot be checked by the expected augmentation 
of the 28 or 30 and 16 or 18 peaks by the reaction: 


CO,**—CO*+0+, 


since the fragmentation of (CO*O!8)* is not identical with that of 
(CO'*0"*)*; nor is the pattern stability on normal COs sufficient to 
observe the very smal] expected increase. The ratio of 48/24 which 
should be “normal” if the above explanation is correct could not be 
adequately checked using the above sample. The peaks were small 
and the reading errors greater than the difference. 

The author wishes to thank Professor Richard Ogg of Stanford 
University for the loan of a sample of enriched COs, Mr. Laurin 
Tolman for the mass spectrometer runs, and Dr. David Stewart of 
Eastman Kodak Company for the valuable discussions and sug- 
gestions on the problem. This work was performed under the 
auspices of the Atomic Energy Commission. 


1 Clifford E. Berry, Phys. Rev. 78, 597 (1950). 

?Oliver A. Shaeffer, U. S. Atomic Energy Commission Document, 
AECU-971 (Technical Information Service, Oak Ridge, Tennessee, October 
17, 1951). 








Erratum: Hydrogen Redistribution during 
Olefin Hydrogenation 
[J. Chem. Phys. 20, 338 (1952)] 


C. D. WaGNeR, J. N. Witson, J. W. Otvos, AND D. P. STEVENSON 
Shell Development Company, Emeryville, California 


T has been called to our attention through correspondence with 
Professor K. J. Laidler that the use of the term “free valence” 
in our recent letter on “Hydrogen Redistribution During Olefin 
Hydrogenation”! may have been misleading. Our meaning would 
have been better conveyed by a more general term such as 
“hydrogen deficiency.” Since Professor Laidler and his co-workers 
propose in the following letter? a mechanism that has much in 
common with the one we attempted to convey? and since our 
proposed mechanism may be of general importance in the catalytic 
hydrogenation of olefins, we feel that we should clarify our 
position. 
Our principal conclusions from our experimental findings are: 


(1) An important mechanism for alkane formation is the 
transfer of hydrogen between two chemisorbed alkyl radicals 
without the intervention of adsorbed hydrogen atoms. This process 
presumably forms desorbed alkane and chemisorbed alkene. 

(2) Hydrogen redistribution among adsorbed organic residues 
can occur without the intervention of adsorbed hydrogen atoms. A 
— reaction of this sort is alkyl plus alkene to alkene plus 

yl. 

(3) Depending on the reaction conditions, type of olefin, and 
nature of the catalyst surface, elementary reactions directly in- 
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volving adsorbed hydrogen atoms compete with (1) and (2) in both 
alkane formation and hydrogen redistribution. Our data are 
consistent with the possibility that these reactions include those 
favored in recent discussions of the mechanism of catalytic 
hydrogenation.* 


1 Wagner, Wilson, Otvos, and Stevenson, J. Chem. Phys. 20, 338 (1952). 

2 Markham, Wall, and Laidler, J. Chem. Phys. 20, 1331 (1952). We 
are grateful to Professor Laidler for an opportunity to see this manu- 
script prior to publication. 

3 Disc. Faraday Soc. 8, “‘Heterogeneous Catalysis’’ (1950). 





Mechanisms of Exchange and Hydrogenation 
Reactions of Olefins 


Maria CLARE MARKHAM, MAry COLMAN WALL, AND KEITH J. LAIDLER 


Department of Chemistry, The Catholic University of America, 
Washington, D.C. 


(Received June 5, 1952) 


N a recent letter Wagner, Wilson, Otvos, and Stevenson! have 
proposed a mechanism for exchange and hydrogenation, in- 
volving migrations of H and D atoms among adsorbed hydro- 
carbon residues. The present authors have also formulated the 
mechanisms of such reactions and have calculated absolute rates 
which are in excellent agreement with experiment. Our general 
scheme, which explains the phenomena reported by Wagner ef al. 
and all other phenomena of this type of which we are aware, is 
somewhat different from theirs. Our mechanism, as applied to 
ethylene, is as follows. 
Hydrogen and deuterium are adsorbed as atoms on single surface 
sites. Ethylene may become adsorbed on bare dual sites, 


CH2= CH, a 
CH.— CH, 
| | = | | (1) 
—-S-S-—- -S — S-,. 


and in addition may interact with adsorbed H or D to form an 
adsorbed alkyl] radical 


CH:=CH, + CH:D 








x 
D= Gh (2) 


Ss | | 


-S-S—- -S - S-. 


Adsorbed alkyl radicals may also be formed by interaction be- 
tween adsorbed ethylene and neighboring adsorbed H or D atoms, 


CH:— CH: D CH,D 


— CH: (3) 











-§ - §S-S—- -S - S-S-. 


Surface exchange is assumed to occur by the following type of 
interaction between alkyls and ethylenes adsorbed in neighboring 


positions, 
CH,D CH; 
| | 
CH.CH.—CH:= ‘pee ae CH, (4) 
| | | | 
-S-S—- S- -S—- SS — S-. 


Ethylene is returned to the gas phase by the reverse of reactions 
(1) and (2). Ethane is produced in the gas phase by interaction 
between two alkyl radicals adsorbed on neighboring sites, e.g., 


CH:D CH; CH;CH.D + 
| / 
CH, CH. = CH.—CH, (5) 
| | 
anG Ga -§ — §-, 
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In addition ethane may be formed under certain conditions by 
interaction between alkyl and D or H, 


CH.D 


yy 
CH: D=CH:DCH:D+-—S—S-. (6) 


Pd 
= = 


In permitting independent adsorption of ethylene and deuterium 
this mechanism is essentially of the Langmuir-Hinshelwood type, 
in contrast to that of Twigg,? and accounts for the falling off of the 
rate at high ethylene pressures—which certainly occurs at least on 
some surfaces.’ The concentration of adsorbed H or D is, at low 
coverage, proportional to PH: or Pp: as is also the concentration 
of ethylene adsorbed as ethyl radicals. The rate of hydrogenation 
or deuteration, whether it involves reaction (5) or reaction (6), is 
therefore proportional to pH2 or pD2. The exchange rate by reaction 
(4) is proportional to pp2'. The order with respect to Dz is not well 
established experimentally, but the data‘ are not inconsistent with 
the square root law, and as will be shown in a later paper absolute 
rate calculations definitely support this interpretation. 

The scheme of reactions considered above differs from that of 
Twigg mainly in omitting the reaction 


H. + CH; 


ri 
CH:—CH; = CH: (7) 


es yf 
~§$=S$- -§ — $=, 


which according to him is the only reaction by which Hz or D2 can 
become adsorbed. Our reason for omitting this reaction is Beeck’s 
result® that the rate is reduced if ethylene is presorbed on the 
surface; furthermore, the reaction would appear unlikely on steric 
grounds. 

Under some conditions, i.e., at higher temperatures, it appears 
likely that surface equilibration between H and D occurs rapidly. 
If the ratio of D to D+H on the surface (in any form) is g, the 
probability of formation of an ethane containing n D atoms is 
(6/n)qg"(1—g)*"; for a butane the corresponding probability is 
(10/n)g"(1—g)'*-". Under the conditions of the experiments of 
Turkevich, Bonner, Schissler, and Irsa® the ratio g is small, and 
large amounts of C2H¢ were formed initially in the reaction be- 
tween C2H, and Dz. The ratio of the initial rates of formation of 
C2Hg and C2H; is (1—g¢)*/6g(1—g)5= (1—g) /6q; if ¢ is 0.077 this 
ratio becomes 2, which is of the order of that found by Turkevich 
et al. In our view the results quoted by Wagner et al. are due to the 
fact that under the conditions of their experiments (they used a 
large excess of deuterium) their surface D/(D+H) ratio happened 
to be }. 

Under certain conditions, such as those apparently employed by 
Wagner et al. (with a large excess of deuterium) there is not com- 
plete H—D equilibration on the surface. In regions of the surface 
where there is a large excess of adsorbed deuterium atoms, reaction 
(6) may occur before equilibration of the alkyl radical has taken 
place, so that abnormally large amounts of the di-deuterated 
products are produced. 

Wagner ef al. report that even under conditions where no ex- 
change takes place between D: and olefin and Dz and paraffin, the 
product of reaction between Dz and olefin may contain deuterated 
paraffins containing more than two deuterium atoms. The absence 
of exchanged olefins under these conditions is explained if the 
equilibria (1), (2), and (3) are well over to the right at the lower 
temperatures, so that little gaseous olefin is produced from ad- 
sorbed alkyl and little HD is returned to the gas phase; at higher 
temperatures, on the other hand, the rates of the reverse reactions 
become appreciable, so that exchange occurs with production of 
HD in the gas phase. The lack of exchange between D, and paraffin 
is probably because the paraffins are only adsorbed with difficulty. 
Kemball? found that methane adsorption has an energy of 
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activation of 11 kcal and that negligible adsorption of methane 
occurs at 0°C and below. 

Papers dealing with the kinetics and absolute rates of exchange 
and hydrogenation processes are in preparation. 


1 Wagner, Wilson, Otvos, and Stevenson, J. Chem. Phys. 20, 338 (1952), 

2G. H. Twigg, Disc. Faraday Soc. 8, 152 (1950). 

3 R.N. Pease, J. Am. Chem. Soc. 45, 1196 (1923) (on copper); A. Farkas 
and L. Farkas 60, 20 (1938) (on platinum) ; O. Toyama, Rev. Phys. Chem, 
(Japan) 11, 153 (1937) (on nickel). 

(1939) Twigg and E. K. Rideal, Proc. Roy. Soc. (London) A171, 55 


50. Beeck, Disc. Faraday Soc. 8, 118 (1950). 
( — Bonner, Schissler, and Irsa, Disc. Faraday Soc. 8, 352 
1950). 

7C, Kemball, Proc. Roy. Soc. (London) A207, 539 (1951). 





Evidence for Globulite Molecules in Horse 
Hemoglobin* 
DorotHy WRINCH 


Department of Physics, Smith College, Northampton, Massachusetts 
(Received May 22, 1952) 


HIS communication discusses evidence in the published 

sections of Perutz’ vector map of crystalline horse methemo- 

globin! regarding the general structure types of the hemoglobin 
molecules. 

Proceeding outwards from the center of the vector map, we 
encounter two striking features: (1) the shell of below-average 
density just before 4A and (2) a shell of high density at about 4-6A 
from the origin, from which certain corridors of slightly above- 
average density emerge. It was seen that an interpretation of this 
essentially three-dimensional distribution in terms of the protein 
molecules would require them to be of impossibly small dimen- 
sions; an interpretation was, however, forthcoming in terms of 
hydrogen-bridged complexes of water molecules, the only other 
components of the crystal.? 

Necessarily then proceeding further out for evidence regarding 
the structural type of the protein component, we remark the 
uniformly below-average density (apart from the corridors) from 
6A to ca 9$A in all sections; and the materialization in the 93-15A 
region in all sections of domains of above-average density, 
clustering around, though not completely circumscribing, the 
origin. Were these domains to cover a spherical shell they could be 
attributed to distributions within spherical shells of about half the 
dimensions, suggesting that the backbones of the amino acid 
residues, which polymerized form the skeletons of the protein 
molecules, lie within such a shell. This, however, is not the case. 
All that we remark is the “vestiges” of such a shell which lie in 
many but not all directions from the origin; that such “vestiges” 
emerge characteristically in the vector maps of shells which while 
not spherically symmetrical are globulite in character has, how- 
ever, been demonstrated for certain hexagonal and rectangular 
shells in 2 dimensions,’ for certain polyhedral shells in 3 dimen- 
sions,‘ the maxima in these cases lying in the directions of pairs of 
antipodal sides or faces. It may therefore be suggested that the 
backbones of the amino acid residues in the hemoglobin molecules 
form not spherical but globulite or polyhedral shells, for which the 
inner and outer diameters normal to antipodal faces are at least 
say 93A and at most say 15A, respectively. So small a structure can 
accommodate only a fraction of the 580 amino acid residues 
estimated for the 66,700 hemoglobin structure. There would there- 
fore be a number of molecules, possibly as many as 12, to corre- 
spond to this structure.® In this multiplicity of crystallographically 
independent pairs of molecules, an interpretation of the multi- 
plicity of local maxima in the 5A shell? may be sought, in terms of 
the orientation of some water complexes with respect to each such 
independently oriented pair. A subsequent publication will discuss 
the evidence in the vector map regarding the molecular pattern of 
the structure, i.e., the spatial dispositionof the individual molecules 
relative to one another. One clue is to be seen in the corridors 
emerging from the 5A shell. Judging from the results of the x-ray 
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study of the 29 hydrate of phosphotungstic acid,” we would 
anticipate that the presence and spatial disposition of extended 
water complexes (in terms of which the corridors have been 
interpreted’) is determined by and will therefore throw light on the 
placing as well as on the nature of the protein molecules. 

A fuller discussion of the structure of the molecules in hemo- 
globin, in the light of the x-ray work, will appear elsewhere. 


* This work is supported by the ONR. 

1M. F. Perutz, Proc. Roy. Soc. (London) A195, 474 (1949). 

2:—D. Wrinch, J. Chem. Phys. 20, 1051 (1952). 

3D. Wrinch, Phil. Mag. 27, 111 (1939). : : 

4D. Wrinch, Meeting of Am. Assoc. for X-Ray and Electron Diffraction, 
Ann Arbor, Michigan (1949). ; 

5G. R. Tristram, Haemoglobin (Interscience Publishers, Inc., New York, 
1949), p. 111. 

6D, Wrinch, Science 115, 356 (1952). 

7A. J. Bradley, Proc. Roy. Soc. (London) A157, 113 (1936). 





Properties of the x Electron Distribution 
in Conjugated System 
H. H. GREENWOOD 
Sir John Cass College, Aldgate, London, E.C. 3, England 
(Received June 19, 1952) 
HE - electron distribution in the molecular orbital treatment 
of conjugated molecules is usually expressed in terms of the 
charge density g, and free valence F, at the rth atom, and the bond 
order ps: of the bond between adjacent atoms s and ¢. The simplest 
treatment takes the Coulomb integrals for all carbon atoms to be 
equal, of value ao say, and the resonance integrals for all bonds to 
be equal to 8. The overlap integral S is put equal to zero. The 
changes in these quantities due to a change da, in the Coulomb 
integral at the wth position given by 


Qu= aot bay (1) 
may be written in terms of the expansion formulas 


ae Ee 
sA= Zz — 


om a! Oa Dann au)” ’ 


where 
Az=gqr, Fy, or pat. 


Coulson and Longuet-Higgins! have shown that 
= eos ay; , at ig An uliy) Ae u(iy) 1 
A(iy) Oau 1 J—@ A*(zy) 

(2’) 
and Coulson? has also given a formula from which it can be 
deduced that 

OF, +00 [a o9) May, , 
= 2 , 
Oay SC () A(iy) 2") 


In these formulas Aq, represents the determinant obtained by 
striking out the ath row and bth column of the secular determinant 
A(iy) for the unperturbed hydrocarbon. Successive differentiation 
under the integral sign gives the general differential coefficients 


2a 2 yet f= [2] [Pee] ay, 
Fey f° wo Pel Pele. 
sort fag» 
whence 
For ATE ojo, 
sR = 3 (yf {7 [A] Ae] abe, @ 


ibu= E (ym 4 : [Aedes] Axe)” “ay } ay) (5) 


n=1 
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The properties of the minors of the secular determinants of 
alternant hydrocarbons have been discussed by Coulson and 
Longuet-Higgins.! Using these we find that the coefficients for 
which n is even in (3) and odd in (4) and (5) are zero since the 
corresponding integrands are odd functions of y. In consequence 
6g, is an odd function and 65F,, 5p, are even functions of da,. It 
follows also that the variation of the sign of the nonzero terms 
depends upon the sign of [A,, ./A]"™ which takes alternate signs 
as n takes alternate values 1, 3, 5,7, --+ or 2, 4, 6, 8--- 

It has been customary to represent approximately the effect of 
a hetero system in the derivative of a conjugated hydrocarbon by 
just such a change da, at the position of substitution, u, the sign 
of da, depending upon the electronegativity of the hetero system 
compared with that of carbon. The dependence of the variations 
5qr, 6F,, and 5f.¢ upon the change éa, in electronegativity at the 
position of substitution is of interest in the discussion of the 
chemical reactivity of conjugated systems. These questions and 
the relation to Wheland’s localization method* are being con- 
sidered elsewhere.‘ 

It is interesting to note that the results calculated so far suggest 


that probably 
1 pt |Au ul? 
a oa dy<l 


for all conjugated systems. This would guarantee the convergence 
of (3), (4) and (5) for all 6a,<1. 


1C. A. Coulson and H. C. Longuet-Higgins, Proc. Roy. Soc. (London) 
A191, 39 (1947); A192, 16 (1948). 

2C. A. Coulson, J. chim. phys. 45, 243 (1948). ‘ 

3G. W. Wheland, J. Am. Chem. Soc. 64, 900 (1942). 

4H. H. Greenwood, Trans. Faraday Soc. (to be published). 





Thermal Conductivity of Solids and Fluids from 
Studies of Aggregate Matter 


H. S. STRICKLER 


Wm. H. Singer Memorial Research Laboratory of the Allegheny 
General Hospital, Pittsburgh, Pennsylvania 


(Received April 4, 1952) 


N a previous note,! the possibility was indicated of using heat 
flow studies of aggregate systems to obtain thermal conduc- 
tivity data of gases at high temperatures. No suitable mathe- 
matical function was suggested. Meanwhile, Wilhelm e¢ al.? used 
the relation of Schumann and Voss,’ plus a correction for the heat 
flow at points of good contact between grains of the aggregate. 
However, the derivation presented by Schumann and Voss is quite 
unorthodox. A better defined relation has been given by Eucken 
and by Russell (see Austin‘), that of Eucken being based on 
Maxwell’s equation for composite resistivity of a sphere sur- 
rounded by a shell of other matter. This equation is written here in 
the form 
(3—2P)ket+2Pky; 
k7(3—P)+Pk, 


with the coefficients F; and F; (added by the writer) being func- 
tions of surface area and conductivity of the solid material. F2 is 
similar to the A of Wilhelm e al. When k,, the conductivity of the 
solid, is much (more than 1,000 times) greater than ky, the con- 
ductivity of the fluid, the bracket + becomes merely (3/P)—2. (P 
is the porosity.) 

For a given aggregate, it then follows that with different fluids 


hi— ko= Fi (Rkfiti— fore). (2) 


In Table I some experimental values are compared with those 
calculated from Eq. (2), assuming F;™1. Gas values used are from 
F. G. Keyes’ tabulation, solid conductivities as given by the 
authors. 

Some other data available in these references were not used be- 
cause the thermal conductivity with He or He would not be at the 
constant value it would attain at higher pressures. Evidently 





]+F.. (1) 


b=h/Fil 
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TABLE I. (ki —k2) X105. 








System Exptl. Calc. 


Lead: 
He—Air \ 232 211 





Steel: 
H2—Air 206 


SiC: 
H2e—CO2 
He —Air 
Air —COz 


2 
(Kannuluik and 
Martin) 


Calc. from 1, 


ay Vale °C) 
ir (700 
F2 const., r=(3/P) —2 


Air (0°C) 








molecular conduction may be quite appreciable with these gases 
and fine powders even at one atmosphere. (This was referred to in 
a somewhat different manner in the first note.) 

It should be noted that in addition to providing a means of 
comparing conductivities of fluids, information may be obtained 
as to the conductivity of solids. The requirement is that one of the 
fluids (the other could be air) be of reasonably high conductivity 
(e.g., liquid metals). Such information is definitely needed. For 
example, the data of Knapp® for LiF and Al,O; differ markedly 
from values recently reported. The writer has utilized the only 
data known to him as an example. Schumann and Voss give data 
at P=0.4 for lead granules with the fluids H:O (1), He, air. Using 
Eq. (2) for H2O (1) and air with Fi=1 and 72 (for air) as (3/P)—2, 
the writer obtained 9342 10-5 cg for lead (experimental value 
8430 10-5). This is considered good agreement since the con- 
ductivity of liquid water is only 1531075. 

Probably the accuracy of all such comparisons would be best 
with smooth particles of reasonably large size (but certainly below 
4 mm, see Waddams‘) and in other than open packing. Further- 
more, any change in the surface of the grains should be avoided. 
Under such conditions F, probably would be 1. Radial flow 
methods would be quite convenient. 

1H. S. Strickler, J. Chem. Phys. 17, 427 (1949). 
10st Johnson, Wynkoop, and Collier, Chem. Eng. Progress 44 (2), 

3 T. E. W. Schumann and V. Voss, Fuel 13, 249 (1934). 

4 J. B. Austin, Sympos. Thermal Insul. Materials, American Society for 
Testing Materials (1939). 


. J. Knapp, J. Am. Ceram. Soc. 26, 48 (1942). 
6 A, L. Waddams, J. Soc. Chem. Ind. 206, 337T (1944). 





Note on the Free Volume Equation of State for 
Hard Spheres 


WILLIAM W. Woop 
Los Alamos Scientific Laboratory, Los Alamos, New Mexico 
(Received June 3, 1952) 


UEHLER, Wentorf, Hirschfelder, and Curtiss! have recently 
discussed in geometric terms the free volume of rigid spheres 
obtained from the classical Lennard-Jones-Devonshire model in 
which the nearest-neighbor molecules are fixed at their mean cell 
positions without, however, introducing the usual “smearing” to 
obtain spherical cell symmetry. Kirkwood,? in his analysis of the 
foundations of the free volume theory, has shown that this model 
corresponds to a first approximation to the solution of the 
following integral equation for the configurational distribution 
function g(r): 
¢(r)= ebla—V(r)) | 


one Soon Vir(Rutr—r’)eBo¥ Ody’, (1) 


e Aa e PU) dy, 
cell 
We have omitted terms involving F, the energy with all molecules 
at the centers of their cells, since they vanish for rigid spheres. 


This choice of g(r) minimizes the configurational Helmholtz free 
energy per molecule given by 


AM/AT= fot) loge(e)do 
+6/22 ff. VuRutr—r) oe) oe ded’, 02) 


subject to the assumptions: (1) representation of the potential 
energy by pairwise interactions; (2) a Hartree-like smoothing of 
the configurational probability density into a product of functions 
each depending on the position of a single molecule; (3) single 
occupancy of cells. The Lennard-Jones-Devonshire theory is ob- 
tained by placing ¢(r)=4(r) on the right-hand side of (1) and in 
the second term on the right-hand side of (2). The sums in 
Eqs. (1) and (2), formally extending over all the molecules 
(except the first), may be limited to the nearest-neighbors in the 
case of hard spheres. 

It is the purpose of this note to point out that the system 
of Eqs. (1) may be solved exactly for rigid spheres. We consider 
a face-centered cubic lattice, and choose as the cell the dodeca- 
hedron A of Buehler ef al. Let us denote the volume of this cell 
by va; this is then the range of the integrations denoted in 
Eqs. (1) and (2). The nearest-neighbor distance and the volume 
per molecule v are related by a*=v2v. If ro denotes the diameter of 
the rigid spheres, the minimum volume per molecule is given by 
Vo=1ro°/V2. 

Our solution for the system of Eqs. (1) is 


vi={? if rin A’, 6) 


©, if rnot in A’, 


where A’ is a dodecahedron similar to A, but with altitude 
(a—ro)/2 instead of a/2. This simple solution was found by an 
attempt to use the iteration scheme suggested by Kirkwood;* 
the latter does not converge but oscillates around the solution (3). 
Since the collision spheres of the nearest-neighbors never inter- 
sect A’, we do not need to distinguish among the various cases 
discussed by Buehler ef al.! The free volume vy, defined as 
vp =e 9%, is 

vg= 04" = (v}—09!)%, (4) 


and the equation of state is 


—j 
po/kT =1+(7— t) : (5) 
0 


It is interesting that the equation of state (5) is the same as that 
obtained by the combined “smearing” and delta-function approxi- 
mations (see reference 1). The correct free energy A“ actually 
turns out to be greater than obtained in the usual first (delta- 
function) approximation because of an inconsistency in the latter: 
it is actually a combination of the first and next-higher approxi- 
mations and corresponds to no actual ¢(r). 

I would like to express my thanks to Professor J. G. Kirkwood, 
with whom I had the opportunity of discussing the material 
presented here before publication. 

—_* Wentorf, Hirschfelder, and Curtiss, J. Chem. Phys. 19, 61 


(1951). 
2J. G. Kirkwood, J. Chem. Phys. 18, 380 (1950). 





Experimental Evidence for Anomalous Population 
Temperatures of OH in Flames* 


S. S. PENNER 


Guggenheim Jet Propulsion Center, California Institute of Technology, 
Pasadena, California 


(Received June 3, 1952) 


I’. is the purpose of this note to present an evaluation of the 
experimental evidence for and against “anomalous” tempera- 
tures of OH in flames. Experimental studies have been carried out 
on low pressure flames? and on flames burning at atmospheric 
pressure.+%4 The results have usually been interpreted by using 
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relations which are applicable only to isothermal systems. At- 
tempts to correct for self-absorption have been made by using 
isointensity methods.*-§ For spectral lines with Doppler contour 
it has been demonstrated by quantitative calculations that the 
isointensity methods do not correct for self-absorption unless 
self-absorption is weak.® In particular, Shuler’s method,' without 
allowance for the effect of frequency on intensity, has been shown 
to yield nonlinear plots for strong self-absorption and to be 
inferior to conventional procedures in the absence of self-absorp- 
tion. Extensive studies on the effect of self-absorption in falsifying 
experimental data have been carried out by Cowan and Dieke.’ 
We have recently attempted to estimate absolute emission in- 
tensities for OH in low pressure flames® by using data obtained 
by Oldenberg and Rieke.® 

It is commonly acknowledged that the use of the customary 
isothermal relations may yield plots which are either nonlinear or, 
if linear, may yield meaningless results. Unfortunately, the matter 
has been allowed to rest at this point. Thus, it is not uncommon to 
use relations applicable to isothermal systems with negligible or 
small self-absorption and to base conclusions on what could be 
spurious effects. One might, therefore, abort further discussion 
by noting that claims for the validity of anomalous flame tem- 
peratures are based on experimental evidence which is practically 
uninterpretable in a quantitative and convincing manner. This 
last statement is especially true for observations made at atmos- 
pheric pressure of the “‘inner cone” of flames, i.e., of the region in 
which strong temperature gradients exist.— At atmospheric pres- 
sure the thickness of the flame front may be no larger than the 
slit-width of the spectrograph. A significant improvement over 
this type of investigation has been registered by the low pressure 
flames of Gaydon and Wolfhard since, at low pressures, tempera- 
ture gradients normal to the direction of observation can be 
minimized. 

If we neglect, for the time being, the unhappy circumstance 
that we always observe regions of active combustion through 
cooler gas layers, there are, to begin with, discrepancies between 
the conclusions reached by different investigators. For example, 
Shuler” quotes Dieke and Crosswhite as having shown that the 
“anomalous” intensity distributions of OH observed in some 
atmospheric pressure flames are principally the result of self- 
absorption. On the other hand, Gaydon," in summarizing the 
available information on OH, speaks of effective rotational tem- 
peratures for OH around 5700°K at atmospheric pressure and still 
higher temperatures at very low pressures. The important pioneer- 
ing work of Gaydon and Wolfhard on low pressure flames has been 
checked recently; however, the experimental conditions were such 
that the observed “anomalies” could be explained readily on the 
basis of self-absorption.? 

Shuler,"® in quoting Broida’s anomalous rotational temperatures 
in flames burning at atmospheric pressure, expresses the opinion 
that “corrections” for self-absorption can be made simply by 
measuring the intensity of absorption by the flame for continuous 
radiation. This argument is very weak, however, since absorption 
measurements for continuous radiation bear a close relation to 
self-absorption only if the experimental slit-width is small com- 
pared to the width of the spectral lines under study. This con- 
dition is probably not satisfied in Broida’s work in spite of Broida’s 
excellent spectrographic techniques. 

The preceding discussion emphasizes the fact that there is at 
present no direct and unequivocal evidence for the existence of 
“anomalous” rotational or vibrational temperatures of OH in 
flames. On the other hand, indirect support for the existence of 
“anomalies” has been obtained, particularly by Gaydon and 
Wolihard.' Nevertheless, in view of the ever-present problems 
arising from the existence of temperature gradients in the field 
of view and the equally unavoidable possibility for falsification of 
data as the result of self-absorption, the indirect and inferential 
evidence is never quite satisfying. Furthermore, even in the 
absence of analytical treatments on the combined effects of self- 
absorption and temperature gradients in producing distortions, 


THE EDITOR 








1335 






it is frequently possible to offer plausible explanations for observed 
data without the invention of “anomalous” rotational tempera- 
tures for OH. For example, a decrease in apparent population 
temperature from the base to the top of a flame may indicate 
either higher temperatures of OH or else higher concentrations of 
OH at the base of the flame.f Similarly, “normal”? temperatures 
for OH in H2—Oz flames but “abnormal” temperatures in the 
same flames containing a trace of acetylene may indicate either 
chemiluminescence or else the initial production of large quantities 
of OH as the result of introduction of the acetylene. The calcu- 
lations on the effect of self-absorption in conventional plots used 
for the determination of population temperatures in flames,® 
have shown clearly that the apparent rotational temperatures 
are a very sensitive function of the absolute concentration of OH. 
Hence, even a relatively small excess of OH at the base of a flame 
could be responsible for a relatively high value of the population 
temperature. Perhaps the strongest case for the reality of the 
“anomalies” can be made on the basis of the increase in rotational 
temperature with a decrease of pressure. But even this result is 
not unambiguous without a careful quantitative study of the 
optical system, of changes in the field of view and of temperature 
gradients with pressure, etc. Although we have no objections, 
in principle, against “anomalous” temperatures and no prejudice 
other than that we believe that “anomalies” should be established 
beyond any reasonable doubt, it is our considered opinion that 
the available experimental evidence in support of abnormal 
rotation or vibration of OH in the *2 state in flames is not 
overwhelming. ; 


* Supported by the ONR under Contract Nonr-220(03), NR 015 210. 

Tt No criticism is intended of the valuable work on species identification 
or basic spectroscopy in which the flame functions only as a means for 
obtaining suitable conditions for observation of spectra. 

t Absorption data obtained by Gaydon and Wolfhard show the converse 
behavior (see reference 1). However, these absorption measurements were 
performed under such conditions that no quantitative conclusions can be 
derived from them. The rotational half-width of OH at a pressure of a few 
mm of Hg must be far less than a few tenths of a wave number. The very 
important work by Gaydon and Wolfhard on the use of a Fabry-Perot 
interferometer to obtain line contours for CH suggests that in low pressure 
flame the spectral lines exhibit a Doppler contour, which is in accord with 
expectations. 

1A, G. Gaydon and H. G. Wolfhard, Proc. Roy. Soc. (London) A194, 
169 (1948); A199, 89 (1949); A201, 561 (1950); A201, 570 (1950); A202, 
118 (1951); A205, 118 (1951); A208, 63 (1951). 

2 Penner, Gilbert, and Weber, J. Chem. Phys. 20, 522 (1952). 

3G. H. Dieke and H. M. Crosswhite, The Ulira Violet Bands of OH, 
Fundamental Data, Bumblebee Series Report No. 87 (Applied Physics 
Laboratory, The Johns Hopkins University, Silver Spring, Maryland, 
November, 1948). 

4H. P. Broida, J. Chem. Phys. 19, 1385 (1951); H. P. Broida and K. E. 
Shuler 20, 168 (1952). 

5K. E. Shuler, J. Chem. Phys. 18, 1466 (1950). 

6S. S. Penner, Technical Report No. 5, Contract Nonr-220(03), 
NR 015 210, April 1952; for a summary of this work see J. Chem. Phys. 20, 
1334 (1952). 

7 R. D. Cowan and G. H. Dieke, Revs. Modern Phys. 20, 418 (1948). 

8S. S. Penner, J. Chem. Phys. 20, 507 (1952). 

90. Oldenberg and F. F. Rieke, J. Chem. Phys. 6, 439 (1938); R. J. 
Dwyer and O. Oldenberg, J. Chem. Phys. 12, 351 (1944). 

10K. E, Shuler, J. Chem. Phys. 20, 1176 (1952). 

11 A, G. Gaydon, Quart. Rev., Vol. IV, No. 1, 1950. 





Ionic Hydration: An Isotopic Fractionation 
Technique* 


Haro_p M. FEDER AND HENRY TAUBE 
George Herbert Jones Laboratory, University of Chicago, Chicago, Illinois 
(Received May 27, 1952) 


HE determination of ionic hydration is beset with semantic 

and experimental difficulties. Following Redlich’s discus- 

sion? of molecules versus ion pairs, we propose to regard ionic 

hydrates, A(H,O),7, as existing as definite species in solution if, 

and only if, characteristic internal vibrations can be detected by 

spectral or other effects. It has been shown* that ions may cause 

appreciable fractionation of the oxygen isotopes in the water in 

which they are dissolved. We wish to present some preliminary 

results indicating the connection between this effect and ionic 
hydration. 
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If an ion is hydrated in the sense mentioned above the group 
vibrations of bound isotopic water molecules will differ in their 
zero-point vibrational energy levels because of the difference in 
their masses. It can be readily shown that the effect of such 
differences is to decrease the activity of heavier species relative 
to lighter ones, as indicated by the following equation: 


aX 10°=1— R/Ro= Zamana(Ka—1)/55.51, (1) 


where R=ratio of activity of heavy to light species in the solution, 
Ro=ratio of activity of heavy to light species in the absence of 
solute, ma=molality of ion A, n4=hydration number of ion A, 
Ka=intensity factor Ki/na, Ky being the equilibrium constant 
for the reaction, A(H2O),,+-H,O*= A(H20) »_1(H20*)-+H:0, and 
a=enrichment factor defined by (1). 

The assumptions involved in this derivation are: (a) heavy and 
light water species form an ideal solution; (b) the gross isotopic 
composition of the water is unchanged by the addition of solute; 
(c) successive steps of the water replacement reactions differ only 
by a statistical factor, i.e., 


A(H,0) ,+H,0* = A(H20),-1(H20*)+H20; Ki=naKa, 


A(H20) »-1(H20*)-+ H,O* = A(H20) »_2(H2O*)2+H:0; (2) 
Ke= (na— 1)K4/2, etc. 


Experimental.—The isotopic ratio (mass 46/mass 44) in carbon 
dioxide may be measured with high precision. By maintaining a 
very large molar ratio of water to carbon dioxide such a measure- 
ment faithfully reflects the relative activity of water species via 
the equilibrium 


H,0'*(soln.)-+ CO2!*(g) = H20'*(soln.) +CO'%0!8(g). (3) 


The water used was from a large stock of ordinary distilled 
water stored in Pyrex. No appreciable change in composition took 
place over a period of one year. The anhydrous solutes used were 
vigorously dried and dissolved with minimum exposure to air. 
Solutions (ca 10 grams) were degassed on the vacuum line by 
repeated cycles of freezing, pumping, and thawing, and carbon 
dioxide (0.2 millimole) was admitted to the equilibration vessel. 
After equilibration (5-30 days) at a controlled temperature the 
gas was sampled, dried, and measured for isotopic ratio.’ Each 
solution was compared with pure water for which all the conditions 
of preparation, equilibration, sampling, and measurement were 
made as nearly identical as possible. The results are shown graphi- 
cally in Figs. 1 and 2. The precision (standard deviation) of a 
single measurement of a is +0.2. The following single experiments 
at 25°C are also reported : [Coen; ]Cl; at 0.4 m, a=0.0; Cr(ClO,); 
at ca 1 m, a=3.4+1.8'; a for MgCl, and Mg(ClO,)2, both at 
2.84 m, differed by less than 0.2. 

Discussion.—From these data some conclusions may be tenta- 
tively drawn. The approximately linear relation between a and 
the molality of solute indicates the probable constancy of the 
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Fic. 1. Enrichment vs molality for solutes at 25°C. 
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hydration numbers of the ions tested to fairly high concentrations. 
The deviation from linearity for very concentrated solutions may 
be symptomatic of cooperative effects among the ions prior to 
the onset of crystallization. The case of hydrochloric acid will 
require special consideration. 

A reasonable and consistent distribution of the separate effects 
due to cations and anions can be made only if the ions ClO,, CI, 
I-, Nat and Coen;*? are assumed to be not detectably hydrated in 
the present sense. From the initial slopes of Figs. 1 and 2 the 
quantities n4(Ka—1)X10? may be estimated: Lit (25°) 1.0; 
Lit (4°), 2.0; Ag* (25°) 0.7; Ag* (4°) 0.7; H* (25°) 4.6; H* (4°) 2.0; 
Mgt* (25°) 6.2; Mg** (4°), 7.1; Crt** (25°), 1910. The effect 
exhibits a variation due to ionic charge, radius, and type which is 
qualitatively reasonable.* The experiment with a trivalent cation 
with a completely filled inner sphere, (Coen;)**, is particularly 
significant because it indicates the probable identity of the 
hydration number and the number of water molecules in the 
inner sphere. 

Experimental work is being continued. The theoretical impli- 
cations of these measurements will be discussed in a future 
publication. 

* This work was supported by funds from the ONR under contract 
N6-ori-02026. 

1J. O'’M. Bockris, Quart. Rev. 3, 173 (1949). 

20. Redlich, Chem. Revs. 39, 333 (1946). 

3J. P. Hunt and H. Taube, J. Chem. Phys. 19, 602 (1951). , 

4 The asterisk indicates the heavier species. All species are in solution. 

5 The authors wish to express their appreciation to Dr. Harold C. Urey 


and Dr. Samuel Epstein for the use of their precise mass spectrometer. 
6 J. D. Bernal and R. H. Fowler, J. Chem. Phys. 1, 515 (1933). 





Infrared Spectra of Solutions of Iodine in 
Mesitylene 


N. S. Ham, A. L. G. REES, AND A. WALSH 


Chemical Physics Section, Division of Industrial Chemistry, Commonwealth 
Scientific and Industrial Research Organization, Australia 


(Received May 26, 1952) 


IMENTEL, Jura, and Grotz! have published spectra of 
mesitylene, with and without iodine in solution, which 
they offer as evidence for the formation of a complex between 
mesitylene and iodine. They claim that their spectra support the 
interpretation of the ultraviolet absorption spectrum of iodine 
dissolved in mesitylene in terms of a 1:1 solvent-solute complex.’ 
Since these results are inconsistent with the infrared spectrum of 
iodine in benzene? and with some recent results on iodine in carbon 
tetrachloride—benzene solutions in the visible and ultraviolet 
regions,‘ we have repeated the infrared spectra of mesitylene 
solutions over the range 2.5u-15y. 
Mesitylene, as usually supplied, has infrared bands which are 
not given in the spectrogram issued by the National Bureau of 
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Fic. 1. Infrared absorption spectra of (a) either a purified sample of 
mesitylene or a saturated solution of iodine in mesitylene, (b) an unpurified 
sample of mesitylene, (c) a saturated solution of iodine in unpurified 
mesitylene. Cell thickness 0.05 mm. 


Standards.5 Using such an unpurified sample, a change in the 
spectrum of mesitylene was observed on the addition of iodine. 
This change was similar to, but not identical with, that reported 
by Pimentel, Jura, and Grotz. Mesitylene was therefore purified 
as follows—a B.D.H. sample was refluxed with dil. H2SO,, washed 
with NaOH and water, shaken with saturated NaHSO; solution, 
washed, dried, and fractionated. The middle fraction was sulfo- 
nated, the sulfonic acid recrystallized and desulfonated, and 
the mesitylene steam-distilled under reduced pressure, washed 
with NaHCO;, dried, and fractionated. This purification was 
based on a method used by Smith and Cass.* The spectrum of 
purified mesitylene was identical with that given by the National 
Bureau of Standards.§ 

The spectrum of the saturated solution of iodine in the purified 
mesitylene was indistinguishable from that of mesitylene. No new 
bands were observed. (Experimental limits: +2 cm~!, +3 percent 
intensity.) The very strong Raman-active totally symmetric 
stretching vibration at 998 cm, which was weak in the infrared 
spectrum of liquid mesitylene, was not intensified or changed in 
position on the addition of iodine. The band at 1214 cm™, which 
Pimentel, Jura, and Grotz claim to be due to the breakdown of 
the selection rules in the “complex,” was not present in our spec- 
trum. Other new bands and changes in intensities observed by 
Pimentel, Jura, and Grotz were presumably due to impurities in 
their mesitylene. In solutions from which a crystalline complex 
can be isolated (e.g., pyridine), infrared evidence* shows that a 
difference exists between the spectrum of the solvent and that of 
the solution. 

Our results are strong evidence that there is no formation of a 
1:1 complex between iodine and mesitylene; they are, however, 
consistent with the interpretation of solvent effects in terms of 
the “cage” theory.” 

' Pimentel, Jura, and Grotz, J. Chem. Phys. 19, 513 (1951). 

*H. A. Benesi and J. H. Hildebrand, J. Am. Chem. Soc. 71, 2703 (1949). 

*Ham, Rees, and Walsh, Nature 168, 110 (1952). 

‘A. L. G. Rees and J. P. Shelton, in preparation. 

°“Infrared Spectrograms’—American Petroleum Institute Research 
Project 44, National Bureau of Standards Chart Nos. 169, 354, and 1104. 

§L. I. Smith and O. W. Cass, J. Am. Chem. Soc. 54, 1606 (1932). 


™N. S. Bayliss and A. L. G. Rees, J. Chem. Phys. 8, 377 (1940); N. S. 
Bayliss, Nature 163, 764 (1949). 


Distribution of Segments in a Coiling 
Polymer Molecule* 
P. DEBYE AND F, BUECHE 


Department of Chemistry, Cornell University, Ithaca, New York 
(Received June 5, 1952) 


URING the past few years it has been customary in many 
calculations involving coiling polymers to assume that the 
distribution of segments about the center of mass of the molecule 
is Gaussian. Until now, no real test of this assumption has been 
made. In this note we give the equations for the true distribution 
and show how it deviates from the assumed form. 

The calculation of the probability that a single chain segment, 
say the Kth, is at a vector distance s; from the center of mass may 
be carried out along familiar lines. We have done this by use of 
the Markoff integral method.! The result is nearly exact and is 
limited only by the fact that it makes use of the same assumptions 
Kuhn? employs in obtaining a Gaussian end-to-end distribution. 
It turns out to be 


P(sx) = { (2/9) eR*[8+ (1—u)3]}—3 exp{ —95,2/2R*[u8+ (1—u)*]}. 


In this expression R? is the chain’s mean square end-to-end 
distance and U=K/N, where N is the number of segments in 
the chain. It has been called to our attention that this relation 
has previously been derived by Isihara.* 

Since we really wish to know the probability that any segment 
is at a distance s from the center of mass of the molecule, we must 
integrate the above expression over all segnients, i.e., OC u<1. 
This may be done in series form by making the substitution 


1/cos*@=4?+(1—u)®? Oud}. 


Upon integration one finds the following expressions for the 
distribution of segments about the center of mass of the molecule: 


P(s) =4¢[1— (62) +55 (62)"— “ | 


1-3-5 


for small «=9s?/2R?, and 


wee (+) $3(<)' rs5(4)' ++] 
P(s)eE-s [+i trae) t2-2.2\33) * 


for large X. 

These formulas have also been checked by graphical integration. 
The result is plotted as the solid curve in Fig. 1. For comparison 
we have also plotted (dashed curve) the common Gaussian distri- 
bution usually substituted for the actual one. It is given by 


(9/rR?)' exp[—9s?/R?]. 


As one sees, the agreement is qualitatively satisfactory. How- 
ever, real discrepancies exist. In particular, the Gaussian form 


Ps?/ R2 








O8 


Fic. 1. Theoretical (heavy line) and Gaussian (dashed line) distribution of 
segments in a coiling polymer molecule. 
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underestimates the extension of the molecules in space. For most 
purposes these discrepancies should be only of minor concern. 
On the other hand, those phenomena which depend seriously on 
the outer contacts of polymer molecules (such as concentration 
dependence of viscosity and thermodynamic interactions in good 
solvents) may be sufficiently sensitive to the segmental distri- 
bution to illustrate the invalidity of the Gaussian representation. 

* The work discussed herein was performed as a part of a research project 
sponsored by the Reconstruction Finance Corporation, Synthetic Rubber 
Division, in connection with the U. S. Government Synthetic Rubber 
Program. 

1 See, for example, S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 


2W. Kuhn, J. Polymer Sci. 1, 183 (1946). 
3 A. Isihara, J. Phys. Soc. Japan 5, 201 (1950). 





Formula for the Melting Points of Inorganic 
Compounds of Type MXO,, 


SHIzUO FUJIWARA 
University of Electro-Communications, Tokyc, Japan 
(Received June 6, 1952) 


N empirical expression (1) for the melting points of the 

inorganic compounds of type MXO,, has been obtained as 
the function of the ionic radius and the ionic polarizability of the 
constituent atoms, where M is the cation and XO, is the anion, 
e.g., in the case of alkali nitrates, M denotes lithium, sodium, 
and potassium ion, etc., and XO, nitrate ion, NO;-. 


T+ (a4—a_)"8=a—b(r_/r4). (1) 


In the expression (1), ZT is the melting point of the salt in absolute 
temperature, and @ and ¢ represent the polarizability and ionic 
radius of the ion, respectively. Positive signs are suffixed to a 
and ¢ of the metal ion M, and negative signs to those of the central 
ion, X°"—)*, of the negative ion. 

According to the results of the examination of the known data 
of 7, %3 a,45 and 7,7 the values of a and b are characteristic for 
one series of compounds having different cations and the same 
anion, and a clear-cut linear correlation expressed as (1) has been 
obtained. In Table I, the values of a and 6 for several series of 
salts are given, and the linearity is shown in Figs. 1 and 2. The 
polarizabilities of the ion X°"-* are taken as equal as the cubes 
of the ionic radius of X"~)*+, Only the polarizability of Si** in 
the silicates has been taken as 0.04 (10~-** cm*).4 When the values 
of the ionic radius of Al**+ and the polarizabilities of cations are 
taken out of Goldschmidt’s data, we can obtain an approximately 
straight line for the aluminates as is shown in Fig. 2, whereas, 
when we take those out of data of Pauling and of Fajans and 
Joos, the presented graph deviates far from a straight line. The 
melting point values of aluminates taken out of reference 1 are 
satisfying and those out of reference 2 are not. 


TABLE I. 








M:0-B20; M20-COz2 M:20-SiO2 MO2-Si0z MOs2-SiO»r 


0.195 0.178 0.183 0.472 0.975 
0.482 0.450 0.200 0.904 1.157 


M:20-N20s MO -N205 
wine Pe wae FO ia Po 
1.57 40 8 











r+(P) r+(G) r+(P) 





M:20-SO; MO-SO; 
on wee ane bo 0.36 
80 495 666 





r+(P) r+(G) r+(G) 








8 Notes of P, F, G suffixed to a; and r, in the table refer to the author 
of the data, Pauling, Fajans, and Goldschmidt, respectively. Values of 
a and 6} with no reference note are obtained by rs and a, given by 
Goldschmidt. 
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The inference of the expression (1) is that T tends to become 
very large as the polarizabilities approach one another. It is very 
important that “melting point” is presented as a function of the 
variables characteristic for atoms, such as ionic radius and 
polarizability. The more detailed discussion for special compounds 
is in press now in the Bulletin of the Chemical Society of Japan. 
The author expresses his sincere thanks to Professor K. Kimura 
of Tokyo University and Professor G. T. Seaborg of University of 
California, who have kindly reviewed the advanced copy of this 
article and given valuable suggestions. 

1 Landolt-Bérnstein, Physik.-Chem. Tabellen. 

2 International Critical Tables. 

3Smithonian Physical Tables, p. 254 (1933). 

4V. M. Goldschmidt, Geochemische Verteilungsgesetze der Elemente, 
Vol. 7, 60 (1933). 

5K. Fajans and G. Joos, Z. Physik. 23, 1 (1924). 


6V. M. Goldschmidt, Chem. Ber. 60, 1268 (1927). 
7L. Pauling, J. Am. Chem. Soc. 49, 765 (1927). 





The Use of Nuclear Induction in the Kinetic Study 
of the Reaction Eu**+ e—Eu*? 


T. W. Hicxmott* aAnp P. W. SELWoop 
Department of Chemistry, Northwestern University, Evanston, Illinois 
(Received June 9, 1952) 


ONGER and Selwood! have shown that the effective mag- 
netic moments of paramagnetic ions in aqueous solution, 
as computed from proton relaxation times, are subnormal except 
where spin-orbital coupling is weak or absent. Thus, while the 
moments of the ions Eu*? and Eu** as derived from susceptibility 
measurements at room temperature stand in the ratio 7.9/3.9 
= 2.0, the ratio for the same ions as derived from proton relaxation 
measurements is 3.0/0.20=15. This circumstance permits con- 
siderable precision in the use of nuclear induction for studying 
the kinetics of reduction of trivalent curopium in solution by 
metallic zinc. The method may have applications to other systems. 
A 0.0550M solution of EuCl; was prepared by dissolving 
Eu,O; in dil. HCl. For this experiment to be successful it was 
essential that the europium be magnetically pure, i.e., free from 
gadolinium.” The europium solution was then placed in the nuclear 
induction apparatus as previously described, and C. P. zinc dust 
in excess was added to the solution. Stirring was effected by the 
hydrogen evolved. 

The initial proton relaxation time was too long to measure con- 
veniently, but as reduction proceeded a workable range was soon 
reached. The minimum relaxation time observed corresponded to 
an effective moment for Eu*? of 2.98 magnetons, in good agree- 
ment with the value (3.0) previously reported.? The reason for 
this being less than half the “susceptibility” moment is not yet 
understood. The experimental results are given in Table I. 


According to Bloembergen, Purcell, and Pound‘ 
1/T,=122?y?nN y2/5kT*, 


where 7; is the relaxation time, y the gyromagnetic ratio, 7 the 
viscosity, V the concentration of paramagnetic ions, u the effective 
moment of the paramagnetic ions, k the Boltzmann constant, 
and 7° the temperature. The viscosity of the europium solution 
was essentially that of water; hence we may write 1/7;=CMy? 
where C is a constant and M the molar concentration of the 


TABLE I. The reduction Eu**—Eu?*?. 








Reaction time Proton relaxation time 





(sec) (millisec) 
90 20.0 
150 14.0 
195 11.3 
255 9.2 
360 8.3 
390 7.5 
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Fic. 1. Concentration of Eu*t? as a function of reaction time. 






europium. The constant C may be evaluated by calibration of the 
apparatus with Cu*? ions for which yu will be assumed to be 2.0. 
Hence M=1/(2.98)?CT;. This involves the assumption that the 
Eu*? ion is solely responsible for changes in T;. This assumption 
is valid because of the small influence of Eut* as compared with 
that of Eu*?. For instance, a 0.25-millimolar solution of Eut? 
would give the same proton relaxation time as a 55-millimolar 
solution of Eu**. 

As shown in Fig. 1, a plot of Eu*? concentration against time 
gives a straight line for the first part of the reaction. This indicates 
a zero-order reaction, with k= 1.54 10~ moles liters! secs~'. In 
view of the large negative free energy change, the reaction on the 
surface of the zinc should be rapid. The initial rate controlling 
steps are therefore probably the desorption of Eu*? from the 
surface and its diffusion through the solution. At a later stage 
where the reaction is no larger zero-order, the rate controlling 
process is probably diffusion of reactant on to the zinc surface. 

The fact that the intercept on the concentration axis is not 
zero for zero time is partly due to neglect of the Eu** contribution 
to the relaxation time, and partly to the initial rate dependence on 
diffusion of product. 

* Sinclair Refining Company Fellow. 

1R. L. Conger and P. W. Selwood, J. Chem. Phys. 20, 383 (1952). 

2 B. M. W. Trapnell and P. W. Selwood, Nature 169, 840 (1952). 


3 In reference 1, Table II, uy for Eut? given as 0.30 should be 3.0. 
4 Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948). 





The Thermal and Photochemical Decomposition of 
H,.O, Vapor in the Presence of Foreign Gases 


FRANK S. STONE* AND HuGH S. TAYLOR 


Frick Chemical Laboratory, Princeton University, 
Princeton, New Jersey 


(Received June 19, 1952) 


T is generally accepted that the photolysis of H»O2 vapor! 
proceeds according to (1), 


H,02+/v=OH+0OH, (1) 


and the reaction may be used as a source of hydroxyl radicals.? 
Volman’ has listed the experimental difficulties encountered in the 
photolysis of HO. vapor, and in the present work a compromise 
was effected by saturating a carrier gas with H,O, vapor in a 
bubbler at 90°C and then passing the mixture at a high flow rate 
through an irradiated quartz tube (Fig. 1) contained in a thermo- 
stat BCDE maintained at temperatures above 90° to prevent 
condensation. A Hanovia Sc-2537 special quartz mercury vapor 
discharge tube was used as the source of ultraviolet light. 
Thermal decomposition in the quartz vessel, as estimated from 
volumetric analyses of condensates in F, depended greatly on the 
rate of transfer of H,O, from A to F (Fig. 2). Figure 3 illustrates 
the extent of photolysis, over and above the thermal decomposi- 
tion at 110°C, using a transfer rate of 500 milligrams of H,O2 per 
hour with nitrogen as carrier. 
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Fic. 1. Flow system for the photolysis of hydrogen peroxide vapor in the presence of a carrier gas. 


Nitrogen was replaced by CO as carrier in order to study the 
reaction of OH radicals with CO. No CO: was formed during the 
dark reaction, but upon irradiation substantial quantities of CO2 
were produced (Table I). COz was estimated gravimetrically by 
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Fic. 2. Thermal decomposition of H2O2 vapor as a function of its rate of 
transfer through the reaction vessel, with different gases as carriers. 


absorption in U-tubes containing “Ascarite.” A low temperature 
and a high transfer rate favor a low thermal decomposition. 
For CO: production, however, a compromise between low thermal 
decomposition and low transfer rate is necessary. The former 
implies a higher concentration of the absorbing species (viz., unde- 
composed H,O:), and the latter implies a longer time in the 
absorption path. Both of these factors make for an increased 
concentration of OH radicals. Temperature has no pronounced 
effect on the reaction.t 

It is possible to make a rough estimate of the number of OH 
radicals available in these experiments with carbon monoxide. 
The rate of transfer of H.O2 was 62 10'8 molecules per second. 
From an extrapolation of the results with nitrogen (Fig. 3) and 
from measurements with helium as carrier, it is estimated that 
about 3 percent of the H.O. would have decomposed photo- 
chemically to water if CO had been inert, i.e., 2 10"7 molecules 
of water (in addition to “thermal” water) would have left the 
tube per second, corresponding to a rate of formation of 5.4 10'* 
molecules/sec/cc. But photolytic water is only formed by the 
reaction 


OH+ H,0.= H:0+HO:», (2) 
and apart from recombination this is the only reaction destroying 


OH, so it is estimated that about 5X 10'* OH radicals were avail- 
able for reaction per second per cc.t 


In fact, however, the available OH radicals divide between 
reactions (2) and (3): 


OH+CO=CO0O.+H. (3) 


In spite of this, the observed rate of formation of CO2 (Table I) 
is greater than the /ofal rate at which we estimate OH radicals to 
be available from (1). Furthermore, analyses of condensates 
present after irradiation do not favor the suppression of (2). 
These facts point to some regeneration of OH, and reaction (4) is 
suggested, 


HO.+CO=CO.+0H, (4) 
in preference to the usual reaction (5) for disposal of HOz. 
HO.+ HO, = H.0.+ Oo. (5) 


Hydrogen atoms from (3) will form HCO,‘ but then since oxygen 
is present from the thermal decomposition, reaction (6) may be 
preferred® to aldehyde formation: 


HCO+0:=CO+HO:. (6) 
Hydrogen atoms may also disappear by the fast reaction® 
H+H,0.=H,0+0OH. (7) 


Experiments were also made with methane and with ethane. 
The condensates obtained during irradiation in each case possessed 
strong organic odors, indicating that reaction of OH with CH; 
and C2H, had taken place, probably forming alkyl radicals and 
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Fic. 3. Thermal and photochemical decomposition of H2Oz vapor at 
110°C, using nitrogen as carrier gas. Flow rate, 1.7 cc/sec. Rate of transfer 
of H2O2 vapor, 500 solllieramn tor (1 X10!8 molecules/sec). Condensates 


were analyzed at 20-minute intervals. 
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TABLE I. 








H2O:2 vapor 
entering 
reaction 

vessel 

(molecules 


CO: formed 
during 
irradiation 
(molecules 
per second 
per cc) 


8.7 X1016 
8.1 X1016 
6.8 X1016 
10.5 X1016 


Extent of 
ture of thermal 

reaction decom position 
vessel (dark reaction) 
(°C) (%) per sec) 


132 20.5 69 X1017 
15.3 77 X10"7 
14.3 47 X10"7 
12.0 55 X1017 


Tempera- 





CO Flow rate =3.7 cc/sec 








water. In neither case could the organic products be identified. 
Ammonia was also investigated, but the saturated solution in 
99.6 percent H,O2 became unstable on standing and subsequent 
agitation produced a violent explosion. It is proposed to make 
further investigations with these gases. 

Our thanks are due to the Buffalo Electrochemical Company, 
Inc., for a generous gift of concentrated hydrogen peroxide. 


* Commonwealth Fund Fellow, 1950-51. Present address: Department 
of Chemistry, University of Bristol, Bristol, England. 

1 Urey, Dawsey, and Rice, J. Am. Chem. Soc. 51, 1371 (1929). 

2von Elbe, J. Am. Chem. Soc. 55, 62 (1933). 

3D. H. Volman, J. Chem. Phys. 17, 947 (1949). 

+ von Elbe (see reference 2) reported almost twice as much reaction at 
40°C as at 27°C. However, as the yields were lower than those reported 
here by a factor of a thousand, it is likely that the probable error was large. 

t Recombination of OH does of course occur, but its effect will be similar 
whether the carrier is active or inert and so it will not modify the number 
of OH radicals available for reaction. 

4Frankenburger, Z. Elektrochem. 36, 757 (1930). 

5Faltings, Groth, and Harteck, Z. physik. Chem. B41, 15 (1938). 

6 Geib and Harteck, Z. physik. Chem. A170, 1 (1934). 





The Second Virial Coefficient of Benzene 


P. G. FrRANcIS AND M. L. McGLaAsHAN* 
Chemistry Department, Reading University, England 
AND 
S. D. HAMANN AND W. J. MCMANAMEY 
C.S.1.R.0., High Pressure Laboratory, Sydney University, Australia 
(Received May 26, 1952) 


VERETT and Penney! have recently reviewed the experi- 
mental data on the second virial coefficient (B) of benzene 
and drawn attention to the disagreement between the results of 
different experimenters. This is apparent in Fig. 1 where the 
values of —B found by Eucken and Meyer? and by Baxendale 
and Eniistiin? are seen to be considerably larger than those of 


EUCKEN & MEYER 


LAMBERT, ROBERTS, 
ROWLINSON & 


BAXENDALE & ENUSTUN 


CASADO, MASSIE & 
WHYTL AW -GRAY 


FRANCIS & McGLASHAN 
HAMANN & McMANAMEY 


TemPeRATURE (°c) 


Fic. 1. Second virial coefficient of benzene. 
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Lambert, Roberts, Rowlinson, and Wilkinson‘ and of Casado, 
Massie, and Whytlaw-Gray.® 

In this note we report two independent series of measurements 
aimed at resolving these discrepancies. 

The measurements at Reading were made in a “Boyle’s appa- 
ratus” similar to that described by Alexander and Lambert. 
Two different samples of benzene were used. The first of these 
was prepared at Reading by treatment with sulfuric acid followed 
by fractional distillation and then by repeated fractional crystal- 
lizations. The purity of the sample so prepared was calculated 
from the shape of the freezing point curve and was found to be 
99.95+0.05 moles percent. The second sample was kindly supplied 
by Professor J. Timmermans from the Bureau International des 
Etalons Physico-chimiques in Brussels. Considerable care was 
taken to de-gas the liquid so as to ensure that a gas-free sample 
of vapor was introduced into the burette. The results are given 
below. 


Reading sample: 
t°C 43.1 51.9 60.0 62.9 65.7 75.1 85.9 94.2 99.1, 
—B/cm* mole“! 1300 1198 1064 1112 1099 1090 1004 947 916. 
Brussels sample: 


i 58.1 72.1 90.8, 
—B/cm* mole“! 1137 1075 1006. 


The measurements at Sydney were made by a comparative 
method which has been described before.’ 

Mr. I. Brown, C.S.I.R.O., Melbourne, kindly supplied a purified 
sample of benzene for these determinations. The pressures were 
between 15 percent and 75 percent of the saturation pressure of 
benzene, and in this range no virial coefficients higher than the 
second are needed to describe the behavior of the vapor. The 
results are given below: 


t°C 70 80 100 100 125, 
—B/cm? mole™! 1035 971 852 839 733. 


Both sets of data have been plotted in the diagram. They lie 
close to the curve 


B/cm? mole!= 70— 13.2 X 107/T?, 


which Everett and Penney selected after rejecting Baxendale and 
Eniistiin’s results; and they provide further justification for that 
choice. 


* Now at Canterbury University College, Christchurch, New Zealand. 

1 Everett and Penney, Proc. Roy. Soc. (London) (to be published). 

2 Eucken and Meyer, Z. physik. Chem. B5, 452 (1929). 
( — and Eniistiin, Phil Trans Roy Soc (London) A243, 176 

1951). 

4 Lambert, Roberts, Rowlinson, and Wilkinson, Proc Roy Soc (London) 
A196, 113 (1949). 
083 ean Massie, and Whytlaw-Gray, Proc. Roy. Soc. (London) A207, 

1951). 
6 Alexander and Lambert, Trans. Faraday Soc. 37, 421 (1941). 
7 Hamann and Pearse, Trans. Faraday Soc. 48, 101 (1952). 





A Two-Path Method for Eliminating the Effects of 
Self-Absorption on Temperature for 
Isothermal Flames* 


S. S. PENNER 


Guggenheim Jet Propulsion Center, California Institute of Technology, 
Pasadena, California 


(Received June 3, 1952) 


T is the purpose of the present note to outline a two-path 

method for the determination of flame temperatures. The 
method is valid for isothermal systems and spectral lines with 
Doppler contour. All errors arising from self-absorption are elimi- 
nated. Practical applications are made by determining the ratio 
of the total intensity observed when the flame is viewed with a 
cool blackbody as background to the total intensity obtained 
with a cool mirror as background. For the sake of simplicity it 
will be assumed that the reflectivity of the mirror is unity. 
Spectroscopic studies are made in the usual way, i.e., with a low 



















































































Fic. 1. The quantity f(PmaxX) as a function of PmaxX for 
spectral lines with Doppler contour. 


resolution spectrograph since only the ratios of total intensities 
need to be determined. The method is related to a procedure de- 
scribed in a previous publication for spectral lines with resonance 
contour! but differs in so far as it utilizes the fact that observations 
on visible and ultraviolet spectra are usually made for individual 
spectral lines. Using the notation of a previous paper,? it is found 
that for spectral lines with Doppler contour the total observable 
intensity of the line identified by the index K and with center at 
the frequency v7, is* 


{A [vin (K) J}: R (vu) (me?/2rkT 1.2) LP max(K)X ] 
XE Cnt) e+1) PL —Pm(K)XY}, (1) 
n=0 


if the light reaching the receiver traverses the flame only once. 
If intensities obtained by allowing the light to traverse the flame 
twice are identified by the subscript 2, then it is evident from 
Eq. (1) that 


(ALv1a(K)J)1x/{ALo1a(K) a= f(PinaxX).- (2) 


The quantity f is plotted as a function of PmaxX in Fig. 1. But, 
for spectral lines with Doppler contour and /v;,>>kT,? 


Pmax(K) X =constant X X X [gu(giu)? xX exp[—(Eu— hin) /kT). 


The recommended procedure, subject to the limitations stated 
earlier, is seen to involve only the measurement of intensity ratios, 
the determination of Pmax(K)X from Fig. 1, and the calculation 
of T from the relation 


A In{ Pmax(K)X/[gu(qtu)* x} _ 
O(E,y- hviu) 


For isothermal emitters with self-absorption the suggested pro- 
cedure has the advantage of extreme simplicity. For spectral lines 
with combined Doppler- and collision-broadening, the quantity f 
is no longer a universal function of PmaxX but depends also on 
the natural damping ratio. 





—1/kT. (3) 


* Supported by ONR under Contract Nonr-220(03), NR 015 210. 
1S. S. Penner, J. Chem. Phys. 19, 272, 1434 (1951). 

2S. S. Penner, J. Chem. Phys. 20, 507 (1952). 

3R. Ladenburg, Z. Physik 65, 200 (1930). 





Infiuence of Light on the Secondary Emission in a 
Low Frequency Electrodeless Discharge: 
Joshi Effect 
A. P. SAXENA 
Holkar College, Indore, India 
AND 


N. A. RAMAIAH 
Chemical Laboratories, Benares Hindu University, Banaras, India 
(Received May 26, 1952) 


HE present communication reports a few significant obser- 
vations made during the studies of Joshi effect,! viz., an 
instantaneous photovariation (Az), usually though not invariably 
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diminution (— Az), of the current (z) in a low frequency electrode. 
less discharge in water vapor. Cylindrical (glass) tubes containing 
pure H.O vapor were excited by 50-cycle potentials, using external 
sleeve electrodes; the current structure was investigated by a 
DuMont cathode-ray oscillograph. The accompanying pair of 
oscillograms represent a typical group selected out of numerous 
ones obtained over a wide range of pressure p and applied poten- 
tial V. Above the “threshold potential” V,,, at which the dis- 
charge attained a self-maintained nature, there appeared a few 
pulses on the otherwise smooth sinusoidal current trace; their 
number increased markedly with p and V. They were of two types: 
(a) longer pulses produced presumably due to large number of 
avalanches created by fast moving electrons emitted from the 
cathode by y and 76g processes,” * and (b) shorter pulses due to 
avalanches yielded by electrons generated in the vicinity of the 
cathode by other 8 processes.2* It was noticed that irradiation 
diminished the heights of (a) and enhanced the number of (b); 
(cf. the action of transverse magnetic field was to reduce the 
heights of (b) only). Similar results were recorded in iodine vapor. 
Under light, the pulses were remarkably of the same height 
(Fig. 1) as in the well-known Geiger (not self-maintained) region‘ 














In dark Under light 











Fic. 1. Current structure in dark and under light 
(Pu.o =13.5 mm Hg, 28°C, 1.21 kv). 


in which Townsend a-mechanism was but operative. This sug- 
gested that the secondary emission from the cathode responsible 
for the maintenance of the discharge was inhibited by light to 
give — Ai; and that the (simultaneous) increase of the number of 
shorter pulses constituted the positive effect +Ai. When the rms 
value of 7 was observed by current detectors like ac microammeter, 
vacuo-junction, etc., the resultant, +Az or —Az whichever pre- 
dominated, was noticed.” 8 

These findings follow from a mechanism suggested simul- 
taneously by Harries and Engel® and by one of us” (N.A.R.) 
that surface molecules held by van der Waals forces dissociate 
under light to yield electronegative atoms or/and radicals which 
reduce the secondary emission to give —Ai. The positive effec 
+Ai is the result of photo-ionization of pre-excited gas particles 
in the neighborhood of (and/or on) the cathode.” 

Grateful thanks are due Professor Joshi of Benares Hindu Uni- 
versity for his kind interest in our work. 


( + Presidential Address, Proc. Ind. Sci. Congress, Chemical Section 
1943 
2Loeb, Fundamental Processes in Electrical Discharge in Gasses (John 
Willey & Sons, Inc., New York, 1939) ; Revs. Modern Phys. 8, 256 (1936). 

3 Townsend, “Electrons in Gases," Hutchinson's Sci. & Tech. Publica- 
tions (1947). 

4 Ramaiah, unpublished results. 

5 Jatar, Jour. Sci. Ind. Res. 9B, 283 (1950). : 

6 Korff, Electrons and Nuclear Counters (D. Van Nostrand Compaty, 
Inc., New York, 1948). 

7 Joshi, Proc. Ind. Sci. Congress, Aya Section, Abstract 25 (1947). 

8 Ramaiah, J. Phys. Chem. 52, 218 (1952). 

9 Harries and Engel, J. Chem. Phys. 19, 514 (1951); Proc. Phys. Soe: 
(London) 64B, 916 (1951). 

10 Ramaiah, J. Sci. Ind. Res. 10A, 182 (1951). 
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Growth of Zinc Sulfide Single Crystals 
Wo. W. PIPER 


General Electric Research Laboratory, Schenectady, New York 
(Received May 22, 1952) 


REPARATION of microcrystalline zinc sulfide powder phos- 
phors has long been a well-established art. Bube! and others 
have grown zinc sulfide crystals by a vapor reaction of hydrogen 
sulfide and zinc. Reynolds and Czyzak? have grown single crystals 
on top of chemically pure grade zinc sulfide powder in a hydrogen 
sulfide atmosphere. 

Report is made here of single crystals grown on a quartz wall 
from the vapor phase. Pure zinc sulfide single crystals as well as 
ones incorporating small amounts of copper or silver in the‘lattice 
have been grown. The size of the crystals range up to 5 mm in 
length and 3 mm? in cross section. 

The furnace is shown in Fig. 1. A ceramic tube is wound with a 
tapped platinum ribbon and properly insulated on the outside. 
Inside the tube two nickel sleeves are suspended with ceramic 
plugs. A constant flow of nitrogen through the’ furnace prevents 
the nickel from oxidizing. Adjustment of the current in various 
sections of the winding permits independent control of the tem- 
perature of each of the sleeves. 

Suspended inside the sleeves is an evacuated, sealed quartz 
bulb containing luminescence-pure zinc sulfide. If a phosphor is 
desired, a small amount of copper or silver nitrate can be added. 
Maintaining the lower nickel sleeve at 1170°C to 1200°C allows 
the powder to vaporize at a reasonable rate. The seeding and 
growing of single crystals at the top of the bulb depends rather 
sensitively on the temperature of the quartz walls. The proper 
temperature varies with the impurities present in the zinc sulfide. 
The upper nickel sleeve is held at the proper temperature in a 
range from 1070°C to 1120°C. A single crystal is able to grow 
about 5 mg/day under favorable conditions. The crystals are 
essentially wurtzite although crystallographic analysis reveals 
some disorder in the stacking sequence of the planes perpendicular 
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Fic. 1. Cross section of furnace used for growing single 
crystals of zinc sulfide. 
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to the C axis. The fundamental optical absorption edge is at 
(3.67+0.03) ev. 

I wish to thank Dr. P. D. Johnson and Dr. J. S. Prener for aid 
in the early stages of this work, Dr. W. L. Roth for crystallo- 
graphic analyses, and Dr. F. J. Studer and Miss Gwen Lloyd for 
absorption measurements. 


1 Richard H. Bube, Phys. Rev. 83, 393 (1951). 
2D. C. Reynolds and S. J. Czyzak, Phys. Rev. 79, 543 (1950). 





The Stability of Semiquinones 


N. S. Husu 
Department of Physical Chemistry, The University, Manchester, England 
(Received May 23, 1952) 


T is well-established that variations in total energy change in 
reactions of the type 


quinone+ H,—hydroquinone 


over a wide range of quinone/hydroquinone systems are due 
almost entirely to variations in the change of unsaturation 
energy accompanying the reduction.' Little is as yet known experi- 
mentally about the energetics of the separate one-electron steps 


Q+ 3H:—QH, 
QH+3H2—QH:z, 


(where Q, QH, and QH»2 are quinone, semiquinone, and hydro- 
quinone, respectively) which together constitute the over-all 
reaction. It appears, however, that in unsubstituted quinone/ 
hydroquinone systems appreciable concentrations of the semi- 
quinone QH exist in equilibrium with quinone and hydroquinone 
only when the over-all oxidation potential is low (e.g., 9:10- 
anthraquinones).? 

Examination of the change in unsaturation energy accompany- 
ing the dismutation reaction 


2QH~Q+QH: (a) 


in terms of LCAO MO and perturbation theory suggests that this 
is indicative of a general trend. Let us take as example the 
simplest case, where Q and QH: are p-benzoquinone and p-benzo- 
hydroquinone, respectively. Q, QH, and QH» are isoelectronic 
with the hydrocarbons benzoquinonedimethane (QDM), and the 
monocarbanion (MCA) and dicarbanion (DCA) obtained by 
placing one or two electrons, respectively, in the lowest un- 
occupied orbital of the dimethane: 


The change in unsaturation energy Ae’ for the dismutation re- 
action analogous to (a) of the hydrocarbon molecules, i.e., 


2(MCA)—QDM+DCA, (a’) 


is Ae’=e'gpmt+e’pca—2e’mca, and to the approximation of the 
LCAO treatment, Ae’ is clearly zero. The energies ¢« of the 
oxygen-containing molecules can, to first-order approximation, be 
written as® 


e= e+ 2 Qrbae+ 2 ree Pred Bre, 


where e¢’ is the energy, g, is the z-electron density at atom r, 
prs is the mobile order of the r—s bond in the isoelectronic hydro- 
carbon, and da, is the difference in Coulomb integral of the 
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TABLE I. The values of Aegism. in the last column are calculated on the 


assumption that (Bp, —Boq) ~ (a —@0) ~ Bug: 
H H 
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Aedism. 
System cr*ca* & (qi —1) Eo(r) (X1/Boq) 
| 
0 —0.1034 0.665 0.715 0.25 
Fd 
| 
O) —0.1105 0.614 0.484 0.17 
Om —0.1117 0.597 0.401 0.15 
ON —0.1177 0.554 0.154 0.08 








* Calculated from the AO coefficients listed by A. Pullman, G. Berthier, 
and B. Pullman, Bull. Soc. Chim. 450 (1948). 


perturbed atom 7 and atom r in the hydrocarbon, and 66; is the 
difference in resonance integral for atoms r and s. 

We shall consider here only alternant molecules and the effects 
of perturbation only of the Coulomb integral of the extracyclic 
atoms (1) and of the CC resonance integral between this atom and 
the ring carbon atom (2) to which it is bonded. It follows immedi- 
ately that the change of unsaturation energy in the dismutation 


reaction (a) is, to this approximation, 


Acaiam. = 4¢1"¢2"(Boc— Boo) + (gi— 1)(ao— a0), (1) 


where ¢,* and c2* are the AO coefficients of the lowest unoccupied 
MO in the quinonedimethane at atoms 1 and 2 and 4q1 is the 
a electron density at atom 1 in the dicarbanion. Equation (1) isa 
general one, and values of the relevant terms, together with the 
oxidation-reduction potentials Zo, are shown for some representa- 
tive systems in Table I. 

The main term in Eq. (1) is that in gi; it is seen that the varia- 
tion in ¢:*¢2* is small compared to that in q: over this range of 
molecules. An idea of the magnitude of (a9— ao) can be obtained 

H 


from the differences in ionization potential* of alcohols (~250 

kcal) and of acetone and acetaldehyde (~235 kcal), i.e., 0.7 Bog 

where fcc is given the usual value 20 kcal/mole. The important 

point is that, on the reasonable assumption that (ao>ao), 
H 


decrease in q; leads to increase in stability of. the semiquinone 
relative to quinone and hydroquinone, i.e., to increase in semi- 
quinone formation constant. But as seen from Table I, in these 
typical systems decrease in g; is invariably accompanied by 
decrease in Eo, the oxidation-reduction potential of the system, 
so that a steady increase in semiquinone formation constant with 
decrease in over-all oxidation potential will be expected. As a 
rough indication of the effect, values of Aédism. have been calcu- 
lated on the assumption that (8oc— Boc) ~ (ao— ao) ~ Bec. 
H H 


This suggests the generalization that in a series of quinone; 
hydroquinone systems of this type, there is a general tendency for 
increase in stability of the semiquinone relative to quinone and 
hydroquinone with decrease in over-all oxidation potential. 


1M. G. Evans, Trans. Faraday Soc. 42, 113 (1946); M. Diatkina and 
J. Syrkin, Acta Physiochim. U.R.S.S. 21, 921 (1946); M. G. Evans and 
J. de Heer, Quart. Rev. Chem. Soc. 4, 94 (1950). 

2 Geake and Lemon, Trans. Faraday Soc. 34, 1409 (1938). 

3C. A. Coulson and H. C. Longuet-Higgins, Proc. Roy. Soc. (London) 
A191, 39 (1947). 

4 Diatkina and Syrkin, Structure of Molecules (Butterworth, Inc., London, 
1950), p. 265. 





Preliminary Announcement of the Tenth Annual 
Pittsburgh Diffraction Conference 


HE Tenth Annual Pittsburgh Diffraction Conference will be 

held at Mellon Institute of Industrial Research, Pitts- 
burgh 13, Pennsylvania, on November 6 and 7, 1952. Technical 
sessions are being arranged on Instrumentation and Methods, 
Neutron Diffraction and General Diffraction Studies. Contributed 
papers on these and related subjects will be considered in the 
order in which they are received. Titles should be submitted to 


the Program Chairman, Mr. R. K. Scott, Hall Laboratories, Inc., 
Box 1346, Pittsburgh 30, Pennsylvania, before September 1, 1952. 

This year’s conference will include a symposium of invited 
papers in the field of Order-Disorder Studies. 

For further information, and for a copy of the preliminary 
program when available, write to Mr. E. E. Wicker, U. S. Steel 
Company, Research and Development Laboratory, 234 Atwood 
Street, Pittsburgh 13, Pennsylvania. 
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